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1. Introduction

There is increasing evidence that many central questions in analysis may depend
on the stability of certain estimates under perturbations. Typically, to a function
S(x) are associated many invariants, such as the growth rate of its distribution
function, the decay rates of the oscillatory integrals or oscillatory integral oper-
ators withS(x) as phase, and the sharp constants entering such estimates. The
issue of stability can take many forms:

• GivenS(x), the issue is to determine the behavior of the above invariants for
all functionsS̃(x) in a sufficiently small neighborhood ofS(x), with respect
to a suitable topology. Under this form, stability has been investigated by
Karpushkin [5], Tian [18], Siu [14–15], and by the authors in [10] and [12];

• More globally, we may also seek uniform bounds for the above invariants
which hold forall S̃(x), subject to, say, some given uniform lower bounds on
the derivatives of̃S(x). In this formulation, stability has been investigated by
Carbery, Christ, and Wright [2].

In this paper, we shall investigate the latter form of stability for certain mul-
tilinear operators defined byS(x) and focus on the emergence of the Newton
polyhedron ofS in this context.

D.H. Phong
Department of Mathematics, Columbia University, New York, NY 10027, USA
(e-mail: phong@math.columbia.edu)

E.M. Stein
Department of Mathematics, Princeton University, Princeton, NJ 08544, USA
(e-mail: stein@math.princeton.edu)

J. Sturm
Department of Mathematics, Rutgers University, Newark, NJ 07102, USA
(e-mail: sturm@andromeda.rutgers.edu)

� Research supported in part by the National Science Foundation under grants DMS-97-06889
and DMS-98-00783



574 D.H. Phong et al.

More precisely, letU = {(x1, x2, ..., xd) ∈ Rd : 0 < xi < 1} and letD be a
subset ofU . We shall always assume thatd ≥ 2. We shall consider two classes
of multilinear operators. The first is themultilinear oscillatory integral operator

TD(f1, ..., fd) =
∫
D

eiλS(x1,...,xd )f1(x1) · · · fd(xd) dx1 · · · dxd , (1.1)

defined by a polynomial phase functionS(x1, ..., xd) ∈ R[x1, ..., xd], and the
second themultilinear level set operator

WD(f1, ..., fd) =
∫
D

χ
M
(x1, ..., xd)f1(x1) · · · fd(xd) dx1 · · · dxd, (1.2)

whereF(x1, · · · , xd) ∈ R[x1, · · · , xd] is also a polynomial andχ
M

is the charac-
teristic function of{x : |F(x)| ≤ M}. These operators are natural generalizations
of the familiar oscillatory and level set operators studied in [6–9,13] and [2]. We
shall see shortly that multilinearity is the proper analytic notion associated with
the geometric notion of Newton polyhedron.

To formulate our results, we need some preliminary concepts. First, recall that
the norm of a multi-linear operatorT (f1, · · · , fd) on the space⊗d

i=1L
pi [0,1] is

defined by

||T || = sup|T (f1, ..., fd)|,
where the sup is taken over allfi such that||fi ||pi ≤ 1. Next, we introduce the
key concept ofalgebraic domainas follows. Letr, n, d be positive integers. Then
D ⊆ U is called a simple algebraic domain of type(r, n, d) if D is of the form:

D = {x = (x1, ..., xd) ∈ U : fk(x) ≥ Ak, k = 1,2, ..., r ′} (1.3)

where thefk ∈ R[x] are non-constant polynomials of degree at mostn, r ′ ≤ r,
Ak ∈ R. We say thatD is an algebraic domain of type(r, n, d,w) if D =
D1 ∪ · · · ∪ Dw′ where theDi are simple algebraic domains of typer, n, d, and
w′ ≤ w.

The main results of this paper are the following. The notation is the standard
one for partial derivatives onRd :

F (α) = ∂ |α|F
∂x

α1
1 · · · ∂xαdd

, α = (α1, · · · , αd), |α| = α1 + · · · + αd.

A multi-indexα = (α1, · · · , αd) will often be viewed as a point inRd
≥0, and re-

ferred to as a vertex. Givenα ∈ Rd
≥0, defineP(α) = {α+ x : x = (x1, ..., xd) ∈

Rd
≥0 , xi ≥ 0, 1 ≤ i ≤ d}. Let α(1), ..., α(K) ∈ Rd

≥0 be a collection of ver-
tices with non-negative entries. Then the Newton polyhedronN(α(1), ..., α(K))

generated byα(1), ..., α(K) is defined to be the convex hull of the set∪Kk=1P(α
(k)).
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Theorem A. (Sublevel Set Estimates)Let α(1), ..., α(K) ∈ Nd \ {0} beK given
vertices, and letF ∈ R[x1, ..., xd] be any polynomial of degreenF . Set

D(α(1), · · · , α(K)) =
{
x ∈ U ; |F (α(k))(x)| > 1, 1 ≤ k ≤ K

}
Then for any domainD ⊆ D(α(1), · · · , α(K)) and anyα ∈ N(α(1), ..., α(K)), we
have

|WD(f1, ..., fd)| ≤ CM
1

|α| lnd−2

(
2 + 1

M

) d∏
i=1

||fi ||pi , d ≥ 2. (1.4)

HereM is any positive number, and1
qi

= 1− 1
pi

= αi
|α| . The constantC depends

only onnF andα(1), · · · , α(K).
Theorem B. (Oscillatory Integral Estimates)Letα(1), ..., α(K) ∈ Nd \ {0} beK
given vertices, and letS ∈ R[x1, ..., xd] be any polynomial of degreenS . Set

D(α(1), · · · , α(K)) =
{
x ∈ U ; |S(α(k))(x)| > 1, 1 ≤ k ≤ K

}
LetN∗(α(1), · · · , α(K)) be the reduced Newton polyhedron generated by the ver-
tices α(k), i.e., the Newton polyhedron generated only by those verticesα(k)

with at least two strictly positive components. Then for any algebraic domain
D ⊆ D(α(1), · · · , α(K)) and anyα ∈ N∗(α(1), ..., α(K)), we have

|TD(f1, ..., fd)| ≤ C|λ|− 1
|α| lnd−

1
2 (2 + |λ|)

d∏
i=1

||fi ||pi , d ≥ 2. (1.5)

Hereλ is any number, and1
qi

= 1 − 1
pi

= αi
|α| . The constantC depends only on

nS , |α|, and the typer, n, d,w ofD.

One particularly attractive feature of the estimates (1.4–1.5) may be worth
stressing: to each pointα in the Newton polyhedronN(α(1), · · · , α(K))
(or N∗(α(1), · · · , α(K))), corresponds an estimate withLp-spaces determined
by the “slopes"αi|α| , 1 ≤ i ≤ d, and decay rate determined by the “distance"|α|.
Thepi andqi satisfy the constraint

d∑
i=1

1

qi
= 1,

d∑
i=1

1

pi
= d − 1. (1.6)

Remarkably, a key example of such an estimate had been obtained earlier by
Carbery, Christ, and Wright [2], namely in the context of TheoremA, for a single
vertex in dimensiond = 2 and whenD is the full unit squareU . This estimate
also plays an important role in our approach. However, given its importance, and
given the fact that we actually need a generalization of this estimate to the case
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of a general algebraic domainD, we have presented an independent treatment.
Our treatment applies only in the present setting of polynomial functionsF(x)

andS(x), but not to the more general setting of [2] (c.f. Section II, Steps 2 and
3).

Evidently, the best estimates are obtained forα on the boundary of the Newton
polyhedron. If we chooseα = (α1, · · · , αd) to be the point on the boundary of
the Newton polyhedron which satisfies the conditionα1 = · · · = αd , then all the
Lp-spaces areL

d
d−1 , and the estimates (1.4) and (1.5) become respectively

||WD(f1, · · · , fd)|| ≤ CM
1
d
δ lnd−2

(
2 + 1

M

) d∏
i=1

||fi || d
d−1

||TD(f1, · · · , fd)|| ≤ C |λ|− 1
d
δ lnd−

1
2 (2 + |λ|)

d∏
i=1

||fi || d
d−1

(1.7)

Hereδ is the Newton decay rate, defined to beα−1
1 if α = (α1, · · · , αd) is the

boundary point we just described. The decay rate1
d
δ in (1.7) is an immediate

consequence of Theorems A and B, since1
|α| = 1

dα1
. Up to the logarithmic

factors, Theorem B is then the natural multilinear generalization of the relation
between decay rates for oscillatory integrals and Newton distances found in [8]
for bilinear forms.

The oscillatory integral operators in [6–9] were defined with smooth cutoff
functions, and satisfied sharp estimates without logarithmic terms. Similarly,
some of the logarithmic factors in Theorem B can be eliminated if we use smooth
cutoff functions. We formulate here a basic result of that type. In particular, for
polynomial phases, we obtain at the same time a new proof of the estimates for
oscillatory integral operators in [8], as well as a proof of the stability of such
estimates.

Theorem C. (Oscillatory Integral Estimates with Smooth Cutoffs)Letα(1), . . . ,
α(K) ∈ N2 \ {0} and letS(x, y) ∈ R[x, y] be any polynomial of degreenS in two
variables. Letψ ∈ C2

0(U), and assume that

|S(α(k))(x, y)| > 1, 1 ≤ k ≤ K (1.8)

on the support ofψ . Then the oscillatory integral operatorTψ defined by

Tψf (x) =
∫ ∞

−∞
eiλS(x,y)ψ(x, y)f (y)dy, (1.9)

satisfies the estimate
||Tψ ||L2→L2 ≤ C|λ|− 1

2δ (1.10)

Here δ is the Newton decay rate, defined as in (1.7) for the reduced Newton
polyhedronN∗(α(1), · · · , α(K)) associated to the verticesα(k), 1 ≤ k ≤ K. The
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constantC depends only on the verticesα(k), the degreenS of S(x, y), and the
cutoff functionψ .

Our approach makes essential use of a decomposition procedure described
in detail in Lemma 2.3 and the paragraphs which precede it. This procedure
allows us to reduce systematically the analysis on algebraic domains to special
types of domains (“curved trapezoids"), whose geometry is particularly simple.
Another noteworthy component is Lemma 4.1, which is a more flexible version of
the “curved-box lemmas" of [6–8]. By exploiting the Hardy-Littlewood maximal
function, this version allows trapezoids ofvaryingwidths instead of curved boxes
of constantwidth as in [6–8], and is crucial to the removal of logarithms in
Theorem C.

It has been observed by A. Seeger that if upper bounds onS(x) and its
derivatives are imposed, then stability is already implicit in [13] for oscillatory
integral operators in dimension two and loss ofε growth (c.f. Theorem B with
d = 2).We note that for the class of functionsF(x) andS(x) considered here, the
estimates in Theorems A and B are more general: they do not require any upper
bound onS(x) orF(x). This is also the case for the estimates in [2]. The lack of
conditions on upper bounds turns out to be quite important in the inductive proof
of Theorems A and B themselves, sinceS(x) andF(x) get multiplied there by
an arbitrarily large number.

Finally, we note that the Newton polyhedron has long been known to en-
code well the singularities of a function [1]. In particular, forgenericfunctions
S(x), the Newton distance corresponds to the decay rate of thescalaroscillatory
integrals with phaseS(x) [19]. However, the genericity restriction makes this
correspondence imperfect, and one can ask whether there areanalyticnotions
which correspond without exceptions to thegeometricnotion of the Newton dis-
tance. TheoremsA and B can be viewed as an affirmative answer to this question:
the desired notions are the multilinear operatorsWD andTD. The underlying rea-
son is particularly compelling: the discrepancy between Newton distances and
decay rates of scalar oscillatory integrals can be traced back to the fact that the
former depends on the coordinate system, while the latter does not. On the other
hand, multilinear operators fix the directions of the axes, and this turns out to
eliminate exactly the excess freedom in the choice of coordinate systems which
was responsible for the original discrepancy.

2. The multilinear level set operators

This section is devoted to the proof of Theorem A. We divide the proof into
several steps. First, we treat the case of a single vertex inN2. Then the case of a
single vertex inNd is treated by induction on the dimensiond. Finally, the general
case of several vertices inNd is treated by interpolation, establishing the desired
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estimate for an arbitrary vertex on the Newton polyhedron inRd
≥0. The case of a

single vertex(α, β) in N2 requires the following preliminary lemma. This lemma
is a consequence of Lemma 3.8 in [2], but we shall provide an independent proof
for the convenience of the reader.

Lemma 2.1LetD ⊂ U be an open set. LetF(x, y) be a smooth function on
D and assume that|∂αx ∂βy F (x, y)| ≥ 1 and |F(x, y)| ≤ M for all (x, y) ∈ D.
Then for every coordinate rectangleR ⊆ D we have

(∆x)α(∆y)β ≤ C ·M
where∆x and∆y are the lengths of the sides ofR, andC depends only onα
andβ.

Proof. If f (t) is a function of one real variable, define(∆f )(t) = f (t +∆x)−
f (t). Then one easily sees that iff is k times differentiable,∫ x0+∆x

x0

∫ x1+∆x

x1

· · ·
∫ xk−1+∆x

xk−1

f (k)(t) dtdxk−1dxk−2 · · · dx1

= (∆kf )(x0)

=
k∑

m=0

(−1)m
(
k

m

)
f (x0 +m∆x) (2.1)

In particular, iff (k)(t) ≥ 1 on the interval[x0, y0] and if|f | ≤ M at thek+1
endpoints of the evenly spaced partition of that interval intok subintervals, then

|y0 − x0| ≤ 2k M1/k

Let (x0, y0) be the lower left corner ofR. To prove the lemma, we apply (2.1)
twice: First to the functionf (t) = ∂

β
y F (t, y), with ∆x replaced by∆x/α, and

then to the functionf (t) = F(x0 + m∆x, t), with ∆y replaced by∆y/β. We
obtain

(∆x)α(∆y)β ≤
α∑
m=0

β∑
n=0

( α
m

)(β
n

)
|F(x0 +m∆x, y0 + n∆y)| ≤ 2α+β ·M

Step 1. We consider the case whereD = U andF(x, y) = xαyβ . Let

DM = {(x, y) ∈ U : x > 0, y > 0, xαyβ < M}
and letWD be the integral operator defined in (1.2)

WD(f, g) =
∫
DM

χM(x, y)f (x)g(y) dxdy (2.2)
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We claim that||WD|| ≤ CM1/(α+β) for some universal constantC. LetN be
the integer such that 2−N−1 < M ≤ 2−N . Without loss of generality, we may
assume thatM = 2−N . LetDi = {(x, y) ∈ DM : 2−N−i < xαyβ ≤ 2−N−i+1},
i = 1,2, ..., so thatWD = ∑

Wi whereWi is defined by (2.2), but with the
domain of integrationDM replaced byDi . It suffices, by the triangle inequality,
to prove that

||Wi || ≤ C ′2(−N−i)/(α+β) (2.3)

for some universal constantC ′. Fork, l ≥ 0 let

Ri(k, l) = {(x, y) ∈ Di : 2−k− 1
2 ≤ xα ≤ 2−k+ 1

2 ,2−l− 1
2 ≤ yβ ≤ 2−l+ 1

2 , }
Then the pairwise intersections of the rectanglesRi(k, l) have measure 0, and

the collection{Ri(k, l) : k + l = N + i − 1, k, l ≥ 0}, coversDi . LetWi(k, l)

be defined by

Wi(k, l)(f, g) =
∫
Ri(k,l)

f (x)g(y) dxdy.

Now Hölder’s inequality implies, for any dual pair(p, q),

|Wi(k, l)(f, g)| ≤
(∫

xα∼2−k
|f (x)|dx

)(∫
yβ∼2−l

|g(y)|dy
)

≤ 2(−
k
αq

− l
βp
)||f ||p||g||q (2.4)

Taking 1
q

= α
(α+β) and 1

p
= β

(α+β) , we see that||Wi(k, l)|| is bounded by the
expression appearing on the right side of (2.3). The desired estimate for||Wi ||
follows from the following simple “almost-orthogonality" lemma, where we let
Ik = {2−k− 1

2 ≤ x ≤ 2−k+ 1
2 }, andJk = IN+i−1−k.

Lemma 2.2. LetT (f, g) = ∫
Ω1×Ω2

K(x, y)f1(x)f2(y)dxdy be a bilinear oper-
ator. Assume that

{(x, y);K(x, y) �= 0} ⊂ ∪∞
k=1(Ik × Jk),

whereIk andJk are measurable subsets ofΩ1 andΩ2 respectively, andIk ∩ Il
and Jk ∩ Jl have zero measure fork �= l. Let χIk , χJk be the characteristic
functions of the setsIk andJk, and letTk be the bilinear operator with kernel
χIk (x)χJk (y)K(x, y). If (p, q) is a pair of dual exponents

1
p

+ 1
q

= 1, let ||Tk||
and||T || be the norms ofTk and ofT as bilinear operators onLp(Ω1)×Lq(Ω2).
Then

||T || ≤ supk||Tk||. (2.5)

Proof of Lemma 2.2. Let f, g be functions with||f ||p = ||g||q = 1. Then we
may write

|T (f, g)| =
∣∣∣∣∣
∑
k

Tk(χIkf, χJkg)

∣∣∣∣∣ ≤ supk||Tk||
∑
k

||χIkf ||p||χJkg||q
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By Young’s inequality, the sum in the above right hand side is bounded by

∑
k

(
1

p

∫
Ik

|f |p + 1

q

∫
Jk

|g|q
)

≤ 1

p
||f ||pp + 1

q
||g||qq = 1,

establishing Lemma 2.2.

To describe the next several steps, we need the notion of a curved trapezoid.

Definition 2.1LetD ⊆ U . ThenD is called a curved trapezoid if there exist real
numbersa, b with a < b and continuous monotone functionsf, g : [a, b] → R
with f (x) > g(x) for all x ∈ (a, b) such that

D = {(x, y) ∈ U : a < x < b, and g(x) < y < f (x)} (2.6)

Step 2. We establish now the case where|∂αx ∂βy F | > 1 andD is a curved
trapezoid as in (2.6).

Assume first thatf ′(x)g′(x) < 0 for all x. In fact, without loss of generality,
assume thatf ′(x) < 0 andg′(x) > 0 (the other possiblity is treated in an
analogous way). Letc = (f (b) + g(b))/2. The liney = c cutsD into two
pieces. After making the necessary translation to the origin, we may assume
c = 0 anda = 0. Then the top piece is the region under the curvey = f (x),
above thex axis, bounded on the left by they axis and on the right byx = b.
Now Lemma 2.1 implies thatxαyβ ≤ CM for all x ∈ [0, b]. Thus the estimate
for the top piece follows from the case treated in Step 1. The estimate for the
bottom piece is similar.

Now assume thatf ′(x)g′(x) > 0 for all x. Without loss of generality, we
may assumef ′(x) < 0 andg′(x) < 0 (the other possiblity is treated in an
analogous way). Fixx0 ∈ (a, b). Then define, fori ≥ 0, the following sequences
of numbers:

y0 = f (x0), z0 = x0, w0 = g(z0), x1 = f −1(w0), y1 = f (x1), z1 = x1, ...

z−1 = g−1(y0), w−1 = g(z−1), x−1 = z−1, y−1 = f (x−1), z−2 = g−1(y−1), ...

Then if we remove fromD all the vertical line segments whose endpoints
are (xi, yi) and (zi, wi), and all the horizonal line segments whose endpoints
are(zi, wi) and(xi+1, yi+1), we are left with connected components which are
curved right triangles (the two perpendicular sides are straight line segments, but
the “hypotenuse" is a monotonic curve). The estimate for each triangle follows
from the case treated in Step 1, and the estimate for all ofD follows from the
almost-orthogonality Lemma 2.2.

Step 3. In this important step, we show that any algebraic domainD can be
decomposed into a finite, bounded number of curved trapezoids. We have seen
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how estimates for the level set operatorWD can be obtained when the domain is
a curved trapezoid. It may be helpful at this moment to stress the other important
property of curved trapezoids, namely that they are bothhorizontally convexand
vertically convex, in the following sense.

Definition 2.2A setV ∈ R2 is horizontally convex if(x, z) ∈ V and(y, z) ∈ V
implies that(u, z) ∈ V for u ∈ [x, y]. The notion of vertical convexity is defined
in the same way.

The importance of these concepts will become apparent in Section III, when
we discuss the oscillatory integral operatorsTD. For the moment, we discuss how
to decompose an algebraic domainD into, say, horizontally convex components.
The procedure is roughly as follows. LetX denote the boundary ofD. ThenX
is a real algebraic curve. Let us call a real numberc ∈ (−1,1) critical if the line
y = c intersectsX at a point of tangency, or at a point whereX is not smooth.
Then, since the critical points are defined by algebraic equations whose degrees
are bounded in terms ofn, there are only a finite number of critical points and
the number of such points is bounded in terms ofn. Now consider the domain

D∗ = {(x, y) ∈ D : y �= c for all critical valuesc}
Then the connected components ofD∗ are all horizontally convex. Moreover,
there are a finite number of connected components, bounded in terms ofn.

Similarly, to decomposeD into curved trapezoids, we remove fromD all
vertical linesL which satisfy any one of the following properties:

1. L intersectsX at a non-smooth point ofX.
2. L intersectsX at a point where the tangent line is vertical.
3. L intersectsX at a point where the tangent line is horizontal.

Then the remaining domain has finitely many components, bounded in terms
of n, each of which is a curved trapezoid. The precise construction is provided
by the following lemma and its proof:

Lemma 2.3LetD by an algebraic domain of type(r, n,2, w). Then there exist
curved trapezoidsτ1, ..., τM ⊆ D, and a set of measure zeroZ ⊆ D such that

D =
(

M⋃
µ=1

τµ

)
∪ Z (2.7)

where the union is disjoint and the numberM is bounded in terms ofr, n, and
w. In particular,

∫
D

f (x, y) dxdy =
M∑
µ=1

∫
τµ

f (x, y) dxdy
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for any measurable functionf .

Proof of Lemma 2.3We first observe that it suffices to prove the lemma in the
case whereD is a simple algebraic domain. Indeed, ifD1 andD2 are two simple
algebraic domains

D1 = {x ∈ U ; fi(x) ≥ Ai}, D2 = {x ∈ U ; gj (x) ≥ Bj }
thenD1 ∪D2 = D1 ∪ D̃2, with D̃2 given by

D2 = {x ∈ U ; gj (x) ≥ Bj, −fi(x) ≥ −Ai}.
The intersectionD1 ∪ D̃2 has measure 0, and the type ofD̃2 is bounded in terms
of the types ofD1 andD2. Thus any algebraic domain can be rewritten as a union
of simple algebraic domains whose pairwise intersections have measure 0.

LetX ⊆ R2 be an algebraic curve of degree at mostN . This means thatX
can be described as

X = {(x, y) ∈ R2 : f (x, y) = 0}
wheref (x, y) ∈ R[x, y] has degree at mostN .

We shall first establish the following:

Claim. There exist curved trapezoidsτ1, ..., τM ′ ⊆ U\X and a setZ′ ⊆ U\X
of measure zero such that

U\X =
(

M ′⋃
µ=1

τµ

)
∪ Z′ (2.8)

Moreover,M ′ is bounded interms ofN .
We may assume thatf (x, y) = ∏m

i=1 fi where thefi are irreducible and
mutually relatively prime (that is,fi does not dividefj if i �= j ). Choose the
notation so thatf1, ..., fa are functions ofx alone, andfa+1, ..., fb are functions
of y alone, andfi(x, y), for i > b, is not independent ofx and is not independent
of y. Assume further that ifb < i ≤ c, thenZ(fi) = {(x, y) : fi(x, y) = 0}, the
zero set offi , is finite (of course we may havea = b = c = 0).

For i �= j , i, j > a, let Ii,j = {(x, y) ∈ R2 : fi(x, y) = fj (x, y) = 0} be the
set of intersection points. Sincefi andfj are relatively prime, Bezout’s theorem
(see [4]) implies that|Ii,j | is bounded above bydeg(fi)deg(fj ). In particular,
|Ii,j | is bounded in terms ofN .

For i > c, let Hi = {(x, y) ∈ R2 : fi(x, y) = 0 and
∂fi
∂x

= 0} be the
set of horizontal tangent points. Then again, Bezout’s theorem implies that|Hi |
is bounded in terms ofN . Similarly, if we letVi = {(x, y) ∈ R2 : fi(x, y) =
0 and

∂fi
∂y

= 0} be the set of vertical tangent points, then|Vi | is bounded in
terms ofN .
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Let b < i ≤ c. Then, by assumption,Z(fi), the zero set offi , is finite.
Moreover, the implicit function theorem implies that for every(x, y) ∈ Z(fi),
we have∂fi

∂x
= 0 (and ∂fi

∂x
= 0 as well). Thus, arguing as above, we must have

|Z(fi)| is bounded in terms ofN .
Finally, letB = {(x, y) ∈ ∂U : fi(x, y) = 0 for somei > b}. Note that

∂U consist of four pieces, each of which is defined by polynomial of degree one
(i.e., each is a line segment). Thus Bezout’s theorem implies the intersection set
has bounded cardinality, that is,|B| is bounded in terms ofN . (In this last case
we don’t really need Bezout’s theorem: We are just making use of the fact that
a non-zero polynomial in one variable has a finite number of roots, and that the
number of roots is bounded by the degree of the polynomial).

Now we let

Σ =

⋃
i,j>c

Ii,j


 ∪

(⋃
i>c

Hi

)
∪
(⋃
i>c

Vi

)
∪
( ⋃
b<i≤c

Z(fi)

)
∪ B

and we letΛ1 = {(x, y) ∈ R2 : (x, y ′) ∈ Σ for somey ′ ∈ R}. In other words,
Λ1 consists of all vertical lines which intersectΣ .

LetΛ2 = {(x, y) : x = 1 orx = −1}.
LetΛ3 = {(x, y) : fi(x, y) = 0 for somei,1 ≤ i ≤ a}.
Finally we letZ′ = Λ1 ∪Λ2 ∪Λ3. ThenZ′ consists ofp vertical lines where

p is bounded in terms ofN (in factp ≤ |Σ | + 2 + a).
LetΩ = U\{X∪Z′}. ThenΩ is an open set.We must show thatΩ consists of

finitely many connected components, each of which is an open curved trapezoid,
and that the number of such trapezoids is bounded in terms ofN .

Note thatU\Z′ is a disjoint union of open rectangles,R1 ∪ · · ·Rp. Thus
it suffices to prove for eachR = Ri , thatR\X is a bounded union of open
trapezoids.

Chooseα, β ∈ [0,1] such thatR = {(x, y) ∈ R2 : x ∈ (α, β), y ∈ (−1,1)}.
By definition,R ∩ X = ∪mi=1(Z(fi) ∩ R). SinceΛ3 ∩ R = ∅, we have

R ∩ X = ∪mi=a(Z(fi) ∩ R). If a < i ≤ b, thenZ(fi) ∩ R is a horizontal line
segment, that is, of the form:Z(fi) ∩ R = {(x, y) ∈ R2 : α < x < β, y = d}.

If b < i ≤ c, then(Z(fi) ∩ R) = ∅ by construction.
If c < i ≤ m then(Z(fi)∩R) is a smooth curve with no horizontal or vertical

tangents (sinceHi andVi do not intersectR). Thus each of its components is the
graph of smooth monotone function, that is, each component is of the form:

{(x, y) ∈ R2 : α < x < β, y = φ(x)}
whereφ : (α, β) → (−1,1) is a smooth monotone function.

Thus we conclude thatR ∩ X = ∪M ′
j=1{(x, y) ∈ R2 : α < x < β, y =

φj (x)} where theφj (x) are smooth monotone functions on the interval(α, β).
Moreover, the fact thatIi,j ∩ R = ∅ for i, j > a implies thatφj (x) �= φk(x)
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for all x ∈ (α, β) and allj �= k. Thus we may assume that theφ are ordered:
φ1 < φ2 · · · < φM ′ . Defineφ0(x) = −1 andφM ′+1(x) = 1. Now if we let
τµ = {(x, y) : x ∈ (α, β), φµ(x) < y < φµ+1(x)} we obtain

R\X =
M ′⋃
µ=0

τµ

Moreover, ifγ ∈ (α, β) thenM ′ is bounded by the number of intersections of
x = γ withX, that isM is bounded byN . This completes the proof of the claim.

We now finish the proof of Lemma 2.3.Apply the claim to the algebraic curve
X which is defined by the equation

∏r ′
k=1(fk − Ak) = 0. Then

U\X =
(

M ′⋃
µ=1

τµ

)
∪ Z′ (2.9)

For eachµ, the functionsfk − Ak all have constant sign onτµ. Choose the
notation so thatfk − Ak is positive onτµ if and only if µ ≤ M. Then (2.7)
readily follows from (2.9).

Choosec1 < · · · < cp such thatΛ ∩ U = {(x, y) : y ∈ (−1,1) andx = ci
for somei}. Let c0 = −1 andcp+1 = 1. Then each connected component ofΩ

is contained inSi = {(x, y) : ci < x < ci+1 andy ∈ (−1,1)} for somei.
Now ∂Ω = (Λ ∩ Ū ) ∪ ((X ∩U)\Λ) ∪ (∂U\Λ) is a disjoint decomposition

of the boundary ofΩ. The set((X ∩ U)\Λ) ∩ Si consists of a finite number of
components. These components are curves (and not points) since theZ(fi), b <

i ≤ c have been removed. The curves do not intersect since theIi,j , i, j > c have
been removed. The curves are the graphs of smooth monotone functions since the
Hi andVi have been removed fori > c. Moreover, by construction, the graphs of
the smooth monotone functions are defined on the interval(ci, ci+1). Since these
graphs do not intersect, they are ordered by heights, and the regions between two
consecutive graphs is , by definition, a curved trapezoid. The number of such
graphs is at mostN (since any vertical line can intersectX at mostN times)
and, as explained above, the numberp is also bounded in terms ofN . Thus,
each connected component is a trapezoid and the number of such trapezoids is
bounded in terms ofN . The proof of Lemma 2.3 is complete.

Step 4. Combining Steps 2 and 3, we have proved Theorem A in the cased = 2
with a single vertex. Assume now thatd > 2: We shall proceed by induction on
the dimensiond, and writeα = (α′, αd). We may assume thatαi > 0 for all
1 ≤ i ≤ d. Otherwise, if sayαd = 0, then the relevantLpi norms forfi are
pd = 1, andpi = |α|

|α|−αi = |α′|
|α′|−αi for 1 ≤ i ≤ d − 1. Thus the desired estimate

follows immediately from the(d − 1)-dimensional case.
Now letDj be the domain

Dj = {x ∈ D : 2−j+1 ≥ |F (α′,0)(x)| ≥ 2−j }
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and letD0 be the domain

D0 = {x ∈ D : |F (α′,0)(x)| ≥ 1 }.
Then we may write

|WDj (f1, ..., fd)|

≤
∫ ∣∣∣∣∣

∫
· · ·
∫
Dj

χ
F≤M (x1, ..., xd)f1(x1) · · · fd−1(x) dx1 · · · dxd−1

∣∣∣∣∣ |fd(xd)|dxd
where the domain of integration for the inner integral isDj(xd), the cross section
of Dj obtained by setting the last variable equal toxd . For eachxd , the inner
integral can be viewed as a level set(d − 1)-linear operator in dimensiond − 1,
with F(x) replaced by 2jF (x),M replaced by 2jM. This(d−1)-linear operator
satisfies|(2jF (x))(α′,0)| ≥ 1. Applying the induction hypothesis, we obtain the
first estimate below

|WDj (f1, ..., fd)| ≤ C




(
2jM

) 1
|α′| lnd−3

(
2 + 1

2jM

) ·∏d−1
i=1 ||fi ||pi · ||fd ||1,

if 2jM < 1;∏d−1
i=1 ||fi ||pi · ||fd ||1,

if 2jM ≥ 1.
(2.10)

where 1
qi

= αi
|α′| . The second estimate is of course trivial.

On the other hand

|WDj (f1, ..., fd)|

≤
∫

· · ·
∫ {∫

Dj (x1,...,xd−1)

|fd(xd)|dxd
}
d−1∏
i=1

|fi(xi)|dx1 · · · dxd−1

whereDj(x1, ..., xd−1) is the cross section ofDj obtained by fixingx1, ..., xd−1.
In view of the hypothesis|F (α)(x)| > 1, the cross-sectionDj(x1, · · · , xd−1) has

measure≤ C(2−j )
1
αd , whereC is a constant depending only onαd (This basic

fact was established implicitly in the proof of Lemma 2.1. Another proof can be
found in [3]). Thus

|WDj (f1, ..., fd)| ≤ (2−j )
1
αd

d−1∏
i=1

||fi ||1 · ||fd ||∞

We can now apply the following interpolation lemma for multilinear oper-
ators which is a straightforward extension of the usual bilinear Riesz-Thorin
interpolation theorem (see e.g. [17], Chapter V):
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Lemma 2.4. LetT (f1, ..., fd) be a multilinear operator such that:

|T (f1, ..., fd)| ≤ A

d∏
i=1

||fi ||pi

and

|T (f1, ..., fd)| ≤ B

d∏
i=1

||fi ||p̃i

Let θ ∈ [0,1] and set1
ri

= θ
(

1
pi

)
+ (1 − θ)

(
1
p̃i

)
. Then

|T (f1, ..., fd)| ≤ AθB1−θ ·
d∏
i=1

||fi ||ri

To get estimates with respect to the norm||f1|| |α|
|α|−α1

, say, the interpolation

parameterθ should satisfy( |α|
|α| − α1

)−1

= θ

( |α′|
|α′| − α1

)−1

+ (1 − θ) · 1−1

This givesθ = |α′|
|α| , which implies 1−θ = αd

|α| , andpi = |α|
|α|−αi for all 1 ≤ i ≤ d.

We may apply now Lemma 2.4 with this choice forθ , B = (2−j )
1

|αd , andA =
(2jM)

1
|α′| lnd−3( 1

2jM ) or A = 1, depending on whether 2jM < 1 or 2jM ≥ 1.
The norm ofWDj is found to be bounded by

||WDj || ≤ C

{
M

1
|α| lnθ(d−3)

(
2 + 1

2jM

)
, if 2jM < 1;

2− j
|α| , if 2jM ≥ 1.

Boundingθ(d − 3) by d − 3, and summing inj gives the desired estimate. We
note that this summation inj is the only part giving rise to logarithmic terms in
Theorem A.

Step 5. We can now prove Theorem A in its generality, with an arbitrary number
of vertices. Letα ∈ Rd

≥0. We say thatα is “established" if the inequality asserted
in the statement of Theorem A is valid. To prove the theorem, it suffices to show:

A) If α is established then every element ofP(α) is established.
B) The set of established vectors is convex.

We start with a proof of B): Assume thatα andβ are established. Choose
positive real numbersλ1, λ2 such thatλ1 + λ2 = 1, and letγ = λ1α + λ2β. We
must show thatγ is established.
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Let θ1 = λ1
|α|
|γ | , θ2 = λ2

|β|
|γ | . Then it is clear thatθ1 + θ2 = 1 and thatθi ≥ 0.

Moreover we have

γ

|γ | = θ1
α

|α| + θ2
β

|β| and
1

|γ | = θ1
1

|α| + θ2
1

|β|
Thus we may apply the interpolation Lemma 2.4 withθ = θ1 to the estimates

for the verticesα andβ, establishingγ .
Now we prove assertion A): Assume thatα = (α1, ..., αd) is established.

Formally, the vertexβ = (α′, αd = ∞) is also established, in the sense that the
trivial estimate

|WD(f1, · · · , fd)| ≤
d−1∏
i=1

||fi ||1 · ||fd ||∞

always holds. Thus we can apply Lemma 2.4 to(p1, ..., pd) = (
|α|−α1

|α| , ...,
|α|−αd

|α| ),
A = M1/|α|, (p̃1, ..., p̃d) = (1, · · · ,1,∞), B = 1. We conclude that(α′, αd

θ
+

( 1
θ

− 1)|α′|) is established for everyθ ∈ (0,1]). But asθ ranges over(0,1],
αd
θ

+ ( 1
θ
−1)|α′| ranges over[αd,∞). This proves that(α′, αd +p) is established

for everyp ≥ 0. Similarly,(α1, α2, .., αi+p, αi+1, ..., αd) is established for every
i and everyp ≥ 0. Thus, by convexity,P(α) is established. This completes the
proof of Theorem A.

3. The multilinear oscillatory integral operators

This section is devoted to the proof of Theorem B. Again, it is convenient to
divide the proof into several steps.

Step 1. Here we establish the desired estimate in the simplest case, withα =
(1,1) in R2

≥0. In this case, we define the operatorTD onL2(R) by

(TDf )(y) =
∫ ∞

−∞
eiλS(x,y)χD(x, y)f (x)dx

whereχD is the characteristic function ofD. The desired estimate is

||TD||L2→L2 ≤ C|λ|−1/2 ln1/2(2 + |λ|). (3.1)

The operatorTDT ∗
D is an integral operator with kernelK(x, y) given by

K(x, y) =
∫ ∞

−∞
eiλ(S(x,z)−S(y,z))χD(x, z)χD(y, z) dz

Forx, y fixed, let

Φ(z) = S ′
z(x, z)− S ′

z(y, z) = −
∫ y

x

S ′′
uz(u, z) du .
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Let us assume first that the domainD is horizontally convex (c.f. Definition
2.2). Then we would obtain the following estimate onΦ(z):

|Φ(z)| ≥ |x − y|
for all x, y such thatχD(x, z)χD(y, z) �= 0.

Now, forx, y fixed, the set ofz such thatχD(x, z)χD(y, z)Φ ′(z) �= 0 is a finite
union of (possibly empty) intervals. The number of such intervals is bounded
by a constant which depends only on the degreenS (since the endpoints of the
intervals are roots of polynomials whose degrees are bounded in terms ofnS).
Also, the number of intervals of monotonicity inz ofΦ ′(z) is bounded uniformly
in terms ofnS . Thus, by the standard van der Corput inequality

|K(x, y)| ≤ C

λ|x − y|
On the other hand,|K(x, y)| ≤ 1. It follows that

|K(x, y)| ≤ C

1 + λ|x − y|
and ∫ ∞

−∞
|K(x, y)| dx ≤ C

∫ 1

0

1

1 + λ|x − y|dx ≤ C|λ|−1 ln(2 + |λ|).

It follows that||TDT ∗
D|| ≤ C ′|λ|−1 ln(2 + |λ|), which establishes the desired

inequality.
In view of Lemma 2.3, any algebraic domainD can always be written as a

disjoint union of boundedly many horizontally convex components, up to a set
of measure 0. Thus the proof of the caseα = (1,1) in R2

≥0 is complete.

Step 2. Next, we consider a general central vertex of the formα = (l, l) in R2
≥0.

We proceed by induction onl, the casel = 1 having already been established in
Step 1. For this, we divide the domainD into two algebraic domains

D′ = {(x, y) ∈ D; |S(l−1,l−1)| ≤ t}, D′′ = D \D′

By the induction hypothesis, the operatorTD′′ satisfies the estimate

||TD′′ ||L2→L2 ≤ C|λt |− 1
2(l−1) ln1/2(2 + |λt |)

On the other hand, the norm of the operatorTD′ is clearly bounded by the norm
of the operatorWD′ of (1.2), where we have setF = S(l−1,l−1) andM = t .
Since we have then|∂x∂yF | > 1, Theorem A implies||TD′ || ≤ ||WD′ || ≤ Ct1/2.
Choosingt = |λ|−1/l establishes the desired estimate in the caseα = (l, l) in
R2

≥0.
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Step 3. Now we consider the case for a general vertex inR2
≥0. Sayα = (l+m, l)

with l > 0. We divide the domainD into domainsDj

Dj = {(x, y) ∈ D; 2−j− 1
2 ≤ |S(l,l)(x, y)| < 2−j+ 1

2 }, j = 1,2, · · ·
D0 = {(x, y) ∈ D; |S(l,l)(x, y)| ≥ 2

1
2 }.

Let TDj be the operators defined by (1.2), but with the range of integrationD

replaced byDj . We may apply the estimates already established for the vertex
(l, l) and obtain

||TDj ||L2→L2 ≤
{
C(2−jλ)−

1
2l ln1/2(2 + 2−j |λ|), if 2−j |λ| > 1;

1, if 2−j |λ| ≤ 1.

On the other hand, for eachy, the cross-section{x; (x, y) ∈ Dj } is of size
≤ C(2−j )1/m. It follows that

||TDj ||L∞→L∞ ≤ 2−j/m

To obtain the norm||TDj ||
L

2l+m
l →L

2l+m
l

, we interpolate using Lemma 2.4 with

θ = 2l
2l+m . The resulting estimates are

||TDj ||
L

2l+m
l →L

2l+m
l

≤ C

{ |λ|− 1
2l+m lnθ/2(2 + |λ|), if 2−j |λ| > 1;

2− j
2l+m , if 2−j |λ| ≤ 1.

We bound againθ/2 simply by 1/2, and sum inj to obtain the desired estimate.

Step 4. We can now establish Theorem B in the case of a general single vertex
α = (α1, · · · , αd) in Rd

≥0.As in the proof of TheoremA, we proceed by induction
on the dimensiond. The arguments here are similar to the induction step in
Theorem A, so we shall be brief. Sinceα is a vertex in the reduced Newton
diagram ofS(x1, · · · , xd), we may assume thatα = (α′, αd) with |α′| > 0 and
αd > 0. Set

Dj = {(x, y) ∈ D; 2−j− 1
2 ≤ |S(α′,0)(x, y)| < 2−j+ 1

2 }, j = 1,2, · · ·
D0 = {(x, y) ∈ D; |S(α′,0)(x, y)| ≥ 2

1
2 }.

Then the multilinear oscillatory integral operator is decomposed correspondingly
into TD = ∑

j TDj , with the following two sets of estimates

|TDj (f1, · · · , fd)|≤C




(2−j |λ|)− 1
|α′| lnd−

3
2 (2 + 2−j |λ|)∏d−1

i=1 ||f || |α′|
|α′|−αi

||fd ||1,
if 2−j |λ| > 1;∏d−1

i=1 ||f || |α′|
|α′|−αi

||fd ||1,
if 2−j |λ| ≤ 1.
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|TDj (f1, · · · , fd)| ≤ C2− j
αd

d−1∏
i=1

||fi ||1||f ||∞

As before, the first set of estimates is a consequence of the induction hypothesis,
while the second is a consequence of the fact that thexd cross-section ofDj is of

size≤ C2− j
αd for all (x1, · · · , xd−1). Interpolating withθ = |α′|

|α| as before gives
the estimates

|TDj (f1, · · · , fd)|

≤ C




|λ|− 1
|α| lnθ(d−

3
2 )(2 + 2−j |λ|)∏d

i=1 ||f || |α|
|α|−αi

, if 2−j |λ| > 1;

2− j
|α|
∏d
i=1 ||f || |α|

|α|−αi
, if 2−j |λ| ≤ 1.

Summing inj gives now the estimate for a general vertexα in Rd
≥0.

Step 5. We can now establish the general statement about reduced Newton poly-
hedra with several vertices just as in the last step of the proof of Theorem A.
The set of vertices for which the estimate can be established is first shown to be
convex by interpolation. The unbounded faces of the reduced Newton polyhedra
are then also established by interpolating a given vertexα = (α′, αd)with formal
vertices of the form(α′,∞), for which the estimates forTD trivially hold. The
proof of Theorem B is complete.

4. Smooth cutoffs and logarithm removal

In this section, we provide the proof of Theorem C. A key ingredient is the fol-
lowing generalization of the “curved box" lemma of [6–8] to curved trapezoids,
exploiting the Hardy-Littlewood maximal function.

Lemma 4.1(Curved Trapezoid Lemma)Letτ be a curved trapezoid, i.e, a region
of the form

τ = {(x, y) ∈ U ∈ R2 : c < x < d and g(x) ≤ y ≤ f (x) }, (4.1)

wheref andg are smooth, monotone functions on the interval[c, d]. Denote
byτ(x) the cross-section{y; (x, y) ∈ τ }, and letδ(x) be the length ofτ(x). Let
ψ ∈ C2

0(U) be a cutoff function, and assume that

(i) µ ≤ |S ′′
xy | ≤ Aµ on τ ;

(ii) For eachc < x < d, the functionψ(x, ·) is supported in the interval
g(x) ≤ y ≤ f (x);

(iii) |∂nyψ(x, y)| ≤ B δ(x)−n, for (x, y) ∈ τ , 0 ≤ n ≤ 2.
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LetTτ ;ψ be the oscillatory integral operator defined by

Tτ ;ψ(h)(x) =
∫
eiλS(x,y)ψ(x, y)χτ (x, y)h(y) dy (4.2)

whereχτ (x, y) is the characteristic function ofτ . ThenTτ ;ψ is a bounded oper-
ator onL2(R) with norm bounded by

||Tτ ;ψ || ≤ C|µλ|− 1
2 , (4.3)

where the constantC depends only on the degreenS ofS(x, y), and the constants
A andB in (i) and(iii) .

Proof of Lemma 4.1.As in the last part of the argument for Step 2 in Section 2, by
removing a countable number of vertical lines passing by the points(xi, yi) and
(zi, wi), we can decompose the trapezoidτ into a union of trapezoidsτi , up to a
set of measure 0. These trapezoids have pairwise empty intersections. So do their
projections on thex and they axes. If we decompose accordingly the operator
Tτ ;ψ = ∑

i Tτi ;ψ into operatorsTτi ;ψ , it follows from the almost-orthogonality
Lemma 2.2 that it suffices to prove the estimate (4.3) for eachTτi ;ψ . Thus we
drop the indexi, and assume from the outset that the boundary ofτ satisfies
f (x1) ≥ g(x2) for all x1, x2 ∈ (c, d). By a suitable translation, we may assume
actually that

f (x1) ≥ 0 ≥ g(x2) for all x1, x2 ∈ (c, d) (4.4)

As in the proof of Step 1 in Section III, we follow now the proof of Lemma 1.1
in [6]. The kernelK(x, y) of the operatorTτ ;ψT ∗

τ ;ψ is given by

K(x, y) =
∫ ∞

−∞
eiλ(S(x,z)−S(y,z))ψ(x, z)ψ̄(y, z)χτ (x, z)χτ (y, z) dz (4.5)

Since the amplitudeψ(x, z)ψ̄(y, z)χτ (x, z)χτ (y, z) isC2 in z and has compact
support for all(x, y), we may integrate by parts inz and write

K(x, y)

=
∫ ∞

−∞
eiλ(S(x,z)−S(y,z))(Lt)2(ψ(x, z)ψ̄(y, z)χτ (x, z)χτ (y, z)) dz (4.6)

whereLtF (z) = −(iλ)−1∂z((Φ(z))
−1F(z)) andΦ(z) = S ′

z(x, z) − S ′
z(y, z).

For x, y ∈ [c, d] fixed we definea(x, y) ∈ R, b(x, y) ∈ R andδ(x, y) ∈ R by
the formulas:

[a(x, y), b(x, y)] = {z ∈ R : (x, z) ∈ τ and (y, z) ∈ τ },
δ(x, y) = b(x, y)− a(x, y) (4.7)

Then we claim thatK(x, y) satisfies the estimates

|K(x, y)| ≤ Cδ(x, y)(1 + (λµ)2δ(x, y)2|x − y|2)−1. (4.8)
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To see this, we note that the integrand in (4.5) is bounded, and the interval of
integration is[a(x, y), b(x, y)]. Thus|K(x, y)| ≤ Cδ(x, y). On the other hand,
the hypothesis (iii) implies that

|∂nz (ψ(x, z)ψ̄(y, z)χτ (x, z)χτ (y, z))| ≤ B [min (δ(x), δ(y))]−n
≤ B δ−n(x, y), 0 ≤ n ≤ 2 (4.9)

We may writeS ′
z(x, z) − S ′

z(y, z) = (x − y) ∫ 1
0 S

′′
xz(x + u(y − x), z)du. Since

S ′′
xz(x + u(y − x), z) does not change sign and is of constant sizeµ, it follows

that
|S ′
z(x, z)− S ′

z(y, z)| ∼ µ|x − y|
Furthermore,∣∣∣∣∂z 1

S ′
z(x, z)− S ′

z(y, z)

∣∣∣∣ = 1

|x − y|
| ∫ 1

0 S
′′′
xzz(x + u(y − x), z)du|

| ∫ 1
0 S

′′
xz(x + u(y − x), z)du|2 (4.10)

For each 0≤ u ≤ 1, the point(x + u(y − x), z) is on a vertical interval of
lengthδ(x+ u(y− x)), on which the polynomialS ′′

xz(x+ u(y− x), z) is of size
Aµ > 0. It follows that

|S ′′′
xzz(x + u(y − x), z)| ≤ C δ(x + u(y − x))−1µ ≤ C δ(x, y)−1µ (4.11)

whereC is a contant depending only on the degreenS of the polynomialS(x, y)
(see e.g. Lemma 1.2 in [6]). We obtain∣∣∣∣∂z 1

S ′
z(x, z)− S ′

z(y, z)

∣∣∣∣ ≤ C δ−1(x, y)(µ|x − y|)−1 (4.12)

The second derivative ofS ′
z(x, z)−S ′

z(y, z) can be estimated in the same way.
Combining the estimates (4.9) and (4.12) in the expression (4.6) forK(x, y), we
find also that|K(x, y)| ≤ Cδ(x, y)−1(µ|λ||x − y|)−2. This establishes (4.8).

Next, we require the following lemma:

Lemma 4.2SupposeK(x, y) is a kernel onR × R which satisfies

|K(x, y)| ≤ Cδ(1 + (λµ)2δ2|x − y|2)−1, (4.13)

whereδ = δ(x) is a function ofx alone. Then there is a constantC ′ such that∣∣∣∣
∫
K(x, y)h(x)k(y) dxdy

∣∣∣∣ ≤ C ′ · (λµ)−1||h||2||k||2

for all h, k ∈ L2.

Remarks.

1. By symmetry, the same conclusion holds ifδ is a function ofy alone.
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2. The same conclusion holds if the right side of (4.13) is replaced by a finite
sum of terms of the formCδ(1 + (λµ)2δ2|x − y|2)−1 where in each term,δ
is either a function ofx alone or a function ofy alone.

Proof of Lemma 4.2. LetU(k)(x) = ∫
K(x, y)k(y)dy. Then

|Uk(x)| ≤ C · (λµ)−1Mk(x),

whereMk(x) is the Hardy-Littlewood maximal function (see e.g. [16] and ref-
erences therein). Sincek → M(k) is bounded in theL2 norm, Lemma 4.2 is
proved.

Now we apply Lemma 4.2 to the kernelK(x, y) defined by (4.5) and satisfy-
ing the estimate (4.8). The distanceδ(x, y) can be written more explicitly, using
the property (4.4) for the trapezoidτ . Depending on whetherf (x) andg(x) are
increasing or decreasing, we have the following possibilities:

If both f andg are decreasing, then

[a(x, y), b(x, y)]
=
{[g(y), f (x)], if x ≥ y;

[g(x), f (y)], if y ≥ x;
δ(x, y)=

{|f (x)|+|g(y)| if x ≥ y;
|f (y)|+|g(x)| if y ≥ x;

(4.14)

If f is decreasing andg is increasing, then

[a(x, y), b(x, y)]
=
{ [g(x), f (x)], if x ≥ y;

[g(y), f (y)], if y ≥ x;
δ(x, y)=

{ |f (x)| + |g(x)| if x ≥ y;
|f (y)| + |g(y)| if y ≥ x;

(4.15)

The other cases are similar. We first consider the case wheref andg are both
decreasing. Then (4.14) implies that forx ≥ y we have

|K(x, y)| ≤ C
|f (x)| + |g(y)|

1 + (λµ)2(|f (x)| + |g(y)|)2|x − y|2
≤ |f (x)|

1 + (λµ)2|f (x)|2|x − y|2 + |g(y)|
1 + (λµ)2|g(y)|2|x − y|2

For y ≥ x, we have the same estimate, but withx andy reversed. Thus
Lemma 4.2 implies that the desired estimate (4.3) holds in this case.

Next consider the case wheref is decreasing andg is increasing. In this case
(4.15) implies thatδ(x, y) is a function ofx alone ifx ≥ y and a function ofy
alone ify ≥ x. Thus Lemma 4.2 implies that (4.3) holds in this case as well. The
remaining cases are analogous. Thus we conclude that (4.3) holds in all cases
and Lemma 4.1 is proved.

Proof of Theorem C. We may assume thatδ > 1, since the caseδ = 1 is the non-
degenerate case, which is simpler and well-known. Choose a positive smooth
functionρ : R → R with the following properties:
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1. ρ(x) �= 0 if and only ifx ∈ (1,4).
2.
∑∞
j=−∞ ρ(2

j x) = 1 for all x > 0.

ThenTτ ;ψ = ∑∞
j=−∞ T

(j) where

T (j)(h)(x) =
∫ ∞

−∞
eiλS(x,y)ψj (x, y)h(y) dy

andψj(x, y) = ψ(x, y)ρ(2j |S ′′
xy(x, y)|).

It suffices to show that the operatorsT (j) satisfy the following two estimates
(all norms are norms for operators fromL2 toL2)

||T (j)|| ≤ C
1

1 + 2
jδ

2(1−δ)

||T (j)|| ≤ C (2−j |λ|)− 1
2 (4.16)

Indeed, (4.16) implies

||Tτ,ψ || ≤
∞∑

j=−∞
min

(
1

1 + 2
jδ

2(1−δ)
, (2−j |λ|)− 1

2

)
≤ C |λ|− 1

2δ

which is the desired estimate.
Now the first estimate in (4.16) follows from Theorem A, applied to the level

set functionF(x, y) = S ′′
xy(x, y). Since the Newton diagram ofF(x, y) is just

the reduced Newton diagram ofS(x, y) translated by the vector(−1,−1), the
Newton distancẽδ for F(x, y) is related to the Newton decay rate forS(x, y) by

δ−1 = δ̃−1 + 1. Thus Theorem A implies that||T (j)|| ≤ C 2− jδ
2(1−δ) . Combining

it with the trivial estimate||T (j)|| ≤ 1 gives the first estimate in (4.16).
To establish the second estimate in (4.16), we observe that the support of the

cutoff functionψj(x, y) is a compact subset of the open algebraic domain

D = {(x, y) ∈ U ;µ/2< |S ′′
xy(x, y)| < 8µ} (4.17)

with µ = 2−j . In particular,ψj and all its partial derivatives vanish on∂D.
By the decomposition Lemma 2.3, after removing a finite number of vertical

lines, we may expressT (j) as a boundedly finite sum of operators of the same
form, but with cutoff function

ψj(τ ; x, y) = ψj(x, y)χτ (x, y)

whereχτ is the characteristic function of a curved trapezoid of the form (4.1).
Using again the fact that maxy∈I |∂ny S ′′

xy(x, y)| ≤ C |I |−nmaxy∈I |S ′′
xy(x, y)| for

any intervalI and any polynomialS(x, y) of bounded degree (c.f. Lemma 1.2
in [6]), we readily verify thatψj(τ ; x, y) satisfies the conditions (ii) and (iii) of
Lemma 4.1 (it is not necessary to chop the domain horizontally). Thus Lemma
4.1 applies, giving the second estimate in (4.16). The proof of Theorem C is
complete.
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5. Concluding remarks

1. In their work [2], Carbery, Christ, and Wright appliedLp estimates for level
set operators to derive sharp bounds for the growth of the distribution functions
when uniform lower bounds on asingle vertexα are imposed. Naively, one
may have hoped that these bounds could perhaps be improved if one imposed
conditions onseveralverticesα = α(1), · · · , α(K). But this is not the case, and
the bounds in [2] are always sharp in the context of the more global form of
stability (c.f. Introduction). More precisely, the uniform growth rateγ of the
distribution function|{x ∈ U ; |F(x)| ≤ M}| ≤ CMγ (up to logarithmic terms)
overall functionsF(x) satisfying∣∣∣F (α(1))∣∣∣ > 1, · · · ,

∣∣∣F (α(K))∣∣∣ > 1 (5.1)

is just

γ = 1

min1≤k≤K |α(k)| . (5.2)

This rate is in fact attained forF(x) = ∑K
k=1(x1 + · · · + xd)|α(k)|. This behavior

may be contrasted with that of individual phase functions, whose distribution
functions do grow according to Newton distances in suitable coordinate systems
(see e.g. [10]). The point here is of course the difference between the two notions
of stability (or uniformity) explained in the Introduction.

2. Up to the logarithmic terms, all our estimates are sharp.

3. We have not striven to extract the smallest powers possible for the logarithmic
terms which appear in Theorems A and B. At the least, they can be improved by
powers depending on the vertexα. For example, forα = (1, · · · ,1) in Rd

≥0, our

arguments produce the estimate|λ|− 1
d ln

1
2 (1+d)− 2

d (2+|λ|). It would be interesting
to determine for which classes of phaseS(x) or level set functionF(x) the
logarithmic terms are necessary, if at all.

4. We stated the theorems in the category of polynomials, but the arguments go
through verbatim in the category of smooth functions with some finiteness con-
ditions. In dimensiond = 2, it is clearly sufficient to assume that the boundary of
the domainsD as well as the level sets ofF(x) andS(x) and their derivatives are
smooth with a boundedly finite number of singular points and turning points. The
correct classes of domains and phasesS(x),F(x) can then be defined recursively
on the dimension, by requiring that any cross-section satisfies the conditions in
one-dimension lower.

5. It is highly likely that the methods of the present paper can be adapted to
establish stability results for damped estimates, such as those established in [9]
for dimensiond = 2. We shall return to this issue elsewhere [11].
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