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1. Introduction

There is increasing evidence that many central questions in analysis may depend
on the stability of certain estimates under perturbations. Typically, to a function
S(x) are associated many invariants, such as the growth rate of its distribution
function, the decay rates of the oscillatory integrals or oscillatory integral oper-
ators withS(x) as phase, and the sharp constants entering such estimates. The
issue of stability can take many forms:

e GivenS(x), the issue is to determine the behavior of the above invariants for
all functionsS(x) in a sufficiently small neighborhood &f(x), with respect
to a suitable topology. Under this form, stability has been investigated by
Karpushkin [5], Tian [18], Siu [14-15], and by the authors in [10] and [12];

e More globally, we may also seek uniform bounds for the above invariants
which hold forall S(x), subject to, say, some given uniform lower bounds on
the derivatives of (x). In this formulation, stability has been investigated by
Carbery, Christ, and Wright [2].

In this paper, we shall investigate the latter form of stability for certain mul-
tilinear operators defined hy(x) and focus on the emergence of the Newton
polyhedron ofS in this context.
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More precisely, leU = {(x1, xo, ..., x4) € R? : 0 < x; < 1} and letD be a
subset ofU. We shall always assume that- 2. We shall consider two classes
of multilinear operators. The first is tmaultilinear oscillatory integral operator

Tp(fi, ..., fa) = f eMSOLX) fy (xq) o fy(xg) dxy - -dxg 1.1
D

defined by a polynomial phase functidtx, ..., x;) € R[xy, ..., x4], and the
second thenultilinear level set operator

WD(fl?"'v fd) == / XM(-xla "'?xd)fl(xl)”'fd(xd) dxl"'d-xdv (12)
D

whereF (x1, - - -, x4) € R[x1, -+ -, x;] is also a polynomial angd,, is the charac-
teristic function of x : |F(x)| < M}. These operators are natural generalizations
of the familiar oscillatory and level set operators studied in [6—-9,13] and [2]. We
shall see shortly that multilinearity is the proper analytic notion associated with
the geometric notion of Newton polyhedron.

To formulate our results, we need some preliminary concepts. First, recall that
the norm of a multi-linear operatdt(fi, - - -, f4) on the space?_, L”[0, 1] is
defined by

Tl = suplT(f1, ..., fa)l,

where the sup is taken over gil such that] fi||,, < 1. Next, we introduce the
key concept olgebraic domairas follows. Let, n, d be positive integers. Then
D C U is called a simple algebraic domain of typen, d) if D is of the form:

D={x=(1,..,x0)€U: filx)>Ar, k=12, ..r} (1.3)

where thef; € R[x] are non-constant polynomials of degree at most < r,
A; € R. We say thatD is an algebraic domain of type, n,d, w) if D =
D, U ---U D, where theD; are simple algebraic domains of type:, d, and
w < w.
The main results of this paper are the following. The notation is the standard
one for partial derivatives oR?:

@ ol g
F = o g o= (a1, -+, ), la|l=a1+- -+ oy
1 d

A multi-index o = (aq, - - -, ag) will often be viewed as a point iRiO, and re-
ferred to as a vertex. Givene R‘éo, defineP(a) = {a+x : x = (x1, ..., x4) €
Rig.x >0, 1<i<d} Leta®, .., a® e RL, be a collection of ver-

tices with non-negative entries. Then the Newton polyhedvoa®, ..., o))
generated by, ..., «'X) is defined to be the convex hull of the s&t ; P («®).
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Theorem A. (Sublevel Set Estimateseta®, ..., «® e N9\ {0} be K given
vertices, and le¥ € R[xq, ..., x;] be any polynomial of degreg-. Set

D@, . a®) = {x cU; |F“)>1 1<k< K}

Then for any domai® € D(@®, ---, a®) and anye € N, ..., a®)), we
have

W (f1. .. fd>|<CMaln“(2+ )Hllﬁllp, d>2 (14

Here M is any positive number, an[ﬁl =1- pi = l‘;—l The constan€ depends
only onny anda@, ... o™,

Theorem B. (Oscillatory Integral Estimates)eta®, ..., «® e N? \ {0} be K
given vertices, and lef € R[xq, ..., x;] be any polynomial of degreg;. Set

D@®, ... a®) = {x cU: 1S >1 1<k< K}

LetN*(a®, ..., a®)) be the reduced Newton polyhedron generated by the ver-
ticesa®, i.e., the Newton polyhedron generated only by those verti€es
with at least two strictly positive components. Then for any algebraic domain
D C D@®, ..., a)and anya € N*(?, ..., «'©)), we have

1 1 d
To(fir oo fl < CIAT#IN2@+ A [ U1l d=2.  (L5)
i=1

Here is any number, ane\L =1-1=
ns, |a|, and the type, n, d, “w of D.

| | The constant depends only on

One particularly attractive feature of the estimates (1.4-1.5) may be worth
stressing: to each poink in the Newton polyhedronV(a@, .., «X))
(or N*(a, ..., «®))), corresponds an estimate wifly-spaces determined
by the “slopes™:, 1 < i < d, and decay rate determined by the “distanjcg"’

ler] .
The p; andg; satisfy the constraint

Zizl, Z-;d-l. (1.6)

Remarkably, a key example of such an estimate had been obtained earlier by
Carbery, Christ, and Wright [2], namely in the context of Theorem A, for a single
vertex in dimensior = 2 and whenD is the full unit squard/. This estimate

also plays an important role in our approach. However, given its importance, and
given the fact that we actually need a generalization of this estimate to the case
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of a general algebraic domain, we have presented an independent treatment.
Our treatment applies only in the present setting of polynomial functions
andS(x), but not to the more general setting of [2] (c.f. Section Il, Steps 2 and
3).

Evidently, the best estimates are obtaineddfon the boundary of the Newton
polyhedron. If we choose = («ay, - - -, ay) to be the point on the boundary of
the Newton polyhedron which satisfies the conditign= - - - = o, then all the

LP-spaces aréﬁ, and the estimates (1.4) and (1.5) become respectively

. 1)
IWp(f1, -+, fll < C M7 In?~2 (2+ M) [T,
i=1 (1.7)

d
1 1
ITp(fa, -+ Il < CIAT2IN" 2@+ D [ TIAN o,
i=1

Hereé is the Newton decay rate, defined tchPl if @ = (aq, -+, ag) is the
boundary point we just described. The decay rﬁ';ﬁén (1.7) is an immediate
consequence of Theorems A and B, singe= z-. Up to the logarithmic
factors, Theorem B is then the natural multilinear generalization of the relation
between decay rates for oscillatory integrals and Newton distances found in [8]
for bilinear forms.

The oscillatory integral operators in [6-9] were defined with smooth cutoff
functions, and satisfied sharp estimates without logarithmic terms. Similarly,
some of the logarithmic factors in Theorem B can be eliminated if we use smooth
cutoff functions. We formulate here a basic result of that type. In particular, for
polynomial phases, we obtain at the same time a new proof of the estimates for
oscillatory integral operators in [8], as well as a proof of the stability of such

estimates.

Theorem C. (Oscillatory Integral Estimates with Smooth Cutotfgta™, .. .,
a®) e N2\ {0} and letS(x, y) € R[x, y] be any polynomial of degres; in two
variables. Let) € CS(U), and assume that

SV y) > 1, 1<k<K (18)
on the support ofr. Then the oscillatory integral operatdr, defined by

Ty f(x) = / Y (x, ) F()dy, (1.9)

o0

satisfies the estimate
1
Tyl 22 < CIA|72° (1.10)

Here § is the Newton decay rate, defined as in (1.7) for the reduced Newton
polyhedronN*(a®, - - -, «'®)) associated to the vertices”, 1 < k < K. The



Multilinear operators and Newton polyhedra 577

constantC depends only on the vertica$”, the degree:s of S(x, y), and the
cutoff functiomy .

Our approach makes essential use of a decomposition procedure described
in detail in Lemma 2.3 and the paragraphs which precede it. This procedure
allows us to reduce systematically the analysis on algebraic domains to special
types of domains (“curved trapezoids"), whose geometry is particularly simple.
Another noteworthy componentis Lemma 4.1, whichis amore flexible version of
the “curved-box lemmas" of [6—8]. By exploiting the Hardy-Littlewood maximal
function, this version allows trapezoidsw#ryingwidths instead of curved boxes
of constantwidth as in [6-8], and is crucial to the removal of logarithms in
Theorem C.

It has been observed by A. Seeger that if upper bounds(@n and its
derivatives are imposed, then stability is already implicit in [13] for oscillatory
integral operators in dimension two and lossajrowth (c.f. Theorem B with
d = 2).We note that for the class of functioA$x) andS (x) considered here, the
estimates in Theorems A and B are more general: they do not require any upper
bound onS(x) or F(x). This is also the case for the estimates in [2]. The lack of
conditions on upper bounds turns out to be quite important in the inductive proof
of Theorems A and B themselves, sinf&) and F (x) get multiplied there by
an arbitrarily large number.

Finally, we note that the Newton polyhedron has long been known to en-
code well the singularities of a function [1]. In particular, fgenericfunctions
S(x), the Newton distance corresponds to the decay rate stidaroscillatory
integrals with phase(x) [19]. However, the genericity restriction makes this
correspondence imperfect, and one can ask whether theemalgic notions
which correspond without exceptions to tieometricotion of the Newton dis-
tance. Theorems A and B can be viewed as an affirmative answer to this question:
the desired notions are the multilinear operat@gsandT,. The underlying rea-
son is particularly compelling: the discrepancy between Newton distances and
decay rates of scalar oscillatory integrals can be traced back to the fact that the
former depends on the coordinate system, while the latter does not. On the other
hand, multilinear operators fix the directions of the axes, and this turns out to
eliminate exactly the excess freedom in the choice of coordinate systems which
was responsible for the original discrepancy.

2. The multilinear level set operators

This section is devoted to the proof of Theorem A. We divide the proof into
several steps. First, we treat the case of a single vertiiz.ilthen the case of a
single vertex il is treated by induction on the dimensigrFinally, the general
case of several vertices M is treated by interpolation, establishing the desired
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estimate for an arbitrary vertex on the Newton polyhedrdRdg. The case of a
single vertexa, B) in N2 requires the following preliminary lemma. This lemma

is a consequence of Lemma 3.8 in [2], but we shall provide an independent proof
for the convenience of the reader.

Lemma 2.1Let D c U be an open set. LeE (x, y) be a smooth function on
D and assume thgb*a) F(x, y)| > 1and|F(x, y)| < M for all (x, y) € D.
Then for every coordinate rectangke < D we have

(A)“(Ay)f <C-M

whereAx and Ay are the lengths of the sides & and C depends only on
andg.

Proof. If f(z¢) is a function of one real variable, defindf) () = f(t + Ax) —
f (). Then one easily sees thatfifis k times differentiable,

TotdAx pxrtAx X1+ Ax
/ / / F®O@) dtdxg_1dxi_o- - - dxy
X1

= (A f)(xo)
= Z( 1)'”( )f(xo—i—mAx) (2.1)

In particular, if f® () > 1 onthe intervalxo, yo] and if| f| < M atthek + 1
endpoints of the evenly spaced partition of that interval insoibintervals, then
|yo — xo| < 2k M*/*

Let (xo, yo) be the lower left corner ak. To prove the lemma, we apply (2.1)
twice: First to the functiory () = 8f F(z, y), with Ax replaced byAx /a, and
then to the functionf (r) = F(xo + mAx, t), with Ay replaced byAy/8. We
obtain

A4y’ < ZZ( )< )IF(xo+mAx,yo+nAy)| <2 M
m=0 n=0
Step 1. We consider the case whele= U andF (x, y) = x*yf. Let
Dy={x,y)eU:x>0y>0x% < M}

and letW, be the integral operator defined in (1.2)

Wo(f.g) = / () f (g (y) dxdy 22)

Dy
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We claim that | W, || < C MY©@+P) for some universal consta6t Let N be
the integer such that2 -1 < M < 2=V, Without loss of generality, we may
assume thaM = 27V, LetD; = {(x,y) € Dy : 27N < x¥yf < 27N=i+ly
i =1,2,..,s0 thatWp, = ) W, whereW, is defined by (2.2), but with the
domain of integratiorD,, replaced byD;. It suffices, by the triangle inequality,
to prove that

IWi]] < C'20N=0/th (2.3)
for some universal constant. Fork, [ > 0 let

Ri(k, ) ={(x,y) € D; : 27572 < x® < 27k+3 2773 < \F < 271+3 3

Then the pairwise intersections of the rectan@gs, /) have measure 0, and
the collection{R;(k,1) :k+1=N+i—1, k,1 > 0}, coversD;. LetW;(k, )
be defined by

Wik D(f.g) = / F)g() dxdy.
R (k,l)
Now Holder’s inequality implies, for any dual paip, ¢),

|Wik, D(f. )| = </ If(X)IdX) </ Ig(y)ldy>
x¥~2—k yﬁwz—l

< 2Cd ) 2.4
< 27w fllpliglly (2.4)

Taking% = %5 and% = (ai;ﬁ), we see thal|W; (k, 1)|| is bounded by the
expression appearing on the right side of (2.3). The desired estimatéVfor
follows from the following simple “almost-orthogonality” lemma, where we let

L ={27%2 <x <27%3), andJy = Iy.i1 s

Lemma2.2 LetT(f, g) = fglxg2 K(x,y) fi(x) f2(y)dxdy be a bilinear oper-
ator. Assume that

{(x, ) K(x,y) # 0} CUZ (I x Ji),

wherel, and J, are measurable subsets @f and §2, respectively, and, N I,
and J; N J; have zero measure far # [. Let x;., x, be the characteristic
functions of the setg, and J,, and letT; be the bilinear operator with kernel
X1, x5, (MK (x, y). If (p, @) is & pair of dual exponent$ + 2 = 1, let || 7|
and||T|| be the norms df; and ofT as bilinear operators oil.” (§21) x L7(£22).
Then

T < sup|I7kll- (2.5

Proof of Lemma 2.2Let f, g be functions with| f||, = |Igll; = 1. Then we
may write

IT(f. 8| =

Z Tk(Xka7 X.fkg)
k

< suplITell Y 11xa fllplIxagllg
k
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By Young's inequality, the sum in the above right hand side is bounded by

1 1 1 1
> (— 1F17 + —/ |g|‘f) < —IfIZ+ =lglld =1,
q Ji p q

k 14 Iy
establishing Lemma 2.2.

To describe the next several steps, we need the notion of a curved trapezoid.

Definition 2.1LetD C U. ThenD is called a curved trapezoid if there exist real
numbersz, b with a < b and continuous monotone functiofisg : [a, b] —> R
with f(x) > g(x) for all x € (a, b) such that

D={(x,y)eU:a<x<b, andgkx) <y < f(x)} (2.6)

Step 2. We establish now the case wheigd/ F| > 1 and D is a curved
trapezoid as in (2.6).

Assume first thay’(x)g’(x) < 0O for all x. In fact, without loss of generality,
assume thayf’(x) < 0 andg’(x) > O (the other possiblity is treated in an
analogous way). Let = (f(b) + g(b))/2. The liney = ¢ cuts D into two
pieces. After making the necessary translation to the origin, we may assume
¢ = 0 anda = 0. Then the top piece is the region under the curve f(x),
above thex axis, bounded on the left by theaxis and on the right by = b.

Now Lemma 2.1 implies that®y? < CM for all x € [0, b]. Thus the estimate
for the top piece follows from the case treated in Step 1. The estimate for the
bottom piece is similar.

Now assume thaf’(x)g’(x) > 0 for all x. Without loss of generality, we
may assumef’(x) < 0 andg’(x) < O (the other possiblity is treated in an
analogous way). Fixg € (a, b). Then define, foir > 0, the following sequences
of numbers:

Yo = f(x0), zo = X0, wo = g(z0), *¥1 = f H(wo), y1 = f(x1), 21 = X1, ...

21=g o) w1 =g 1), X 1=21, y1=f(x_1), 22=8 (V1) ...

Then if we remove fromD all the vertical line segments whose endpoints
are (x;, y;) and(z;, w;), and all the horizonal line segments whose endpoints
are(z;, w;) and(x; 11, y;+1), we are left with connected components which are
curved right triangles (the two perpendicular sides are straight line segments, but
the “hypotenuse" is a monotonic curve). The estimate for each triangle follows
from the case treated in Step 1, and the estimate for dll &llows from the
almost-orthogonality Lemma 2.2.

Step 3. In this important step, we show that any algebraic donfainan be
decomposed into a finite, bounded number of curved trapezoids. We have seen
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how estimates for the level set operatgp can be obtained when the domain is

a curved trapezoid. It may be helpful at this moment to stress the other important
property of curved trapezoids, namely that they are botizontally conveand
vertically convexin the following sense.

Definition 2.2 A setV e R? is horizontally convex ifx, z) € V and(y, z) € V
implies that(u, z) € V foru € [x, y]. The notion of vertical convexity is defined
in the same way.

The importance of these concepts will become apparent in Section Ill, when
we discuss the oscillatory integral operatfps For the moment, we discuss how
to decompose an algebraic domainnto, say, horizontally convex components.
The procedure is roughly as follows. LEtdenote the boundary db. ThenX
is a real algebraic curve. Let us call areal number(—1, 1) critical if the line
y = c intersectsX at a point of tangency, or at a point wheXeis not smooth.
Then, since the critical points are defined by algebraic equations whose degrees
are bounded in terms af, there are only a finite number of critical points and
the number of such points is bounded in terma.dflow consider the domain

D* = {(x,y) € D : y # cfor all critical valuesc}

Then the connected componentsof are all horizontally convex. Moreover,
there are a finite number of connected components, bounded in terms of

Similarly, to decomposé® into curved trapezoids, we remove from all
vertical linesL which satisfy any one of the following properties:

1. L intersectsX at a non-smooth point of.
2. L intersectsX at a point where the tangent line is vertical.
3. L intersectsX at a point where the tangent line is horizontal.

Then the remaining domain has finitely many components, bounded in terms
of n, each of which is a curved trapezoid. The precise construction is provided
by the following lemma and its proof:

Lemma 2.3Let D by an algebraic domain of type, n, 2, w). Then there exist
curved trapezoids,, ..., Ty € D, and a set of measure zefoC D such that

M
D= ( U rﬂ> Uz 2.7
n=1

where the union is disjoint and the numbdris bounded in terms of, n, and
w. In particular,

M
[ reyyady =3 [ foxy dndy
D ot

Tu
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for any measurable functiofi.

Proof of Lemma 2.3Ve first observe that it suffices to prove the lemma in the
case wherd is a simple algebraic domain. IndeedDif and D, are two simple
algebraic domains

Di={xeU,; fix) 2 A}, Dr={xeU;gix) =B}
thenD1, U D, = D, U D5, with D, given by
D, ={xeU;gi(x)>B;, —fi(x)>—-A;}

The intersectiorD; U D, has measure 0, and the typel®f is bounded in terms
of the types ofD; andD,. Thus any algebraic domain can be rewritten as a union
of simple algebraic domains whose pairwise intersections have measure 0.

Let X € R? be an algebraic curve of degree at mdystThis means thak
can be described as

X ={(x,»eR?: f(x,y» =0
wheref(x, y) € R[x, y] has degree at moat.
We shall first establish the following:

Claim. There exist curved trapezoids, ..., 1)y € U\X and asef’ C U\X
of measure zero such that

M/
U\X = ( U ru) Uz (2.8)
n=1

Moreover,M’ is bounded interms a¥.

We may assume thaft(x, y) = [[-, fi where thef; are irreducible and
mutually relatively prime (that isf; does not dividef; if i # j). Choose the
notation so thafy, ..., f, are functions ok alone, andf, 1, ..., f, are functions
of y alone, andf; (x, y), fori > b, is notindependent afand is not independent
of y. Assume furtherthatb < i < c¢,thenZ(f;) = {(x, y) : fi(x,y) = 0}, the
zero set off;, is finite (of course we may have= b = ¢ = 0).

Fori # j,i,j > a,letl;; = {(x,y) € R®: fi(x,y) = fi(x, y) = 0} be the
set of intersection points. Singgand f; are relatively prime, Bezout's theorem
(see [4]) implies that/; ;| is bounded above byeg(fi)deg(f;). In particular,
|1; ;| is bounded in terms a¥.

Fori > ¢, let H, = {(x,y) € R?: fi(x,y) =0 and % = 0} be the
set of horizontal tangent points. Then again, Bezout's theorem impliegH}jat
is bounded in terms a. Similarly, if we letV; = {(x,y) € R?: fi(x,y) =
0 and % = 0} be the set of vertical tangent points, thigf| is bounded in
terms of N.
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Letb < i < c. Then, by assumptiori (f;), the zero set off;, is finite.
Moreover, the implicit function theorem implies that for evéxy y) € Z(f),
we have% =0 (and% = 0 as well). Thus, arguing as above, we must have
|Z(f)| is bounded in terms aV.

Finally, let B = {(x,y) € aU : fi(x,y) = 0 for somei > b}. Note that
dU consist of four pieces, each of which is defined by polynomial of degree one
(i.e., each is a line segment). Thus Bezout’s theorem implies the intersection set
has bounded cardinality, that i8] is bounded in terms a¥. (In this last case
we don’t really need Bezout’'s theorem: We are just making use of the fact that
a non-zero polynomial in one variable has a finite number of roots, and that the
number of roots is bounded by the degree of the polynomial).

Now we let

=5, U(UHi)U(UVl)U(U Z(ﬁ))UB

i,j>c i>c i>c b<i<c

and we letA; = {(x, y) € R? : (x,y) € X for somey’ € R}. In other words,
Aj consists of all vertical lines which intersekt.

LetA, ={(x,y):x =1orx = —1}.

Let Az ={(x,y): fi(x,y) =0forsome,1<i <a}l.

Finally we letZ’ = A1 U A, U As. ThenZ’ consists ofp vertical lines where
pis bounded interms aV (infactp < |X| + 2+ a).

Let2 = U\{XUZ'}. Thens2 is an open set. We must show tliatonsists of
finitely many connected components, each of which is an open curved trapezoid,
and that the number of such trapezoids is bounded in terri¥s of

Note thatU\Z' is a disjoint union of open rectangleR; U --- R,. Thus
it suffices to prove for eacl® = R;, that R\X is a bounded union of open
trapezoids.

Chooser, B € [0, 1] suchthaiR = {(x,y) e R : x € (&, B), y € (=1, 1)}.

By definition, R N X = U",(Z(f;) N R). SinceAs N R = ), we have
RNX =U" (Z(fi)NR). Ifa <i < b,thenZ(f;) N R is a horizontal line
segment, that is, of the forn®(f;) "R = {(x,y) e R>:a < x < B, y =d}.

If b <i <c,then(Z(f;) N R) = @ by construction.

If c < i <mthen(Z(f;)NR) isasmooth curve with no horizontal or vertical
tangents (sincél; andV; do not intersecR). Thus each of its components is the
graph of smooth monotone function, that is, each component is of the form:

{(x,y)eR*:a<x < B, y=¢x)

where¢ : («, 8) — (-1, 1) is a smooth monotone function.

Thus we conclude thak N X = UM {(x,y) e R® e < x < B, y =
¢;(x)} where theg; (x) are smooth monotone functions on the interialg).
Moreover, the fact thal; ; N R = @ for i, j > a implies thatg;(x) # ¢i(x)



584 D.H. Phong et al.

forall x € (o, 8) and allj # k. Thus we may assume that theare ordered:
1 < ¢p - < ¢y Definego(x) = —1 andyr1(x) = 1. Now if we let
T, ={(x,y) 1 x €(a, B), $pp(x) <y < ¢,+1(x)} we obtain

Moreover, ify € («, 8) thenM’ is bounded by the number of intersections of
x = y with X, thatisM is bounded byw. This completes the proof of the claim.
We now finish the proof of Lemma 2.3. Apply the claim to the algebraic curve

X which is defined by the equatiq_r[;/zl(fk — A;) =0.Then

M/
U\X = (U ru) uz (2.9)
n=1

For eachu, the functionsf; — A, all have constant sign or),. Choose the
notation so thatf, — Ay is positive ont, if and only if x < M. Then (2.7)
readily follows from (2.9).

Chooser; < --- < ¢, suchthatA NU = {(x,y) : y e (=1, D andx =¢;
for somei}. Letco = —1 andc,1 = 1. Then each connected componentf
is contained inS; = {(x, y) : ¢; < x < ¢;;1 andy € (—1, 1)} for somei.

Now 32 = (ANU)U (X NU)\A) U U\ A) is a disjoint decomposition
of the boundary of2. The set((X N U)\ A) N S; consists of a finite number of
components. These components are curves (and not points) sirCefihed <
i < c have been removed. The curves do notintersect sindg the j > ¢ have
beenremoved. The curves are the graphs of smooth monotone functions since the
H; andV; have been removed for> ¢. Moreover, by construction, the graphs of
the smooth monotone functions are defined on the intéeyal; ;). Since these
graphs do not intersect, they are ordered by heights, and the regions between two
consecutive graphs is , by definition, a curved trapezoid. The number of such
graphs is at mos (since any vertical line can intersektat mostN times)
and, as explained above, the numlbpeis also bounded in terms @¥. Thus,
each connected component is a trapezoid and the number of such trapezoids is
bounded in terms o¥. The proof of Lemma 2.3 is complete.

Step 4 Combining Steps 2 and 3, we have proved Theorem A in thedas@
with a single vertex. Assume now that> 2: We shall proceed by induction on
the dimensiond, and writea = (¢, ay). We may assume that > 0 for all
1 < i < d. Otherwise, if sayr, = 0, then the relevant? norms for f; are
pa =1 andp; = " = "l’" for1 <i <d — 1. Thus the desired estimate
follows immediately from theéd — 1)-dimensional case.

Now let D; be the domain

Dj={xeD: 2/ > [F*O%)| > 27/ }
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and letDq be the domain
Do={xeD: [F“O()|>1}.
Then we may write

(W, (1o vees £2)]

g

where the domain of integration for the inner integrabigx,), the cross section
of D; obtained by setting the last variable equakto For eachx,, the inner
integral can be viewed as a level $ét— 1)-linear operator in dimensiaoth— 1,
with F (x) replaced by 2F (x), M replaced by 2M. This(d — 1)-linear operator
satisfies (2/ F(x))@-9| > 1. Applying the induction hypothesis, we obtain the
first estimate below

// Xren (X1 ooy Xa) f1(x1) -+ fa—1(x) dxy - - dxg-1| | fa(xa)|dxy
D;j

oo L _
(27 M) IN"3 (24 550) - TTS WAl - 1 falla,
if 2/M < 1;

T il - 1 falls
if 2/M > 1.

|WDj(f17 ceey fd)l = c

(2.10)
where = ‘Z—‘ The second estimate is of course trivial.

anfhe other hand

|Wp, (f1, ..., fa)l
d-1

5//{/ fateoldxg | [T lda - dxa s
Dj(x1,...,x4-1)

i=1

whereD;(x1, ..., x4—1) is the cross section d; obtained by fixingry, ..., x4—1.
In view of the hypothesigF @ (x)| > 1, the cross-sectioB; (x1, - - -, x4—1) has
1

measure< C(2-/) , whereC is a constant depending only e (This basic

fact was established implicitly in the proof of Lemma 2.1. Another proof can be
found in [3]). Thus

d—1
Lo L
[Wp, (f1, oy f)| < (277)%a l_[ I fille- 1 falleo
i=1
We can now apply the following interpolation lemma for multilinear oper-
ators which is a straightforward extension of the usual bilinear Riesz-Thorin
interpolation theorem (see e.g. [17], Chapter V):
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Lemma 2.4 LetT(f1, ..., f4) be a multilinear operator such that:

d
IT(fro oo I < AT TN

i=1

and

d
IT(fr. o Sl < BT T IA

i=1

Letd € [0, 1] and setr—li =0 (pi> +(1-9) (pi) Then

d
T (froooor f)] < APB T T AI

i=1

To get estimates with respect to the no|t1rﬁl||‘ L say, the interpolation
o *411
parametep should satisfy

ol \ 7! o'\t »
=0(———) +@-06-1
la| — o lo/| — o1

This gives) = %1 which implies 1- 6 = ., andp; = el foralll <i <d.

|ot Jot| —ai

We may apply now Lemma 2.4 with this choice farB = (2‘1')@, andA =

(21M)\71’\ In‘3(5£-) or A = 1, depending on whether < 1 or2M > 1.
The norm ofWp, is found to be bounded by

A ed-3) 1\ o) _
IIWD,,-HsC{M'In 2+ 575). if2/M <1,

27 T, if2/M > 1.

Boundingd (d — 3) by d — 3, and summing iry gives the desired estimate. We
note that this summation ipis the only part giving rise to logarithmic terms in
Theorem A.

Step 5 We can now prove Theorem A in its generality, with an arbitrary number
of vertices. Letx € Rio. We say thatr is “established" if the inequality asserted
in the statement of Theorem A is valid. To prove the theorem, it suffices to show:

A) If « is established then every elementRx) is established.
B) The set of established vectors is convex.

We start with a proof of B): Assume thatand g are established. Choose
positive real numbers;, A, such that.; + 1, = 1, and lety = 1o + A28. We
must show thay is established.
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Letd, = ‘“' , Oy = Az;ﬁ‘l Then itis clear tha#; + 6, = 1 and that; > 0.
Moreover we have
1 1 1
e 911 + 6 2£ and — =01— +6,—
Iyl |ot] 18] Iyl x| 18I
Thus we may apply the interpolation Lemma 2.4 vtk 6, to the estimates
for the verticesx andg, establishing/.
Now we prove assertion A): Assume that= («q, ..., ay) IS established.
Formally, the vertex8 = (¢’, oy = 00) is also established, in the sense that the
trivial estimate

d-1
(Wo(fr oo £l < T Tl 1] falloo

i=1

always holds. Thus we can apply Lemma2.4g ..., ps) = (2%, ..., 1422,
A= MY (pa, ..., pa) = (1,--+,1,00), B = 1. We conclude that’, % +

(% — 1)|a’]) is established for everg € (0, 1]). But asé ranges ovex0, 1],
W+ (% —1)|o’| ranges ovefay, 0o). This proves thaty’, o, + p) is established
foreveryp > 0. Similarly,(«a1, a2, .., @i +p, ®iy1, ..., @q) iSestablished for every
i and everyp > 0. Thus, by convexityP («) is established. This completes the
proof of Theorem A.

3. The multilinear oscillatory integral operators

This section is devoted to the proof of Theorem B. Again, it is convenient to
divide the proof into several steps.

Step 1 Here we establish the desired estimate in the simplest casegwith
(1L,Din Rio- In this case, we define the operaigy on L?(R) by

o
TP = [ e, frrd
—0Q
whereyp is the characteristic function db. The desired estimate is
ITpll 1212 < CIATY2INY22 4 1)), 3.1

The operatofl, 7} is an integral operator with kerné&l (x, y) given by

o0
K(x,y) = / eSSy (x, ) xp (v, 2) dz

o0

Forx, y fixed, let

y
D(z) = SL(x,2) — SL(y,2) = —/ S (u,z) du .
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Let us assume first that the domdinis horizontally convex (c.f. Definition
2.2). Then we would obtain the following estimate &xz):

1P| = |x =yl

for all x, y such thatyp(x, z2) xp (v, z) # 0.

Now, forx, y fixed, the set of suchthatp(x, z) xp (v, 2) @’ (z) # Oisafinite
union of (possibly empty) intervals. The number of such intervals is bounded
by a constant which depends only on the degreésince the endpoints of the
intervals are roots of polynomials whose degrees are bounded in tenmg}. of
Also, the number of intervals of monotonicityrof @’(z) is bounded uniformly
in terms ofng. Thus, by the standard van der Corput inequality

K (x,y)| <
Alx =yl

On the other handK (x, y)| < 1. It follows that

C

Ky < ———
K@l S 5

and

0 1 1 .
/_Oo K (x,y)| dx < Cfo T y|dx < CIA7In@2+ [A)).
It follows that || Tp T}5|| < C’'|x|7*In(2 + |A]), which establishes the desired
inequality.

In view of Lemma 2.3, any algebraic domaihcan always be written as a
disjoint union of boundedly many horizontally convex components, up to a set
of measure 0. Thus the proof of the case- (1, 1) in Rio is complete.

Step 2 Next, we consider a general central vertex of the farea (I, 1) in Rgo.
We proceed by induction dnthe casé = 1 having already been established in
Step 1. For this, we divide the domakninto two algebraic domains

D' ={(x,y) e D;|S" V) <r}, D'=D\D

By the induction hypothesis, the operafigy: satisfies the estimate

1

Tprllr2m 2 < ClAL|” 2D INY2(2 4 |A1])

On the other hand, the norm of the operafgr is clearly bounded by the norm
of the operatowp of (1.2), where we have sgt = S(-3=D andM = ¢.
Since we have thep, d, F| > 1, Theorem A implie$| Tpy|| < ||Wp|| < CtY2.
Cf;oosingt = |A|7Y! establishes the desired estimate in the ease (I, 1) in
RZ,.
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Step 3 Now we consider the case for a general verteRila. Saye = (I+m,1)
with / > 0. We divide the domai® into domainsD;

Dj={(x,y) € D; 27773 < |SUD(x,y)| <2793}, j=1,2-.
Do = {(x.y) € D; |S"D(x, y)| > 23}.

Let Tp, be the operators defined by (1.2), but with the range of integrddon
replaced byD;. We may apply the estimates already established for the vertex
(1, 1) and obtain

C@ 7072 INY2@2+ 277 ), if277) > 1;

Tp ||z g2 < e
Tp, |2 Lz_{l’ if27 |3 <1

On the other hand, for each the cross-sectiofix; (x, y) € D;} is of size
< C(2=HY™ |t follows that

T, | oo oo < 277/

To obtain the norm|TDj||Lzz# | 2gm s WE interpolate using Lemma 2.4 with

Zl . .
0 = 5%, The resulting estimates are

Al"75m In?22 4 AD), i 277 |4 > 1

||TDj|| 2-tm 2tm < C{ j ) )
L5 5 vt if 2=/ |A] < 1.

We bound agaif /2 simply by /2, and sum iry to obtain the desired estimate.

Step 4 We can now establish Theorem B in the case of a general single vertex
o = (a1, -+, og) iINRZ,. As in the proof of Theorem A, we proceed by induction
on the dimension/. The arguments here are similar to the induction step in
Theorem A, so we shall be brief. Sineeis a vertex in the reduced Newton
diagram ofS(xq, - - -, x4), we may assume that = («’, «y) with |o/| > 0 and

oy > 0. Set

Dj={(x.y) € D273 < S O(x y)| <277+3},  j=12 ..
Do = {(x.,y) € D; |S“O(x, y)| = 27}.

Then the multilinear oscillatory integral operator is decomposed correspondingly
into Tp = Zj. T, with the following two sets of estimates

. _1 : —
@D F IR @4 2D [T A1 fulls,
if 277|A > 1; I

d-1
[T NAN e M falle,

/
|/ [—a;

if 27/|A <1

|TD/(fl7’fd)|SC
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o d-1
ITo, (1 f)l < €273 [T Aillall flloc

i=1
As before, the first set of estimates is a consequence of the induction hypothesis,
while the second is a consequence of the fact that tloeoss-section oD; is of

size< cz‘é forall (xg, -+, x4_1). Interpolating withp = % as before gives
the estimates

1 Tp, (f1, -, fa)l
A7 Inf@=9 (2 + 271D T 111 ot 27> 1

< C ler]

28 [TZa 1l g if27/1 < 1.

Summing inj gives now the estimate for a general verdex R‘éo.

Step 5 We can now establish the general statement about reduced Newton poly-
hedra with several vertices just as in the last step of the proof of Theorem A.
The set of vertices for which the estimate can be established is first shown to be
convex by interpolation. The unbounded faces of the reduced Newton polyhedra
are then also established by interpolating a given vertex(«’, «,) with formal
vertices of the form’, co0), for which the estimates fdfy, trivially hold. The

proof of Theorem B is complete.

4. Smooth cutoffs and logarithm removal

In this section, we provide the proof of Theorem C. A key ingredient is the fol-
lowing generalization of the “curved box" lemma of [6—8] to curved trapezoids,
exploiting the Hardy-Littlewood maximal function.

Lemma 4.1(Curved Trapezoid Lemméa}ett be a curved trapezoid, i.e, aregion
of the form

T={x,y)eUeR?:c<x<dandgx) <y < f(x)}, 4.2)

where f and g are smooth, monotone functions on the intefval/]. Denote

by 7 (x) the cross-sectiofly; (x, y) € t}, and leté(x) be the length of (x). Let

voe Cg(U) be a cutoff function, and assume that

() n=IS,l<Apont;

(i) For eachc < x < d, the functiony (x, -) is supported in the interval
gx) =y = fx);

(i) |0y ¥ (x, y)| < B&(x)™", for(x,y)er,0<n <2
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LetT:., be the oscillatory integral operator defined by

Ty () (x) = / SN (e, ) xe (s R(Y) dy 42)

wherey. (x, y) is the characteristic function af. ThenT.,, is a bounded oper-
ator on L?(R) with norm bounded by

1
Teyll < Clual™2, (4.3)

where the constar depends only on the degregof S(x, y), and the constants
A and B in (i) and(iii) .

Proof of Lemma 4.1As in the last part of the argument for Step 2 in Section 2, by
removing a countable number of vertical lines passing by the p@ints;) and
(z;, w;), we can decompose the trapezoiohto a union of trapezoids, up to a
set of measure 0. These trapezoids have pairwise empty intersections. So do their
projections on the and they axes. If we decompose accordingly the operator
Ti.y = Y_; Ty.y into operatorsly,.y, it follows from the almost-orthogonality
Lemma 2.2 that it suffices to prove the estimate (4.3) for &agch. Thus we
drop the index, and assume from the outset that the boundary sétisfies
f(x1) > g(xp) for all x1, x» € (¢, d). By a suitable translation, we may assume
actually that

f(x1) > 0> g(xp) forall x1,x0 € (c,d) 4.4

As in the proof of Step 1 in Section lll, we follow now the proof of Lemma 1.1
in [6]. The kernelK (x, y) of the operatof;., T}’ is given by

K(xy) = / ISy (¢ Ty, Dy, e (D) dz (45)

Since the amplitude (x, 2)¥ (v, 2) x« (x, 2) x: (¥, z) is C? in z and has compact
support for all(x, y), we may integrate by parts inand write

K(x,y)
= / eHSEATSO (L2 (Y (x, DY (v, 2) xe (X, D X (v, 7)) dz (4.6)

o0

whereL'F(z) = —(iA\)719,(®(2))"1F(2)) and®(z) = S.(x,z) — S.(y, 2).
Forx, y € [c, d] fixed we definex(x, y) € R, b(x, y) € Rands(x, y) € R by
the formulas:

la(x,y),b(x,y)]={z€R:(x,z) et and (y,z) € 7},
8(x,y) =b(x,y) —a(x,y) (4.7)
Then we claim thaK (x, y) satisfies the estimates

1K (x, )] < C8Cx, )L+ ()28 (x, y)?|x — y[H (4.8
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To see this, we note that the integrand in (4.5) is bounded, and the interval of
integration iga(x, y), b(x, y)]. Thus|K (x, y)| < C8(x, y). On the other hand,
the hypothesis (iii) implies that

102 (Y (x, DY (v, D)X (x, 2% (v, 2))| < B [min (8(x), (y)1 ™"
<Bd§"(x,y), 0<n=<2 (4.9

We may writeS (x, z) — S.(y,2) = (x — ) fol S’ (x +u(y — x), z)du. Since

4

S” (x + u(y — x), z) does not change sign and is of constant gizé follows

Z

that
1S7(x,2) — SL(y, 2)| ~ plx — yl
Furthermore,
1 1 | fy SV +uly — x), 2)dul

az ; ; = 1 — (410)
Si(x,2) — Sy, 2) X =Yl [y SL(x 4+ u(y — x), 2)dul?

Z

For each O< u < 1, the point(x + u(y — x), z) is on a vertical interval of
lengthd (x +u(y — x)), on which the polynomia$;, (x + u(y — x), z) is of size
Ap > 0. It follows that

1S (x +u(y —x),2)| < C8(x+uly —x)'u<Csx,y)n (41

XZZ

whereC is a contant depending only on the degtg®f the polynomialS (x, y)
(see e.g. Lemma 1.2 in [6]). We obtain

1
9
Sé(xv Z) - Sé()% Z)
The second derivative 6f (x, z) — S’ (y, z) can be estimated in the same way.
Combining the estimates (4.9) and (4.12) in the expression (4.&)for y), we

find also thal K (x, y)| < C8(x, y)~*(u|r||x — y|)~2. This establishes (4.8).
Next, we require the following lemma:

<C8x,y)(ulx —yht (4.12)

Lemma 4.2SupposeX (x, y) is a kernel orR x R which satisfies
K (x, )] < C8(L+ (h)?8%x — y1A) 7, (4.13)

wheres = §(x) is a function ofc alone. Then there is a constafit such that
‘/ K (x, )h()k(y) dxdy| < C"- )Y IAll2llK]]2

forall h, k € L2
Remarks.

1. By symmetry, the same conclusion hold8 i§ a function ofy alone.
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2. The same conclusion holds if the right side of (4.13) is replaced by a finite
sum of terms of the forn@§(1 + (A1)?6%|x — y|?)~* where in each ternd,
is either a function ok alone or a function of alone.

Proof of Lemma 4.2Let U (k)(x) = [ K (x, y)k(y)dy. Then
|Uk(x)| < C - (Au) ™ Mk(x),

whereMk(x) is the Hardy-Littlewood maximal function (see e.g. [16] and ref-
erences therein). Sinde— M (k) is bounded in the.? norm, Lemma 4.2 is
proved.

Now we apply Lemma 4.2 to the kerngl(x, y) defined by (4.5) and satisfy-
ing the estimate (4.8). The distan¥a, y) can be written more explicitly, using
the property (4.4) for the trapezoid Depending on whethef (x) andg(x) are
increasing or decreasing, we have the following possibilities:

If both f andg are decreasing, then

[a(x, y), b(x, y)]

_ [l fOL i x 2 y; _[IF@I+g@)] x>y

If fis decreasing anglis increasing, then

[a(x,y), b(x, y)]

_ e, f)], ifx =y @I+ 1g)] ifx =y
_{k@%fwﬂ’”yZX;MLy%{LﬂwH%ﬂWIWny;mia

The other cases are similar. We first consider the case wharel g are both
decreasing. Then (4.14) implies that for- y we have

Lf O+ 18I

1+ w2 f )l +1gD?x — yI?
|f Ol 1g(Y)|

=1+ A2l f@PIx = y2 1+ Gu?lgDPlx — yI?

Fory > x, we have the same estimate, but wittand y reversed. Thus
Lemma 4.2 implies that the desired estimate (4.3) holds in this case.

Next consider the case whefés decreasing anglis increasing. In this case
(4.15) implies thab (x, y) is a function ofx alone ifx > y and a function ofy
alone ify > x. Thus Lemma 4.2 implies that (4.3) holds in this case as well. The
remaining cases are analogous. Thus we conclude that (4.3) holds in all cases
and Lemma 4.1 is proved.

K(x, )| =C

Proof of Theorem ONMe may assume that> 1, since the case= 1 is the non-
degenerate case, which is simpler and well-known. Choose a positive smooth
functionp : R — R with the following properties:
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1. p(x) £0ifand only ifx € (1, 4).
2. Z]?';wp(zfx) =1forallx > 0.

ThenTy., =Y TV where
T = [ g e h() dy

andy; (x, y) = ¥ (x, Y)p(ZJIS” (e, ID.
It suffices to show that the operatdi’éﬁ satisfy the following two estimates
(all norms are norms for operators frabd to L.2)

TV < C ————
14 2709

1TVl < C @772 (4.16)
Indeed, (4.16) implies

Tyl < Z min <;,(2 ’IM)‘) <C I)»I_%‘S
j=—00 1+ 22(1 5)
which is the desired estimate.

Now the first estimate in (4.16) follows from Theorem A, applied to the level
set functionF(x, y) = S7, (x, y). Since the Newton diagram @(x, y) is just
the reduced Newton diagram 8fx, y) translated by the vectgr-1, —1), the
Newton distancé for F (x, y) is related to the Newton decay rate fKire, y) by

8§71 =51+ 1. Thus Theorem A implies thatr'‘)|| < C 2~ i Combining
it with the trivial estimatg|7T || < 1 gives the first estimate in (4.16).

To establish the second estimate in (4.16), we observe that the support of the
cutoff function; (x, y) is a compact subset of the open algebraic domain

D ={(x,y) € U;s u/2 < |S;,(x, )| < 8u} (4.17)

with 1 = 27/, In particular,y; and all its partial derivatives vanish omb.

By the decomposition Lemma 2.3, after removing a finite number of vertical
lines, we may expresg’ as a boundedly finite sum of operators of the same
form, but with cutoff function

Vit x,y) = ¥i(x, ) x(x, )

wherey; is the characteristic function of a curved trapezoid of the form (4.1).
Using again the fact that max |07 Sy, (x, )| < C [I|7"max.;|Sy, (x, y)| for

any intervall and any polynomiab(x, y) of bounded degree (c.f. Lemma 1.2

in [6]), we readily verify thaty;(z; x, y) satisfies the conditions (ii) and (iii) of
Lemma 4.1 (it is not necessary to chop the domain horizontally). Thus Lemma
4.1 applies, giving the second estimate in (4.16). The proof of Theorem C is

complete.
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5. Concluding remarks

1. In their work [2], Carbery, Christ, and Wright appliéd estimates for level

set operators to derive sharp bounds for the growth of the distribution functions
when uniform lower bounds on single vertex o are imposed. Naively, one
may have hoped that these bounds could perhaps be improved if one imposed
conditions orseveralverticesae = @, - .., ). But this is not the case, and

the bounds in [2] are always sharp in the context of the more global form of
stability (c.f. Introduction). More precisely, the uniform growth rateof the
distribution function/{x € U; |F(x)| < M}| < CM? (up to logarithmic terms)
overall functionsF (x) satisfying

‘F(Ol(l))

~ 1 ... ‘F(‘"(K))

> 1 (5.1)

is just
1

= 52
min1§k§K|a(k)| (5.2

14
This rate is in fact attained faf (x) = Zle(xl +- 4 xd)“"(k)'. This behavior
may be contrasted with that of individual phase functions, whose distribution
functions do grow according to Newton distances in suitable coordinate systems
(see e.qg.[10]). The point here is of course the difference between the two notions
of stability (or uniformity) explained in the Introduction.

2. Up to the logarithmic terms, all our estimates are sharp.

3. We have not striven to extract the smallest powers possible for the logarithmic
terms which appear in Theorems A and B. At the least, they can be improved by
powers depending on the vertexFor example, fox = (1, - - -, 1) in R, our

arguments produce the estim&tg% InzA+d)—3 (2+|A]). Itwould be interesting
to determine for which classes of phaSeéx) or level set functionF'(x) the
logarithmic terms are necessary, if at all.

4. We stated the theorems in the category of polynomials, but the arguments go
through verbatim in the category of smooth functions with some finiteness con-
ditions. In dimensiod = 2, itis clearly sufficient to assume that the boundary of
the domaind as well as the level sets &f(x) andS(x) and their derivatives are
smooth with a boundedly finite number of singular points and turning points. The
correct classes of domains and phas@s, F (x) can then be defined recursively

on the dimension, by requiring that any cross-section satisfies the conditions in
one-dimension lower.

5. It is highly likely that the methods of the present paper can be adapted to
establish stability results for damped estimates, such as those established in [9]
for dimensiord = 2. We shall return to this issue elsewhere [11].
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