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Abstract. We show that the Kihler—Ricci flow on a manifold with positive
first Chern class converges to a Kihler—Einstein metric assuming positive
bisectional curvature and certain stability conditions.

1 Introduction

Let X be acompact Kidhler manifold of complex dimension n with ¢ (X) > 0.
The Frankel conjecture, proved by Mori [Mor] and Siu—Yau [SY], states
that if X admits a K&hler metric of positive bisectional curvature then it is
biholomorphic to P". There has been much interest in obtaining a proof of
this using the Kihler—Ricci flow:

a
ot
By a result of Goldberg—Kobayashi [GK], this amounts to solving the
following well-known ‘folklore’ problem: without using the existence of
a Kihler-Einstein metric, show that if a Kédhler metric has positive bi-

sectional curvature then the Kihler—Ricci flow deforms it to a Kihler—
Einstein metric.
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We mention now some work related to this problem. The case n = 1
was settled by Hamilton [H1], Chow [Cho] (see also Chen—Lu-Tian [CLT]).
Bando [B] and Mok [Mok] showed that, in every dimension, the positivity
of the bisectional curvature is preserved along the Kéhler—Ricci flow.
Chen-Tian [CT] used the Moser—Trudinger inequalities [T1,TZ1] (see
also [PSSW1]) to show that if there exists a Kidhler—Einstein metric then,
starting at a metric with positive bisectional curvature, the flow converges
to it. Perelman later showed, without any curvature conditions, that the flow
converges to a Kihler-Einstein metric when one exists, and this was ex-
tended to Kéhler—Ricci solitons by Tian-Zhu [P2,TZ2]. Using an injectivity
radius estimate of Perelman [P1], Cao—Chen—Zhu [CCZ] showed that if the
bisectional curvature is nonnegative then the Riemann curvature tensor is
bounded along the flow.

In [PS3], it was shown that the folklore problem can be reduced to estab-
lishing various stability conditions. In this paper we succeed in making fur-
ther progress along these lines. We consider the following three conditions:

(A) The Mabuchi K-energy is bounded below on the space of Kihler
metrics in the class ¢y (X);

(A’) The Futaki invariant of X is zero;

(B) Let J be the complex structure of X, viewed as a tensor. Then the C*
closure of the orbit of J under the diffeomorphism group of X does
not contain any complex structure J, with the property that the space
of holomorphic vector fields with respect to J., has dimension strictly
higher than the dimension of the space of holomorphic vector fields
with respect to J.

Conditions (A) and (A’) and their relations to stability have been studied
intensely in the last two decades, and for the definitions we refer the reader
to the literature (see [PS1], for example). Condition (B) was introduced
in [PS3]. It was shown there that if the curvatures along the Kéhler—Ricci
flow are uniformly bounded, and if (A) and (B) hold then the Kédhler—Ricci
flow converges exponentially fast to a Kidhler—Einstein metric. Note that the
Riemann curvature tensor is bounded along the flow if the bisectional curva-
ture is nonnegative (this is explained in the proof of Lemma 4 below) or, in
the case of complex dimension 2, if we have the weaker condition of nonneg-
ative Ricci curvature with traceless curvature operator 2-nonnegative [PS2].
Our first result is as follows:

Theorem 1 Suppose there exists a Kdhler metric gy on X with nonnegative
bisectional curvature which is positive at one point. Assume Condition (A)
holds. Then the Kdhler—Ricci flow starting at gy converges exponentially
fast in C* to a Kihler—Einstein metric.

Now, at least a priori, the algebraic Condition (A’) is much weaker
than (A). Here, we strengthen the result of [PS3] by replacing (A) by
Condition (A").
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Theorem 2 Suppose that the Riemann curvature tensor is uniformly
bounded along the Kdhler—Ricci flow and that Conditions (A’) and (B)
hold. Then the Kdihler—Ricci flow converges exponentially fast in C* to
a Kdhler—Einstein metric.

If n < 2 we have:

Theorem 3 Assume X has complex dimension I or 2, gy has nonnegative
bisectional curvature and Condition (A’) holds. Then the Kihler—Ricci flow
starting at gy converges exponentially fast in C* to a Kdhler—Einstein
metric.

This result for n» = 1 has already been established by different methods
as mentioned above. Theorem 3 now shows that the folklore problem in
complex dimension 2 can be reduced to a condition on the finite dimensional
space of holomorphic vector fields.

We remark that there are already proofs of Theorems 1 and 3 which
first show the existence of a Kéhler—FEinstein metric and then apply the
results of [CT], [P2]. Indeed, Chen [Che] proved Theorem 1 by showing
that the bisectional curvature along the flow approaches that of the Fubini-
Study metric, concluding that the manifold is P”, and then applying [CT].
A proof of Theorem 3 can be obtained by combining [P2] with the result
that, in complex dimension 2, the vanishing of the Futaki invariant implies
the existence of a Kihler—Einstein metric [T1]. We note that our proofs use
primarily flow methods and in particular avoid showing first the existence
of a Kéhler—Einstein metric.

A key step in the proofs of Theorems 1, 2 and 3 is to obtain a uniform
lower bound for the first positive eigenvalue A of the 379 operator on T''-°
vector fields. The idea of considering this eigenvalue along the K&hler—Ricci
flow was introduced in [PS3] and examined further in [PSSW2]. In Sect. 2
we show that certain curvature conditions imply the desired bound for A. In
Sects. 3, 4 and 5, we give the proofs of Theorems 1, 2 and 3 respectively.

Remark In Theorem 2, the conclusion still holds if we replace (B) by the
following condition: the eigenvalue A is uniformly bounded from below
along the flow. Assuming bounded curvature along the flow, this condition
is a priori weaker than (B).

2 Lower bounds for the 9 operator

For a solution g(#) of the Kihler—Ricci flow (1.1), we define the Ricci
potential u by %g,;j = & — Rg; = 9;0;u, where we normalize u by
imposing the condition [, e ™" = [, »". Here, » = T_lg,;jdz-/ Ad7F e
ey (X) is the Kéhler form of g(7).

In the following, we will make use of the estimates of Perelman [P2]
(see [ST):
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(i) For auniform C > 0, we have ||u||co + [Vullco + |R]|co < C.
(i) Let p > 0 be given. Then for all x € X and all »r with 0 < r < p
we have

/ 0" > C'r™", 2.1)
By (x)

for a uniform constant C' > 0, where B,(x) is the geodesic ball of
radius r centered at x with respect to g(t).
(iii) The diameter of (X, g(#)) is uniformly bounded.

Define two time dependent inner products on 7'-? by
(V, W), = / g, V/Whe ™o and (V. W)y = f g VIWke'. (2.2)
X X

Since u is uniforrzlly bgunded the corresponding norms || - ||, and || - [|o
are equivalent. Let A = A(f) and A = A(¢) respectively be the smallest

positive eigenvalues of the operators L = — g’j_Vi Vi+ g’fViuV ; and L =
—giv; V; acting on T"” vector fields. Denote by H’(X, T'9) the space of
holomorphic vector fields on X. Then X is the largest number satisfying

/ [V, VE e o > & / |VEPRe o (2.3)
X X

for all V with the property: (V, &), = 0 for all £ € H°(X, T'-?). Similarly,
A is the largest number satisfying

/ AL zk/ VAl (2.4)
b'¢ b'¢

for all V with the property: (V,&)o = O for all § € HO(X, T'%). The
following lemma shows that A and A are uniformly equivalent.

Lemma 1 There exist uniform positive constants A, and A, such that

Ak <A< Ajh. (2.5)

Proof of Lemma 1: Let V € T'° be a smooth vector field such that
(V,&)o = 0forall £ e H'(X, T"?). Write

V=W+§& with & e H(X, T"?)
and (W, &), =0 forall & e H (X, T"Y). (2.6)

Then

0 =(V,8)o = (W, &)o + (50, 0)o, (2.7)
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and the Cauchy—Schwarz inequality implies

(&0, £0)g < (W, W)o(&o, £0)o- (2.8)
Hence there exist ¢, ¢ > 0 such that
c1{50s &0)u < (50, 60)0 < (W, W)o < c2(W, W),. (2.9)

Thus

/Wvﬁw" zc3/ IVV|?e o —C3/|VW|2 U
X X

s v
zc3x/ Wke o = 32 > (W W), + — 3 (W, W),
X

>

S8 W, Wy, +
2 9

C301

(So,éo) > cah(V, V)o,  (2.10)

and it follows that A > c¢4A, giving the first inequality. The second inequality
follows similarly. |

We recall some notions of positivity. A tensor T is Griffiths nonnega-
tive if
Viviwiwk
T V'V WIW* >0 (2.11)
for all vectors V, W e T, For brevity we write T;z =6 0. The condi-

tion of nonnegative bisectional curvature means R >g, 0. We say that
a tensor Ty, is Nakano nonnegative if

T5i Lolc >0, (2.12)

for all tensors ¢ € T'° ® T1., and we write Tj‘iz‘k > ng O for short.

Next, we show that under a positive curvature condition, the eigenvalue A
can be bounded below away from zero.

Lemma 2 Suppose that a Kihler metric g satisfies

Rin + R;81 — € 8781 ZNa 0, (2.13)
for some constant ¢ > 0. Then A > c.
Proof of Lemma 2: Recall the commutation formulae:

(ViV; = ViV VE = " Ry VP (2.14)

(ViV; = V;V; )a— = g'"quUmaq, (2.15)

for a T'-? vector field V and a (0, 1) form a. Let V be an eigenvector of the
operator L with eigenvalue A. Then

—gUV,VVE = vk, (2.16)



656 D.H. Phong et al.

Apply V; to obtain
—g"V ViV VE = avivEh, 2.17)
Using the commutation formulae we have
—IVi ViV VE 4 QU g TR, VVP ot g g Ry Y VE = AV VE,
(2.18)
Multiply by g”_ g1V, V' to obtain

—8"gug "V, VIV,V,V-VE 4 gl R;

i, Ve VIV VP

+ 8" ng" Ry, V. VIV VE = 1g g V, VIV VE.

(2.19)
From (2.13), after integrating by parts:
,\/ VsV o > c/ Vv o +/ V-V Vo, (2.20)
1 1 1 J
X X X
and hence A > c. O

Next, we show, under a slightly different curvature assumption, that the
eigenvalue A can be bounded below.

Lemma 3 Suppose that a Kdhler metric g satisfies
Rip + (1 —0)g585 =na O, (2.21)
for some constant ¢ > 0. Then % > c.
Proof of Lemma 3: Let V be an eigenvector of L with eigenvalue 4. Then
—8IViVVE 4 gV VIV = RV, (2.22)

Applying V; as before, using the commutation formulae and the definition
of u we have

~&ViViVVE g Ry VP + 88" Ry, Vg VE
+ giJTVI—VJrVkV,'u + Vl-Vk — giiRl-iVlTVk = le‘vk- (223)
Multiply by g g5 V, V' to obtain
—g" gug" V,VIViViV i VE+ (R + gl‘kgii)vjwvi vt

+8"gu gV, VIV,V ViV = g gy V, VIV, VE.
(2.24)
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Integrating against e " ®" we obtain
py / VoV e 0" > ¢ / VoV e + f Vv Ve o, (2.25)
X X X

and hence A > c. O

3 Proof of Theorem 1

For the proof of Theorem 1, we will need a number of lemmas.

Lemma 4 Suppose the Mabuchi K-energy is bounded below on ey (X) and
the bisectional curvature of g¢ is nonnegative. Then along the Kihler—Ricci

flow
IRg; — 8gllco = 0,
ast — oo.

Proof of Lemma 4: By the results of Bando [B] and Mok [Mok], the non-
negativity of the bisectional curvature is preserved along the Kihler—Ricci
flow. Since the scalar curvature is uniformly bounded by Perelman’s esti-
mates, it follows that the bisectional curvatures, and hence the full cur-
vature tensor of g = g(f) is uniformly bounded along the flow. The co-
variant derivatives of the curvature are also uniformly bounded along the
flow [S]. From [PS3], the lower boundedness of the Mabuchi K-energy
implies

[ 1Ry = g Po = [ 1R =nf0" 0. (1)
X X

as t — 0o. Assume for a contradiction that there is a sequence of points x;
and times #; — oo with |R,;j — g,;jl(x,-, t;) > ¢ > 0. Then by Perelman’s
non-collapsing result and the bound on the derivative of the Ricci curvature
we obtain for uniform constants » > 0 and ¢ > 0,

[ iRy gy far = o (32)
By (xi)

at each time ¢;. This contradicts (3.1). |

We will use the following result from [Che, Theorem 1.5], which is
proved using the maximum principle argument of Mok [Mok].

Lemma S Suppose there exist constants ¢y > 0 and v > 1/2 such that the
following holds. There is a Kdhler metric gy satisfying

R 5. (80) — co((80) 7; (80 + (80) 5 (80)7) =ar 0, (3.3)
and the solution of the Kdhler—Ricci flow g = g(t) starting at g satisfies
R: > vg- (3.4)

ji = V8jir
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at all times. Then, along the Kdhler—Ricci flow, g = g(¢) satisfies

Rj_il_k - Ct(gﬁgik + gj‘kg[,') >ar 0, (3.5)
forc, > Owithlim; ,ooc;, = v —1)/(n+1) > 0.
Proof of Lemma 5: For the reader’s convenience, we give a sketch of the

proof. Let ¢; be a smooth positive function of ¢, equal to ¢ at t = 0, and to
be determined later. Define a tensor Sj;, by

Siine = R — ¢ (87:80 + 8181 (3.6)

The evolution of Stk along the K#hler—Ricci flow is given by

ad
o S = BSgin + e (Ryigq + R8s + Ry + Rig )

— (a4 + De) + ) (gngn + gug) B

where, computing in an orthonormal frame for g, we define

OS5 = (V V5 + V5 VP)szlk + Sjiiie + SjigpSpgt = SpiakSjpig

Jjigp® pqlk

+ S8 (R,,,S

ligp® pqjk — Spitk + RS

Jplk jp pilk + Rl_ijiﬁk)'

(3.8)

jilp

This follows readily from the evolution of the curvature tensor (see (2.3)
of [PS2], for example) which, in the above notation, is given by
a

R-

o ilk = DRﬁl‘k- (3.9)

From (3.4) we have

9 /
o St Z6r BSj = (1 = 2v+ (n + Ded) +¢1) (88 + 85u8i)
(3.10)
We may assume, without loss of generality, that (n + 1)cy < 2v— 1. Choose
Qv — 1)ye@v-b1 (n+ e
= , for y= >0,
(n+ 1)(1 + ye@v—Dr) 2v—1—(+ )
(3.11)
so that ¢;,(1 —2v + (n + 1)¢;) + ¢; = 0. Then
0
Esﬁl_k Z6r USjp (3.12)

We now apply the maximum principle argument of [Mok] which says that
if a tensor SGilk satisfies the same symmetry properties as the Riemann
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curvature tensor and also satisfies (3.12), then S- ik ZGr 0 at r = 0 implies
that S5 =g, 0 for all # > 0. This completes the proof |

We will also need the following lemma:
Lemma 6 Suppose that the curvature of a Kdhler metric g satisfies
Rj,']'k - ng_igl_k >Gr 0, (313)
for some constant ¢ > 0. Then

Ry + R;8p — nC858 ZNa 0. (3.14)

Proof of Lemma 6: This result is an application of the argument of [D,
Proposition 10.14]. It requires Lemma 10.15 from [D]:

Lemma 7 Let g > 3 be an integer and let x*, y* for 1 < A < n be complex
numbers. Let Uy be the set of n-tuples of qth roots of unity and define
complex numbers

n
A A—
xéa) = E x"oy, yza) = E v*o,., foreacho = (o1,...,0,) € U:;.
= A=1

Then for every pair (a, B) with 1 < «, B < n, the following holds:
{x“y_ﬂ, ifoa # B

o (3.15)
Yia Xy ifa=p

/T JE—
! Z X(0)Y()0u0p =

n
anq

Proof of Lemma 7: Although this lemma is already contained in [D], we
give the short proof here for the sake of completeness. We only require the
following elementary claim: the coefficient of x*y# in the left hand side
of (3.15)is¢g™" ZUEU,;‘ 0,0p 0,0, and this is equal to 1 if {a, u} = {B, 1}
and O otherwise. Indeed, for the second alternative, assume without loss of
generality that o ¢ {8, A} and then observe that

2mi/q Z —_——
e 2 0g080,0,, O F U
> 070, = { i (3.16)

oy etmila Zaeug 0a0p 0,0, O =
For (3.16), replace o by the element of U obtained by multiplying the «
component of o by ¢>™/4, i
We may assume without loss of generality that we are calculating at

a point where g = d;i. Fix ¢ € 7' ® T'° We need to show
(Rzp + Rigy — negzg)t'c™ = 0. (3.17)
8/ 07" be the
d/9z* be

Fix any integer g > 3 and for each o in Uy let Vi) = 1%

(a)
vector with components V) = >}_, t%5; € C. Let W(,) = (J)
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the vector with components Wka) = oy € C. Then, by assumption,

0= Ry —cgpgwa " <a>V<a> Wi W,

i,j,k,d oeus
- Z Z Rﬂlkq_n Z (0) V(la)aﬁk
i,j k#l oeU!
+ Z Z(Rj_il_k - Cgfigl_k)q Z () V(lg)aak
i,j k=l an"
= Z Z Rﬂlkfﬂfik + Z(Rj_i - ”ng‘,')ﬁﬂk, (3.18)
i,j k#l i,j.k

where we have made use of Lemma 7. Hence
(Rj_il_k + Rj_igl_k - ncgj_igl_k)ﬁgik
= Z Z Ryt ¢ + 3 0 ) Rigd e + ) (Rj; = neg)ehe™
i,j k#l i,j.k
= 0, (3.19)

since the first term is nonnegative by the assumption. m|
We can now prove Theorem 1.

Proof of Theorem 1: If the initial metric has nonnegative bisectional curva-
ture which is positive at one point then the bisectional curvature along the
flow immediately becomes positive everywhere [B,Mok]. From Lemma 4
we see that for some 7> 0 and v > 1/2 we have R; > vg; whent > T.
Without loss of generality then, we may assume that for + > 0 the met-
ric has positive bisectional curvature and Rﬁ. > Vg From Lemmas 5, 6
and 2 we see that the eigenvalue X is uniformly bounded away from zero.
Since the Mabuchi K-energy is bounded below it follows from Theorem 2
of [PSSW2] (or, since the curvature is bounded, the results of [PS3]) that
the Kéhler—Ricci flow converges exponentially fast to a Kéihler—Einstein
metric. O

4 Proof of Theorem 2

Before we give the proof of Theorem 2, we recall the definition of a Kéhler—
Ricci soliton. We say that a metric g with Kdhler form w € mci(X) is
a Kéhler—Ricci soliton if

for a smooth function u with VVu = 0, or in other words if V/u is a holo-
morphic vector field. If g is a Kidhler—Ricci soliton then g(f) = W(#)*g is
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a solution to the Kéhler—Ricci flow, where W(¢) is the 1-parameter subgroup
of holomorphic automorphisms generated by the vector field Re(V/u).
Sometimes, by abuse of notation, we also call g(#) a Kidhler—Ricci soliton.

Now we recall from [PS3] that for a solution g(¢) of the Kihler—Ricci
flow, the function Y(¢) = f ¥ |Vul?w" satisfies

Y1) < =210 Y(t) — 27(2) Fut(w,(V/u)) — Z(2), 4.2)

where
zm:/ |Vu|2(R—n)+/ VIuViu(R; — gr)o",  (4.3)
X X

and Fut(m;(V/u)) is the Futaki invariant of the orthogonal projection 7,
with respect to (, )y of the vector field V/u to the space H’(X, ') of
holomorphic vector fields. We note that for Theorem 2, the Futaki invariant
vanishes by hypothesis.

We have the following lemma.

Lemma 8 [f g(7) is a Kdhler—Ricci soliton then Y = Z(t) = 0 for all
t>0.

Proof of Lemma 8: Since Y is unchanged by automorphisms it follows that
Y (r) = 0. Compute

/ VjuVEu(REj — glgj)w" = —/ VjuVEu(Bjalgu)a)”
X X
:/ (VjVju)(VEuVEu)w"
X
= /(n — R)|Vu|*o, (4.4)
X

and hence Z(r) = 0. O
We will make use of the following result.

Theorem 4 Suppose Condition (A’) holds and that along the Kihler—Ricci
flow we have Y(t) — 0 as t — oo and A(t) > c for some uniform constant
¢ > 0. Then the Kdhler—Ricci flow converges exponentially fast in C* to
a Kdhler—Einstein metric.

Proof of Theorem 4: This follows from the arguments of Lemma 5 and
Lemma 6 of [PSSW2]. Indeed, one can easily check that the argument of
Lemma 5 of [PSSW2] shows that under the assumptions of Theorem 4,
|R(f) — n||co converges exponentially fast to zero. Now apply Lemma 6
of [PSSW2] which states that if fooo |R(t) — n||codt < oo then the Kihler—
Ricci flow converges exponentially fast in C* to a Kihler—Einstein
metric. O
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We can now give the proof of Theorem 2.

Proof of Theorem 2: It is shown in [PS3] that if the Riemann curvature
tensor is uniformly bounded along the flow and condition (B) holds then
there is a uniform lower bound of A(#) away from zero. If Y(r) — O as
t — oo then the required result will follow immediately from Theorem 4.
We assume for a contradiction that there is a constant € > 0 and a sequence
of times ¢; — oo such that Y(¢;) > ¢ for all j.

Since we have uniformly bounded curvature, diameter and injectivity
radius along the flow we can apply Hamilton’s compactness theorem [H2]
to obtain (after passing to a subsequence) diffeomorphisms F; : X —> X
such that F;-"g(tj + £) converges to a solution g(¢) of the Kéhler—Ricci flow
on X which is the same manifold as X, but with possibly a different complex
structure J (see [PS3]). The convergence of the metrics and their derivatives
is uniform on compact subsets of X x [0, 00). Moreover, g is a Kdhler—Ricci
soliton.

This last assertion follows from a theorem in [ST], but for our particular
case, we can give here a direct argument for the convenience of the reader.
Given a solution g(#) of the Kidhler—Ricci flow one can make a change
of variable t = —log (1 — 2s) and define a new metric i = h(s) by
h(s) = (1 —2s)g(t(s)). Then h satisfies, in real coordinates, %hlj = —2R;
for s € [0, 1/2). Perelman [P1] showed that the functional

pih, 0 = i 20" [ Qa4+ (V) + 5 = 2me |
X

Qﬂ"/efmﬁszﬂ,
X X

where the metric quantities are those of /, satisfies % wh(s),1/2—s) > 0.
By Perelman’s estimates for the scalar curvature and Ricci potential, w is
uniformly bounded from above. Since u is invariant under diffeomorphisms,
it follows that the solution of the Ricci flow A (s) corresponding to the limit
solution g(t) has M(h (s) 1/2— s) constant m s. Hence (see for example [KL,
Sect. 12]) & satisfies R,J + V,V; if = hjj = 0 for some f = f(s) and it
follows that g is a Kahler—R1001 sohton as required.
Now from (4.2),

Y(t;+1) < =20Y(t; + 1) — Z(t; + D). 4.5)
Since lim; ., Y(t; + 1) = Y (), lim;_, o Z(t; + 1) = Z(t) uniformly for

¢ in any compact interval (where Y, Z are the functions Y, Z corresponding
to the metric g), we have

Y(1) < =207 (1) — Z (). (4.6)

But Lemma 8 says that IL/(t) = Z() = 0 so we get Y(t) = 0. This
contradicts the assumption that Y(z;) > ¢ for all j and completes the proof
of Theorem 2. |
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5 Proof of Theorem 3

We now consider the case when n < 2 and the Futaki invariant of X
vanishes. The key lemma that makes use of complex dimension 1 or 2 is as
follows:

Lemma 9 Suppose X has complex dimension n < 2. Then

R Z6r 0 <= Ry =na 0.

Proof of Lemma 9: The case n = 1 is trivial. Assume n = 2 and that g
has nonnegative bisectional curvature. We require RJ.—l.l—kg‘ﬂ ¢* > 0 for all

¢. Note that we only need the inequality for symmetric ¢ since if we set
ik = (¢'k 4 ¢k) /2 then by the symmetry of the curvature tensor,

Rsptc™ = Rapoiv®, (5.1)

We assume then that ¢ is symmetric and of rank 2 (if ¢ has rank 1 the
result follows easily). Make a linear change of complex coordinates so that ¢
is the identity. Denote these new coordinates by z!, z2. Then

ik
]:lkfﬂfl Ry + R332 + Rigin + R (5.2)

We will show that the right hand side is nonnegative. Write X = 9/dz' and
Y = 9/3z%. Calculate

0<R(X—iY,X+iY, —iY+7 iX+Y)
—R(XXXX)+R(YX X)+R(X YX Y)+R(YYYY)
= Ryi11 + Rz121 + Rioin + Raoo,s (5.3)

where to go from the first to the second line, we have cancelled some terms
using the symmetry of the curvature tensor. O

Remark Note that positive bisectional curvature in dimension 2 is not
equivalent to positive curvature in the Nakano sense. Indeed, a Kihler
manifold with » > 2 can never have positive Nakano curvature because

jllkg“ﬂg“”‘ = 0 for every skew-symmetric .

Proof of Theorem 3: From Lemma 9 and Lemma 3 we see that A(f) > 1 and
so, by Lemma 1, A(¢) is uniformly bounded below away from zero along
the flow. We can now argue in the same way as in the proof of Theorem 2.

O
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