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1. Introduction

The degeneracy of holomorphic functions is a notion difficult to quantify in
the case of several variables. In recent years, the following invariant has at-
tracted considerable attention: Lg¢z) be a holomorphic function defined on a
neighborhood of the origin i€”" with f(0) = 0. Then the critical integrability
exponent(0) of f at 0 is defined by

50 = sup{(S: f | f(2)|7%dV < oo for someU}
U

Here U denotes a polydisk centered at 0 aid is the usual Euclidean mea-
sure. The invariang; (0) plays an important role in &iler geometry [S1][T1-
2][TY][Y]. Its stability under perturbations has been established for dimension
n = 2in[T2] and [PS1], for one-dimensional holomorphic perturbations in [S2]
and [PS1], and in full generality in [DK]. Analogous notions for real-analytic
functions have been investigated in [K] and [PSS1]. Their role in the study of
oscillatory integrals and oscillatory integral operators is described in [V] and
[P]I[PS1][PS2][PSS2] respectively.

In this paper, we shall investigate the global integral:

I(f) = lf(@)7°dv .

C"
Unlike the local integrals described above, the finiteness of such global integrals

is not stable under holomorphic perturbations. Examples of algebraic families
of polynomials f; with I(fy) < co butI(f;) = oo for all ¢+ # 0 are given in
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Section VI. In particular/ is not a continuous function gf. On the other hand,
we shall prove thal is continuous almost everywhere. Furthermore, the space
of polynomials for which the global integral converges turns out to retain some
important algebraic properties, namely that iaigebraically constructible

Recall that a subsef of an algebraic variety is constructibleif it can be
written as a finite union of sets of the forvh N W/

whereV;, W; C X are subvarieties an@/ is the complement oW; in X (see

e.g. [Ha]). This notion arises naturally in algebraic geometry: For example, it is
well known that if f : X — Y is a morphism of algebraic varieties, then while
the image off need not be open or closed, it is constructible. More generally,
the image of any constructible subsetbfs constructible. A second example is
the basic theorem of Chevalley which states that for every non-negative integer
d, the sef{y € Y : dim(f~1(y)) = d} is constructible.

We now describe the algebraically contructible sets arising in our context
as well as the continuity properties of the functibiin the general setting of
rational functionsR(z) rather than polynomialg(z). Let X be the space of
all non-zero rational functions 08" of degree bounded by a fixed integ€r
and lets € R. Since a rational function is determined by its coefficients, we
may identify X with (the projective image of) an open subseC8ffor somem
(depending om andN). We will show that the subset &f consisting of those
rational functionsR (z) with |R(z)|? € L1(C") is an algebraically constructible
set. In other words, there exist finite collections of polynomfgls andG; in
m variables such that a rational functi®{z) satisfie§R(z)|* € L*(C") if and
only there exist$ with G;(R) # 0 andF; ;(R) = O for all j. Furthermore, the
map! : X — (0, c0] given byl (R) = [, |R(z)|° is piecewise continuous in
the sense thaX can be partitioned into a finite disjoint union of algebraically
constructible subsets, restricted to each of which the funétisrtontinuous. In
particular,/ is continuous almost everywhere.

Thus, for example, whep > 1 we see that the set of rational functions of
degreeN which are inL?(C") is a constructible subset of all rational functions
of degreeN. Moreover, thel.? norm of R is a piecewise continuous function of
the coefficients oR.

Our method is based on three fundamental ingredients. The first is the “al-
gebraic estimates" of [PS1], suitably extended to the present global context.
The second is a uniform perturbation theorem, which shows, roughly speaking,
that integrability is preserveghiformlyin f when the exponerdtis perturbed.

The proof of the perturbation theorem requires in turn the third fundamental in-
gredient, which is the Bierstone-Milman approach to resolution of singularities
[BM88a]. The Bierstone-Milman approach is precise and powerful enough to let
us control uniformly the degrees of the monomials in the resolution of singular-
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ities of a functionf in terms of the degree of. We discuss these issues now in
greater detail.
For the purpose of our inductive arguments, we need to investigate more
general integrands. These are the “absolute rational powers" introduced in [PS1]:
Fix positive integer, [, n, p, real numbers, 8, o1, ..., 0, With ¢,§ > 0
and, for1<i < kand 1< j <[, non-zero polynomial®; (b; z), Q;(b; z) €
C[b, z] = C[bl, cees b[,; 21, eoes Znl- Set

B={beC’: P(b;z) #0forsomez € C" and somei, 1 <i < k}.

For fixed data
S = (67 87 Ulv AR Gn) E R”+2’

and for eacld € B, consider the function

YR
R(P;, Q;;6:b;2) = R(§; b5 2) = Tz . (1.1)
: S 10, P 11

Wheno; = 0 for all i, we shall write
R(&;b;2) = R(€,6; b5 2) = K(b; 2)/L(b; 2).

In this case, we say th&tis an “absolute rational power” (ARP) in the variables
by, ..., by, 71, ..., z,. The set of all such ARP’s will be denoted BY(b; z)|. The
numeratork , and the denominatot,, are called “absolute polynomial powers".
Although we are mainly interested in ARP’s, our argument involves changes of
variables of the form;, — z; 1. Such a change of variables does not leave the
class of ARP’s invariant, and thus it is convenient to introduce the somewhat
larger class of functions defined by (1.1).

LetR(¢ : b;z) = R(b; z) be asin (1.1) and let

Ib)y=1(¢,b) = / R(¢,b;2)dV 1.2

wheredV is the standard euclidean measuredjn

A subsetX C C” is called an algebraic variety if there exist a finite collection
of polynomialsF; € Clzy, ..., zp,] such thatX = {z € C? : F;(z) = O for all i}.
A subsetV C B is called an algebraic sub-variety Bfif V = B N X for some
algebraic varietyx € C?.

Our main result is the following:

Theorem 1. Fix § = (¢, 8, 01, ..., 0,,) as above, and define = I(£, b) as in
(1.2). Then there exists a filtration by algebraic sub-varieties

B=VoDoViD---Vyy=90
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such that/|y,\v,,, is continuous fol0 < A < M — 1. In particular, I (b) is
continuous almost everywhere. Moreovel () = oo for someb € Vi\ V1
thenl(b) = oo forall b € Vi\V, 1.

Corollary. The set

7:=7:§={b631 R(E;b;z)dVl---an<oo}
Cn

is algebraically constructible.
Proof. LetS = {\ : I(b) = oo forall b € V;\V;,1}. ThenF = Ujcs Vi\ Vi1,

We shall show in a forthcoming work how Theorem 1 and the Corollary can be
applied to the study of the analyticity of the level sets of the critical integrability
exponent;(z).

We now outline the proof of Theorem 1. As mentioned earlier, a first impor-
tant component of the proof is “global algebraic estimates". In view of [PS1],
Theorem 4, we know that the integral of a rational expression in one variable over
a ball offinite radiusr is equal, in size, to a piecewise rational expression of the
coefficients (hence the terminology “algebraic"). Theorem 4 of [PS1] requires
also two conditions:

(a) the roots of the denominator have to be sufficiently close to the origin, and
(b) the exponent vectdr has to be non-degenerate (c.f. (2.1) below).

In our context, we need global algebraic estimates, in the sense that the
domain of integration is no. We show in Section Il (see Theorem 2) that such
estimates do hold. In the process, the first condition (a) is naturally eliminated.
However, the second condition (b) on the non-degeneracy of the exponent vector
& is still required.

Naively, iteration of the one-dimensional global result (using Fubini’s theo-
rem) should prove the main theorem. The difficulty in implementing this iterative
procedure arises from the non-degeneracy condition (b) on the exponent vector
&: Even if we start with non-degenerate exponents, any integration may lead to
rational expressions whose exponent vector is degenerate.

This is why the key uniform perturbation theorem (Theorem 3) is needed.
This theorem states that the exponent veétaan be slightly perturbed to a
non-degenerate exponent vectrin such a way that

{beB;I(&,b) <oo} C{beB;I1(&,b) < oo}

By the usual theorem on resolution of singularities, it is easy to see tHaef@
fixed, there existg (b) > 0 such thaf (b) < oo implies] (b) < oo provided the
distance betweepandé’ is less than(b). The perturbation theorem is similar,
but with the crucial additional property thatb) can be taken as a fixed number
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w independent ob. Remarkably, this strengthening is valid if the multiplicities
of the monomials in the resolution of an algebraic functjti@) are known to
be bounded uniformly in terms of the degreefat). Assuming these uniform
bounds on multiplicities, the strengthening is established in Section 3.

A resolution of singularities with uniform bounds for the multiplicities of the
resulting monomials is a refinement of the usual theorem which may be termed
“controlled resolution of singularities". To obtain this refinement, we invoke the
final important component of the proof, namely the Bierstone-Milman approach
to resolution of singularities.

The “controlled resolution of singularities" theorem has been established in
[BM99], using the techniques of [BM88a],[BM88b], and [BM91]. In this paper
we actually need only a weaker and more elementary version: “controlled uni-
formization of singularities". We show that the algorithm of [BM88a],[BM88b],
and [BM89] yields this more elementary result: If we follow the steps of the
Bierstone-Milman algorithm and keep track of the multiplicities of the local
blow-ups, we obtain the desired bounds. As pointed out by the referee, controlled
uniformization can also be obtained from the usual resolution of singularities by
successive “simultaneous" resolutions of polynomials in a stratification of Zariski
open sets. However, in order to reach a broader audience, we have presented a
detailed and self-contained treatment following the Bierstone-Milman algorithm
in Section V.

2. Global algebraic estimates

It may be helpful to motivate the main result of this section by an explicitexample.
Consider the one-dimensional global integral

I1(b) = dV(z), b= (bo, bs, b3).
(b) /c|b0z3+b2z+b3|5 (2) (bo, ba, b3)

where 1< § < 2 is a fixed exponent (the other ranges aire easier). Although
I (b) is a complicated function of the paramebepbne can show that itzel (b)
is very simple:

1

[@) ~ 1-3 212v2-% 1453 2 )
|bol*~2(|b2|® + |bob5|?) 3~ 4|4b3 + 27bobg|5—1

Here we have introduced the following notation which will be used systematically
in the sequel. IfF (b) and G (b) are two(0, co] valued functions, then we write
F ~ G if there exists a constart > 0 such thatF(b) < G(b) < ¢ 1F(b).
Herec, the “implied constant", is independentiaf

The key feature of the preceding inequality is that the right hand side is again
essentially a rational expression, this time in the coefficiéiish,, bs) of the
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integrand in/ (b). A local version of such estimates, i.e., a version where the
domain of integration is a compact disk @ had been proved in [PS1]. Our
main task in this section is to obtain the following global version.

Letn = 1 and fixR(&; b; z) as in (1.1). Assume that = O for all i, so that
R(&; b; 2) = R(e, 8; b; z) is an absolute rational power. Recall that the notations
Z|(b)|, K, (b)/L, (b) have been defined in the Introduction.

Theorem 2 (Global algebraic estimates)Let M (resp. N) be the highest power
of z appearing in theP; (resp.Q;) and assume that, § are rational numbers
which are non-degenerate in the sense that

e — v( )+2#£0 (2.1

)
[6]1+1

for all integersu, v suchthal < u < Mand 0 < v < N([8] 4+ 1). Then there
exists a finite chai/,, 0 < A < N, of algebraic varieties

B=UyDU1D---DUn=0;

and a corresponding sequence of absolute rational powgrss Z|(b)|, 0 <
A < N — 1, with the following properties:

1. f T () = K, (b)/L,(b) and ifb € U\U, 1, thenK, (b) # 0. In particular,
T, is defined, and nowhere vanishing BR\U; 1.
2. We have

Z/{)Hr]_={b€l])L : K)L(b)ZO} = {bEU)L : K)\(b)ZoandL)L(b)ZO}

3. The following estimate holds:
| rGxzav ~ 1,0 22)
C

forall b € U,\U,1. If we leti(b) be the largest value affor whichb € Uy,
then we can write (2.2) as follows:

/ R(b, Z) dv ~ T)L(b) (b) (23)
C
The implied constants are independenb of

Remark.We do allow for the possibility_; (b) = 0, in which casdl} (b)) = oo
forb € Uy\U,41.

Proof of Theorem 2.Theorem 4 of [PS1] gives a local version of Theorem 2:
Its statement can be obtained from that of Theorem 2 by replacing conclusion 3.
with the statement:
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3. Let N; = deg(Q;) and assum&/; > N, > --- N;. Choose the notation
in such a way tha;(b,z) = b;z"i+ lower order terms, 1< j < [. Let
B(r) = {z € C; |z| < r}. Then there exists a number> 0 with the following
property:

For b e U)\U,,1 satisfying ||| bl‘lQl(b; Z) — ZM|||] < s and
1| b71Q;(b; 2)||| < 2for j > 1, we have

/ R(b; z) dV ~ Ty(b) (2.9
B(1)
Here we made use of the notation

M

> buz ||| = sup |bl.

u=0 O<u<M

Returning to the proof of Theorem 2, we observe that

[(b) = / R(b;z)dV = lim / R(b;z) dV = lim r2/ R(b;rz)dV
c r—o00 B(r) r—00 B(D)

Let M; = deg(P;) and assumé{,; > --- > M,. Then, lettingr = 1/r we
obtain:

[(b) = lim ¢Né—Mie=2 / R(By(t);2)dV (2.5)

t—0 B(D)

whereg (1) = B, (t) = (b1, ..., b,t“r) for some non-negative integers Thus,
for a fixedb, B8, (¢) is an algebraic curve ifi. Moreover,R(8,(1); z) = R(b; z).

At this point we would like to apply (2.4) in order to evaluate the size
of the integral appearing in (2.6). We cannot do this directly since the con-
dition |||b;1Qj(/8(t); Z)||l < 2 may be violated: For small, if N; = Na,
|||b;1Qj (B(1); Z2)||| approaches; /b1| which may be larger than 2. Of course,
some|b;| must be greater than or equal to all the others, so it is tempting to
assume thgb,| is the largest. But the conditigh;| > |b;| for all i is notan al-
gebraic condition, and the subset®Which it defines is thus not a constructible
set.

To circumvent this difficulty, we make use of the following result of [PS1],
which essentially reduces the case of several polyno@ials, z), - - - , Q;(b, 2)
in the denominator oR (b, z) to the case of a single polynomial. According to
Lemma 4.9 of [PS1], there exis3 > 0 such that if

b7 01(b; Z) — ZM|| < s/(20) and|||b;1Q,(b; 2)|1] < s/(2])
for j > 1, then

V, (2.6

/ St IPi(b; D)

/ R(b;z)dV ~ inf ;
B(D) B |21 Qj(b; 2)e®))°

{0€(R/Z)!; DH=0}
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whered = (04, ..., 0) € (R/Z)" ande(x) = ¢?"*. We would like to use (2.6)

in order to reduce to the case whére 1. Of course the hypothesis for (2.6) is
very similar to that of (2.4), and thus appears to present the same difficulty - that
of not knowing, in an algebraic way, whigh;| is maximal. However, we can
handle this problem by considering all theat once, as follows: Choosingas

in 3'we have, for alk > 0,

/ YK L IP(B@), DI

R ;2)dV ~ inf
fm) (P02 20zt Jpay 10,B@, DP + (5730 32, 10;B0), P

{n:l=zp<l}

k . . €
< inf inf / Y i1 P (B(1); 2)]

dV
= sn=r) e®/2):00=01 /1) [Q,(B(1): D)) + g YL, 05 (B(1): D))
2.7

For ¢ sufficiently small, the inequality of (2.7) becomes an equivalenge (
Assume thatb;| > |b;| for 1 < i < r. ThenQ1/b; — 7" = O(t) and
[(s/31)Q; /b1l = (s/3D)|(bj /by + O(t))| which, for¢ sufficiently close to zero,
is smaller thary/2/. Thus (2.6) implies that (2.7) becomes an equivalence for
sufficiently small. Moreover, (2.4) implies that fosufficiently small, the sizes
of all the integrals on the right side of (2.7) are equal to certain absolute rational
powersT; (b, t; i, 9).

Finally we multiply both sides of (2.7) by¥1¥=Mi<=2 gnd take the limit
ast — 0. Arguing as in (4.26)-(4.30) of [PS1], we see that the limit exists
and equals infy T,.(b; u, 0) for certainT; (b, u, 0). Finally, setting7; (b) =
(>0 Tu(b; w, )71, we clearly have the equivalengg(b) ~inf , T, (b; 11, 6)
which, when combined with (2.5), yields the theorem.

3. The uniform perturbation theorem

Theorem 3. Fix R(§) = R(&, b, z) as in(1.1). Then there exista > 0 such
that for eachb € B,

/ R(E;b;2)dVy---dV, < oo implies / RE;b;2)dVy---dV, < o0
for all &' such that|’ — &£] < u. Here u depends on the fixed data but is
independent ab.
The functionR (§; b, z) remains unchanged if we replagdy §/([5] + 1)
andQ; by 0P'**. Thus we may assume in the proof of Theorem 3, shat 1.
As explained in the Introduction, the proof of Theorem 3 requires the following
theorem on “controlled resolution of singularities".
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Let M be a complex manifold. We shall say that a family of holomorphic
mappings of complex manifoldéz; : M; — M}, is a locally finite covering of
M if:

(1) Theimages;(M;) are subordinate to a locally finite coveringMfby open
subsets (that is, a coveringd = U U, by open subsets with the property
that every compact subset®f has non-empty intersection with only a finite
number theJ,. To say that ther; (M;) are subordinate to the covering means
that for everyj, there exists aw such thatr; (M;) € U,).

(2) If K is acompact subset of, then there are compact subsktof M; such
thatK = Um;(K;) (the union is finite by (1)).

Theorem 4. (Controlled uniformization)Fix an integern > 0. There is a
functionD : N — N with the following property: For every open skt C C",
and every polynomial functiofi : M — C, there exists a locally finite covering
{m; : Bj — M}, of M,with B; a polydisk inC", such that

(1) Foreachj, fom;(x) = u;(x)m;(x)whereu;(x) is holomorphic|u;(x)| > ¢
for somec > 0, andm;(x) is a monomial.

(2) sup degm;(x)) < D(dedf)) .

(3) If Jac(w;) denotes the jacobian determinant, théac(m;) = v;(x)n;(x)
wheren;(x) is @ monomialsup degn;(x)) < D(ded[f)) andv;(x) is
holomorphic,|v;(x)| > ¢ for somec > 0.

(4) The magpr; : Bj\nj*lffl(O) — M\ f~1(0) is a local isomorphism.

Parts (2) and (3) of Theorem 4 are the key additional ingredients which
we need, in order to show that the perturbatiomf Theorem 3 can be cho-
sen independent of the paramebePart (1) of Theorem 4 follows easily from
Theorem 3.1 of [BM88D]. In fact, the proof of Theorem 3.1 in [BM88b] con-
tains an algorithm for constructing the local covering: If one traces through (a
slightly modified version of) that algorithm, and keeps track of the exponents
which appear in the blowings-up, one obtains (2) and (3) as well. For the sake
of completeness, we shall provide the necessary details in Section V.

For now, we assume Theorem 4 and proceed with the proof of Theorem 3.

Proof of Theorem 3Fix D’ € D C C" bounded open sets with’ C D, where
D' is the closure oD'. We first prove the following:

Claim. There existg: > 0 such that fob € B,

/R(S;b;z)dvl‘--dv,,<oo implies /R(S’ib;z)dvl--.dv,,<oo
D

/ 3.1
forall ¢ suchthaté’ — &| < .
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Proof of claim. Recall that the functiorR (&, b, z) is given by the expression
(1.1). Without loss of generality we may assume that 1. We show next that
we may assume that= 1 as well: Let

C = {(wg,...,w)eCil<|w|<2 forall j}

Then, making use of Lemma 4.4 of [PS1], we have

P (b, 2)| =t
/R(s,b,z)dv~/ PG [ 1zl awav
D CxD |Zj:1 ijj(b,Z)P i=1

:/ R(E, b, w,2)dWdV
CxD

wheredV = dV,---dV, anddW = dW,---dW; are the euclidean measures
(note that Lemma 4.4 applies since we are assumingstkatl). The function

R(&, b, w, 7) is a rational expression irH- n variables, but it has only one term

in the denominator. This shows that we may assume, in the proof of the claim,
thatk =1 = 1.

ThusR = |P|¢|Q|7° 1, lzx|°. Let f = PQT], zx. Using Theorem 4, we
choose a locally finite covet; : B, — D such thatf o z; is a monomial of
uniformly bounded degree times a nowhere vanishing factor. $nsscompact
thereisaninteges such thaD has empty intersection with (B;) foralli > m.

Fori < m,

/ R(£) < 00 —> R(£) < 00 = f (R(£) o 1;)J (1, b) < 00 (3.2)
D Bi

7 (By)
whereJ (7r;, b) is the jacobian of the mag;. The first implication follows from
the fact thatr; (B;) € D and the second follows from the change of variables
formula and the fact that; is a diffeomorphism on the complement of a set of
measure zero.

Theorem 4 implies that we can wril&) o m; = R;V; whereV; is nowhere
vanishing and bounded below and

n
Ri(¢.2) = 1_[ | Zy | ETRTL ki
k=1

Hereay, by, cr,; € Z may depend oi but are independent §f and
lak] + 1bk] + |k ;| < H, (3.3

whereH is a positive constant which depends only on the initial data defining
R(&, b, 7) (the existence of{ follows from Theorem 4). In particula#/ does
not depend otb.
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Now we fix I = (di, ..., d,) such that/(m;,b) = vin; = v;(z)z! asin
Theorem 4, and let

n
(aje + bid + Yjcijoj + dp)
F(z)y=]]zl
i=1

Then we see thaf, R(§) < oo implies [, F < oo. Now [, F < oo if and
only if
aie+bi6+Zcijoj > —-2—d; (3.4
j
for all i. Let the fractional parfrac(x) € (0, 1] of a numberc be defined by
x — Frac(x) € Z. The key observation now is that, due to (3.3), the fractional

parts of the numbers on the left hand side of (3.4) are always contained in the
following set

Frac(aie +bis + Y cijoy) : lail < H, |b] < H,|ejj| <H ¢,
J
which is afinite set, independent of the parameban R(&; b, z). Let 6 be the
smallest element in this set. Thérns in the range: 0< 6 < 1. Setu = +

(+2H
Thenu isindependent of the paramebeland we see that (3.4) continues to hold
if we replacee, § and theo; by €', &', o] with

le" — €|, 18 — 8], |oj’ —oj| < .
Thusifé’ = (¢, 6, aj’) and if we denote by; (&', Z) the analogue oR; (&, Z)
with & replaced by’, then
/ Ri(§',7) Z |21 dV(Z) < o0 :>/ REN|J (i, b)|dV(Z) < 00
Bi I,c;#0 7i (Bi)

= R(E,2)dV(z) <oo= | R(ENdV(z) <0
i (B;) D’

sinceD’ C Uf':lni(Bi). This completes the proof of the claim.
We can now complete the proof of Theorem 3. FoE {1, ..., n} define

D;y={z=1(z1,...,2,) € C" 1 |z;] > 1 ifand only if i € J}

If J = @ then we writeD; = Dy. Note thatDg is compact. Letpo, be the
mapw — z wherez; = w,.‘l if i e Jandz; = w; if i ¢ J. We observe that
p;l(D,) C Dy is a subset whose complement insidghas measure zero.
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Making the change of variables= p,(w) we obtain

/ R(S;b;z)dV=/ R(S;b;p/(w))nlwi|_4dV
8 cr iel (3.5)
= /HR(J)(QH@);b; w)dV

whereR (J)(&; b; w) = R(P;(J), Q;(J); @,(§); b; w) forcertainP; (J), Q;(J)
e C[b; w], and the map given by — @, (£) = (¢, 8, ...) € R""? is a certain
invertible affine function (i.e.¢; is a linear automorphism d&?"*+2, composed
with a translation). In particulagp; is a homeomorphism.

Now assume thak(¢; b) < oo. Then, by (3.5),

| rH@s@rbiw av <0
The claim implies that there exists> 0 such that for eacl,
/D R(J)(@;(EN: by w)dV < o0 (3.6)
0
if |’ —&| < . On the other hand, the change of variables formula implies
15 b) = XJ:/DO R(I)(®;(E); by w) dV (3.7)

which, when combined with (3.6), completes the proof of Theorem 3.

4. Proof of Theorem 1

We need a lemma relating uniform boundedness and continuity. The following
lemma was proved in [PS1] (Lemma 5.4) when= 8. The version we state
here follows immediately by replacingandg by min(a, B8).

Lemma4.1l.LetD C C" be acompactdomain and &t = {(f, g)} be afamily
of pairs of continuous functions ad with the property thafz : f(z) = 0} and
{z : g(z) = 0} each have measure zero. kets > 0. Assume that

|f@I

su ————dV;---dV, < 00
Rf,g)ef D |g(z)|l+ﬂ 1

Let (fo(2), go(z)) € F . Then for every > 0 there existe > 0 so that if
(f,8) € F andsup,(lg — gol + |.f — fol) < p, then

If(Z)IdVl._.an_ [ fo(2)]
p 18(2)| p 180(2)|

dvy---dV,| <.
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We shall also make use of the following elementary inequality, 1B, «, B
are positive numbers, then

Al+ra

A
B SZZW 4.1

r=+1 s==+1
Now fix &€ = (¢, 8, o1, ..., 0,,) as in the hypothesis of Theorem 1. We shall
assume for the moment thiate Q"+2. In view of (1.1),
X 1P (b, 21T, 21
Q19 b, )T, lz:1)

whereo," = max(o;,0) ando,” = |min(oy, 0)|. We shall also writet =
(T, &7) wheres™ = (e, 0,7 ) j1<1<ny @NAE™ = (8, 0, )j1<1<ny- ThUSE™ CONtaiNs
the exponents which appear in the numerator of (4.2) canthe exponents in
the denominator.

Now for @ and g positive rational numbers we have

1(§,D) =/ R(&.D)
Cn

=Z/D R(S,,b,z)sc-z Z /R(g,(r,s),b,z)
J 0 } n

J rse{-11

R(E.b) = 4.2)

(4.3

whereg, (r,s) = (¢, 9", &,(n9)7), £,0.9)" = L+ ra)Es, &(.s)" =

(1 +sB)§,, C is a positive constant, depending only on the initial data and
&, = @,(£). The second equality follows from (3.5) and the inequality follows
from (4.1).

Choosingx andp sufficiently small, and applying Theorem 3 to the function
R(&;, b, z), we may assume thdt(&, b) < oo if and only if the right side of
(4.3) is finite.

Next we observe thaR (&, (r, s), b, z) can be rewritten as an absolute ra-
tional power: LetM > 2 be an integer such thaté e Z"2. Write ¢ =
e/M,8 = d/M,o, = s;/M and letP = P, oz, Q0 = Q'] 02"
Then R(,(r,s),b,z) = R(e(r,s),8(r,s), P, Q) where (e(r,s),8(r,s)) =
(€s(r,s),8;(r,8)) = ((L+ra)/M,(1+rB)/M).

The pair(e(r, s), 8(r, s)) is non-degenerate (see the statement of Theorem 2
for the definition of non-degenerate) if and onlyuif(1 + ra)/M) — v((1 +
sB)/M) = 2 for someu, v € Z such that 0< pu < deg(P)and 0< v <
deg(Q). Thusthe pairis non-degenerat&if 8) liesinthe complement of afinite
union of lines iNQ?. Choosing such a pair we may assume taatr, s), 8, (r, s))
is non-degenerate for alls and all/J. Thus we may apply Theorem 2 to th¥&,
integrals which appear on the right side of (4.3):

/ R(sj (r7 S), b’ Z)an ~ Tk(b;zl,...,znfl) (b7 L1 oees Zn—l) (44)
(3
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Letting (b)) = inf., . ,ecr1A(b; 21, ..., Z4—1), We Obtain

R(E,(r,s); b; 21, .0, 20) AV ~ T34 (b 21, .y 2p—1)
/c ’ o) (4.5)

for almost all(zy, ..., z,—1) € C" L.

Fox A fixed, letW, = {b : A(b) = A}. ThenW,_is constructible: To see this, we
defineVA = {(b, 21y eeey Tn—1) )\(b, 21y oees Tn—1) = )\.} (Wherek(b, 21y ey Zn—1)
isasin (4.4)). ThuB8 x C"1 =V, > V4 D --- D Vi = @ s afiltration by
algebraic subvarieties. Lat : B x C"~! — B be the projection onto the first
factor, and letS; = 7 (V;\V;41). Thens; is constructible since it is the image of
a constructible set by an algebraic morphism. Moreover, sivice= {b € S; :

b ¢ S; for j < 1}, we see thaW, is also constructible.

Now for all b € W,, equation (4.5) implies:

/ R(&,(r,$); b; 21, oy 20) AVyd V1 -+ -d V3
” (4.6)
~ / T.(b; z1, ..., 2y—1)dVy_1---dVq
cr-1

But the right side of (4.6) is an integral of an ARPrin- 1 variables, and hence
we may use induction to decompoBg into constructible pieces in such a way
that the integral on the right side is either infinite or finite and continuous on each
piece.

Thus we have proved the following: Fbfixed as above, thesBt = {h € B :
1 (£, b) = oo} is constructible. Moreover, the sBf = {b € B : I(£,b) < oo}
can be decomposed into constructible pieBgsn such a way that for each
we have, by (4.3),

R(E,(1,-1),b,2) < Fi(b)
Do

for some finite continuous functiof,. Lemma 4.1 now implies that(&, b) is
continuous fow € B, and this completes the proof of Theorem 1.

5. Controlled uniformization

In this section we use the algorithm of [BM88a][BM88b] to give the proof of
Theorem 4. We shall need a few lemmas from point set topology:

Lemma5.1. Let M be a manifold andU,, : « € A} a basis of open sets of.
Then there exist8 C A such that{U, <— M : « € B} is a locally finite cover
of M.

Lemma 5.2. Let{x; : M; — M} be alocally finite cover oM and, for eachi,
suppose we are given a locally finite covet; : M;; — M; : j € J(i)}. Then
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there is a finite subseft (i) < J (i) such that the familyz; o ;; : M;; — M :
j € F(i)}is alocally finite cover of\.

Lemmas 5.1 and 5.2 allow us to assume, in the proof of Theorem 4, that the
original M is a coordinate neighborhood, that is, thatis a polydisk inC".

Theorem 4 says that if is a polynomial, then the degrees of the monomials
which appear in its uniformization are bounded in terms of the degregé of
To prove this theorem, we use the [BM88a][BM88b] algorithm which is an
inductive procedure where the starting point of the uniformizatiofi,afhich is
afunction ofz variables, is the uniformization of the coefficients of its Weierstrass
polynomial, which are functions ef — 1 variables. Of course these coefficients
are not themselves polynomials, which prevents us from using straightforward
induction. On the other hand, the coefficientsragarlypolynomials in the sense
that they are “algebraic” . Thus we are led to a slightly more general formulation
of Theorem 4 in which the functiorf is allowed to be an arbitrary algebraic
function. First we recall the definition of a (single-valued) algebraic function:

Let M C C" be an open subset. Then we say tfiatM — C is an (single-
valued) algebraic function of degree at mésif f is holomorphic and iff
satisfies a non-zero polynomial equati®() = 0, whereF (r) € C[xq, ..., x5, t]
is of degree at mogt, that is:

k
D A L x) fE =0 (5.1)
u=0

whereA, € C[xq, ..., x,] has degree at mogt

Algebraic functions behave well with respect to Weierstrass preparation, i.e.,
the coefficients of the Weierstrass polynomial of an algebraic funcfiare
themselves algebraic, and their degrees are bounded in terms of the defjree of
More generally,

Lemma5.3.Letf : M — C be holomorphic witiM € C open and connected.

1. Assume thaf is algebraic and thatf = gh whereg andhi are holomorphic
functions onM. Assume as well that there is a pomte M and a polydisk
D = D; x --- x D, centered at the origin such that+ D € M and such
that
a) The functiorg|p(x + p) is a monic polynomial irx, whose coefficients

are holomorphic functions in the remaining variables, thatgisx) =
glp(x + p) = 4 Bi(F)x¢~ wherei = (x1, ..., x,_1), B;(¥) is holo-
morphic onD; x --- x D,_; and By = 1.
b) Foreachfixed € D, x--- D,_4, allthe roots of the equatiogr* (x, x,,) =
0 are in the polydiskD,.
Theng, B;(x) andh are all algebraic. Moreover, their degrees are bounded
in terms of the degree of.
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2. Assume thaf satisfies a ponnomiaEfL:O B (x1, ooy X)) f(X)** = 0
where theB,, are algebraic functions o/. Then f is algebraic and its
degree is bounded in terms of the degrees of&he

3. Assume thaf is algebraic and ther : B — M is algebraic (i.c. its compo-
nents are algebraic) witl® a polydisk. Therf o is algebraic andieg(f o)
is bounded in terms afeg () anddeg ().

We shall need the following Lemma:

Lemma. Letm, n > 0. Thenthere existpolynomials, Q; € Z[Aq, ..., Ay, B,
... B,1, 1 < i, j <r = mn, with the following property: IfR C S are commu-
tative rings andy, 8 € S satisfy polynomials

o" +aad™ - a, =0andp" +b1f 4+ B, =0

theno = o + B andr = «f satisfy the polynomials:

o+ Z P.(ay, ..., Ay, by, ..., b,)o" " =0
i=1

and " + " Qj(as, ... aw. by, ... by)w ™/ =0
j=1

We recall the proof, which is well known (see [L] for example):

Proof. Let M C § be the R-module generated by the elements
@'/ :0<i<m—10<;<n—1={us ... p}

wherer = mn. The factthatr andg satisfy monic polynomials impliesM € M
andBM C M. Ift = a+ Borifr = af, thentM C M. Thus for every

k,1 <k <r,wehave
.
tuy = chzm
=1

for somecy; € R. Thecy,; are easily seen to be polynomials in th@ndb; which
depend only om: andn. Let C be the matrixC = ¢. Then(C —tHu = 0,
wherey is the column vector whosé”" entry isji,.. Multiplying both sides of by
the adjoint ofC —¢ 1, we obtaindet (C —t 1), = O for everyk. Since one of the
we = 1, this proveslet (C — tI) = 0. Finally we observe that the characterstic
polynomial ofC is monic ins with coefficients which are polynomials in tag
andb; which depend only om: andn. This proves the lemma.

Proof of Lemma 5.3.We start with the proof of part 1: We may assume that
p = 0 sincef(x) is algebraic if and only iff (x + p) is algebraic. Moreover,
if f(x) is algebraic, then dég (x)) = deq f(x + p)). Furthermore, sincé/
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is connected, we may assume thdéit= D (if a holomorphic function on\
satisfies a polynomial identity on some non-empty open subskt tifen, by
analytic continuation, the identity holds on all &f).

Letasi(x), ..., ag(X) be the roots o (x, x,,) = 0 (counted with multiplicity).

By choosing a smaller polydis} x ---D;_; € Dy x ---D,_, (possibly
changing the center) we may assume thatttere all single valued holomorphic
functions ofx € D} x --- D, _,.

Equation (5.1) implies thaf divides Ay, which we may assume to be non-
zero (otherwise divide both sides of (5.1) by the appropriate powgirobrder to
obtain a polynomial whosg, term is non-zero). Sincgdivides f we conclude
that thed roots ofg(x, x,) = 0, a1(x), ..., az(x) (counted with multiplicity),
form a subset of the roots of

k
AFx) = ) e@x " =0
r=0
After shrinking the polydisk further if necessary, we may assumedj{@) is
nowhere vanishing.

Now let A"(%, y,) = cSA(X, yu/co). ThenA'(%, y,) = A’(y,) is monic iny,
of degreek, and thew; = coo; all satisfy A’'(y,) = 0. The lemma now implies
that the elementary symmetric polynomials in &fjesatisfy monic polynomials
of bounded degrees which implies that the elementary symmetric polynomials
in theo; satisfy non-zero (but not necessarily monic) polynomials of bounded
degrees. This proves that tiBe(x) are algebraic of bounded degree. A similar
argument shows thgtandh are also algebraic of bounded degree, and part 1 of
Lemma 5.3 is proved.

Proof of Part 2. After multiplying both sides oizl’i:o B, (x) f(x)** = 0 by
the appropropriate polynomial, we may assume thafthare integral, that is,
they satisfy monic polynomials with coefficients in the riRg= C[xy, ..., x,].
NowletF(Y) = ZM B, Y" letK = C(x1, ..., x,), let K be the algebraic closure
of K and letG be the Galois group ok over K. ThenG naturally acts on the
set of polynomials with coefficients ik . Let Fy, ..., Fy be the orbit ofF under
the action ofG. Let®(Y) = [[; F;(Y). Then®(Y) € K[Y] and its coefficients
are integral oveR. Thus® (Y) € R[Y]. Moreover, by part 1 of Lemma 5.3, the
coefficients of® (Y) have degrees which are bounded in terms of the degrees of
the B, and®(f(x)) = 0. This proves part 2 of Lemma 5.3.

To prove part 3, assume thétsatisfies equation (5.1). Thefo 7 satisfies
the equatioriﬂ A, ((x))(fom)(x)* = 0. This is a polynomial with algebraic
coefficients whose degrees are bounded in terms of the degfesnafthe degree
of =. Thus, we may apply part 2 to conclude thab = is algebraic and that
deg(f) is bounded in terms afeg(f) anddeg(r). This concludes the proof of
Lemma5.3.
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Now the idea for the proof of Theorem 4 is as follows: We wiftas a unit
times a Weierstrass polynomial. Lemma 5.3 allows us to apply induction to the
coefficients of the Weierstrass polynomial which reduces us, via Lemmas 5.1
and 5.2, to the case whepeis a polynomial with monomial coefficients. We
then perform a sequence of local blow-ups with smooth centers until we arrive
at a factorization off as a Weierstrass polynomial of lower degree, multiplied
by a monomial. Continuing in this fashion, until the degree of the Weierstrass
polynomial reduces to zero, we eventually see thatan be written in local
coordinates as a monomial times a nowhere vanishing factor.

In order to give a precise description of the induction procedure described
above, we require some additional notation:

If g is a holomorphic function in an open neighborhood of a pbiat C",
thenmult,(g) is the degree of the lowest order terms appearing in the Taylor
expansion o atb. Thusmult,(g) = 0 if and only if g(b) # O.

LetN = {0, 1, 2, ...} be the set of natural numbersdf= (a1, ..., o) € N¥,
then|a| = a1 + - - - ax. If &, B € N¥ then we write

a<pBifandonlyife; <B;, 1<i <k.

Let f : M — C be an algebraic function, whe@ < C is open and
connected. Let : B, — M be an algebraic map (i.e., all the components of
are algebraic), wherB, is an open polydisk centeredaénd let:, D, R, N € N
with n > 0. We say thair is of type7T = (n, D, R, N) if f o andJac(r)
(the jacobian determinant af) can be factored as follows:

(fom)(x+p) = u()xfrs(x)"t - A (x)* g(x),

Jac(m)(x + p) = v(O)xA1(x)" - A (x) (5.2)
where

(1) deqd fom) < N and de@gr) < N (thatis, each component afhas degree
at mostn).

(2) u andv are algebraic oB = {x € C" : x + p € B,}, and are uniformly
bounded below, that s, there exists 0 such thafu(x)| > cand|v(x)| > ¢
forallx € B.

(3) xf =[]/_, x;" where = (&1, ... &) € N” (and similarly forx?).

(4) risanintegersuchthat® » < R, u = (41, .., un) € N, v = (v1, .., 1) €
N, Li(x)=x, +a;(X), i =1,...,r, Wwith X = (x4, ..., x,_1) and theaq; (x)
distinct non-zero algebraic functions.

(5) g is algebraic and syp; mult,(g(x)) < D. Lets € N. Thenx is of type
W = (n,D,R,N,s) if itis of type (n, D, R, N) and if, in addition to
conditions (1),(2),(3),(4) and (5), the following conditions hold:
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(6) For some integed < D,

d
g(x) = w)(xf + Y ¢ @xl) (5.3)

j=2

with w algebraic and uniformly bounded below,(x) algebraic, and for
every;j such that; # 0 we haver;(x)?'/ = v;(x)x# for someg; € N*~1
with v;(x) algebraic and uniformly bounded below.

(7) a;(X)? = u;(¥)x% i = 1, ..., r for somea; € N"~* whereuy; is algebraic
and uniformly bounded below.

(8) {wi, p;} is totally ordered, withy; < ;44 foralli, 1 <i <r —1.

9) linfla;, B} <

Remark 5.1.If f is of typeW = (n, D, R, N, s) and ifa; (0) = ¢;(0) = O for
all i, j, then Lemma 5.3 implies that the values|®f, |0], ;| and|B;| are all
bounded in terms a¥.

Remark 5.2.The fact thatc; = 0 in (5.3) implies thatnulr,(g) < d for all b
with equality if and only ifb, = 0 andmult,(c;(x)) > j for all j.

Remark 5.3.1f 7 is of type7T = (n,0,0, N) or of typeW = (n,0,0, N, s)
then f or andJac(;r) are monomials (up to a nowhere vanishing holomorphic
factor).

If T = (n,D, R, N) then we write|7T| = n + D + R + N. Similarly, if
W= m,D,R,N,s)then)W|=n+ D+ R+ N +5.

Lemma 5.4. Assumef : M — C is an algebraic function o4 < C", a
connected open set, and fet B — M be an algebraic map, whe® C C" is
a centered open polydisk.

1. If 7 is of typeT = (n, D, R, N) and ifq € B is such thay, # 0 then for
every sufficiently small neighborhodtj containingg, there is a polydisi,
centered ayy and an algebraic mapr, : B, — U, such thatr,(¢) = ¢,
m, mapsB, biholomorhically onto its image, and o 7, |5, has typeT =
(n, D', R', N') satisfying the following: IfD # OthenD’ < D .If D =0
andR # OthenD’ = 0andR’ < R. Moreover,| 7’| is bounded above by a
constant which depends only ¢n|.

2. If ris of typeT = (n, D, R, N) then there exists a locally finite covering of
B of the form{n; : B; — B}, with theB; € C" centered open polydisks,
and thern; algebraic such that for each integgr 7 o m; is of typeW =
(n, D', R’, N’, s") where|W)| is bounded in terms of/|. If D = 0 then
R =R.

3. IfrisoftypeW = (n, D, R, N, s) withs > D! then there existgr; : B, —
B}, alocally finite covering, with thé; < C”" centered open polydisks, and
m; algebraic such that for every, = o ; is of typeW’ = (n, D', R’, N', s")
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where(D’, R',s") < (D, R, s) with respect to the lexicographic ordering,
and|W'| is bounded in terms giV)|.

Before proving the lemmas, we first show how they can be used to prove
Theorem 4:

Proof of Theorem 4Let f be an algebraic function on an open a8&tC C" of
degreedy. As noted in the proof of Lemma 5.3, we observe thaividesAg(x)
and thus the multiplicity off at any point is bounded above by the degreg of
Thus, using Lemma 5.1 and Lemma 5.2, we can find a locally finite covéf of
with the property that each in the covering has typ& = (n, do, 0, do), and
thus7 depends only ody (andn, which is fixed).

Now by part (2) of Lemma 5.4, we may assume that eadtas typelV =
(n, D, R, N, s) where|W| is bounded in terms af/’| (and hence in terms of
dp).

Thus we are led to make the following assertion:

Claim. Supposer : B — M is an algebraic map oftyp8 = (n, D, R, N, s).
Then there exists a locally finite algebraic covering : B; — B} such that for
every j we havewr o 7; is of type(n, 0, 0, N') whereN’ depends only oV,

Note that in view of Lemma 5.3, the claim immediately implies parts (1), (2)
and (3) of Theorem 4. Part (4) (which is not needed in this paper) will follow
from the construction of;.

We prove the claim arguing by induction on the tripte D, R) (with respect
to the lexicographic ordering). Since the assertion is clear in thencasg, we
shall assume > 1. We may also assume in equation (5.3) that D, and that
in equation (5.2) we have= R.

By part(3) of Lemmab5.4, we may assume thitastypéV = (n, D, R, N, s5)
with s < D!. This means thaf o = has a factorization (5.2) satifying conditions
(1) through (9) with eithew; = 0 for somei or multy(c;(x)) < j for somej.
The fact thatB is centered implies that = O.

Casey; =0
Without loss of generality we may assume that 1. To complete the inductive
step, we must prove the following clairi:has a locally finite covet; : B; — B
by algebraic maps such that for eaghr o 7r; has typeV' = (n, D', R', N', )
whereW’ depends only oWV and whereD’ < D or D = D’ andR’ < R.
Lemmas 5.1 and 5.2 imply that we can repl@&®y the elements in some
basis of the open sets &. Part 1 of Lemma 5.4 shows that the claim is true
for some basis of the open sets{gfe B : g, # 0}. Thus is suffices to show
that for every poiny; € B with g, = 0O, the claim is true for the functioff|,
for all sufficiently small polydisks centered at But for such ag the factor
A1(x) does not vanish at = ¢, which means that on every sufficiently small
polydisk centered at, in the factorization (5.2) the factat(x) may be replaced
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by u(x)A1(x)*1. Thus on that polydisky has typeWW = (n, D, R — 1, N, s")
whereWW’ depends only olV (in this caser; is the identity).

Case:multy(cj(x)) < j for somej
Remark 5.2 impliesnult,(g(x)) < D for all b € B. Thusxw has typeT =
(n, D — 1, R, N). Using part 2 of Lemma 5.4 we may assume thdtas type
W' =, D -1, R, N, s") whereWW depends only o .
This completes the inductive step and shows that Theorem 4 follows from
Lemmas 5.1, 5.2, 5.3 and 5.4. Q.E.D.

Proof of Lemma 5.4.This lemma is essentially proved in [BM89]. We shall
reproduce their proof, making the necessary modifications, and keeping track of
the exponents in order to obtain the desired bounds.

We start with part 1): Leyy € B such thatg, # 0. If D > 0, then, by
remark 5.2, we conclude that fa#, sufficiently small,z|p, has type7 =
(n, D — 1, R, N). Thus we may assume th&X = 0. Note thatD = 0 implies
thatg = 1.

If A1(x) = x,, +a1(x) does not vanish at = ¢, then, after possibly shrinking
the radius ofB,, we may further assume théit;(x)| is bounded below by a
positive constant, and thus, replacimdy u1[*, we see thay has typeT =
n,0,R—1,N).

If A1(x) = x, + a1(¥) does vanish at = ¢, then we can replace, by A,
thus reducingk to R — 1. To be precise, defing, (y1, ..., y,) = (x1, ..., x,,) by
the formulax, = y, —a1(y) — g, andx; = y; fori < n. Thenr, : B, — B for
sufficiently small polydisks3,, centered a andr,(q) = q. We easily see that
m, is an algebraic map and is a homeomorphismpbnto its image. Moreover
we have factorizations:

F(@om)(y+q) = ' 3y  Mo()F2- - ALy

Jom)y+q) = V)Y A2 A"
where:

Wy =um+q) ] nta)®
{1<h=n—1.4;#0}

o= ( ] (yh)é’l) s

{1<h=<n-1.q,=0}
M) =On—a1G+§) +a;G+g)for2<j<r

with similar formulas forv’(y) andy?’. Lemma 5.3 now implies thatr o T4)
has type7’ = (n,0, R — 1, N') where7’ depends only off . This completes
the proof of part (1).
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Now we prove part (2): Assumg is of type7 = (n, D, R, N). Letq € B
and letx = y + ¢. Then (5.2) becomes:

(fomy+q) =uly+q) [[oi +a)% [ [n +a{G)" g ()

i=1 i=1

Jac()(y +q) = vy + @) [ [i +a)" [ [on + /)" (5.4)
i=1 i=1

for y € B’, a sufficiently small ball centered at 0. Here we &%) = ¢, +
a;(y +¢) andg'(y) = g(y + q)-

Let A;(y) = y» + a/(9) and order the.; in such a way that;(0) # 0 if and
only if i > r'. Letu'(y) = u(y + q) [, 200 + 4% [1;-,» ;(y) and similarly
for v/(y). Then

!’

(fomy+q)=u/MF [ Mg ()

i=1

where&! = &; if g; = 0 and/ = 0 otherwise.
Letp : C" — C" be a generic rotation. Them: B” — B’ for B” a suffi-
ciently small centered polydisk. The Weierstrass Preparation Theorem implies

d
g'(p(2)) = wo(2) (z:f +Zb,-(z)z;’f), and(p(z)) = wi(2)(za+a] (2)
j=1
(5.5

for z € B” (possibly after shrinkings” further). Here thaw; (z) are nowhere
vanishing holomorphic functions; (z) is holomorphic and satisfies mg#it > j,
a! () is holomorphic and; (0) = 0.

Lemma 5.3 implies theéb; and a; are algebraic with degrees which are
bounded in terms of . Equation (5.4) now becomes:

!
r/

(fom)(p@) +q) = u"@ [ [Gn+a/ @) p)

i=1

wherer” = '+ n andp(z) is the Weierstrass polynomial which appears in (5.5)
andu” is nowhere vanishing and bounded away from zero. Here= p; if

i <randu; =& if ' <i <r”. The function(Jac(m))(p(z) + q) has a
similar expression#” is replaced withy”, u; is replaced with and the factor
p(2) is omitted.
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Let t(w) = (wy, ..., wy_1, w, — b1 (W)/d). Thent : B” — B” whereB"”
is a sufficiently small ball centered at 0. Lef(w) = p(r(w)) + ¢g. Then

’

(f o (mom))w) = u"(w) [ [(wn +a @) p'(w)

i=1

J(om)w) = v"w) [ [awn +a" )"

i=1

wherep'(w) = wé + Y4, ¢;(@)w'~/ andu” (w), v (w) are bounded away
from zero.

Lemma 5.3 implies that the and thez!” are algebraic with degrees bounded
interms of7. Lemma 5.1 implies that a subset of the collectionpt B” — B
obtained in this fashion forms a locally finite cover®f

Now let (x) denote the product of all the non-zero functions in the following
list, and all of their non-zero differencegz)%', c;“/j .The degree of is bounded
in terms of 7.

Now A (x) is an algebraic function of — 1 variables, so, by induction, the
conclusion of the theorem applies: After passing to a locally finite cover, the
a!” and thec; are monomials (up to multiplication by a unit) whose degrees are
bounded interms of . To show thatf is of typeWV, it only remains to verify that
condition (8) holds. But this is guaranteed by the following lemma of Bierstone
and Milman:

Lemma 5.5. ([BM89], Lemma 3.4)Letz = (z1, ..., 2,). Leta, B € N" and let
a(z), b(z), c¢(z) be formal power series with non-zero constant terms. If

a(2)z% — b(2)z? = c(2)z”

then eitherw < Bor B8 < a.

The proof of part 2 of Lemma 5.4 is complete.

Nextwe prove part 3 of Lemma5.4. Assumes of typeW = (n, D, R, N, s)
with s > D!. For eacty € B let B,(r) = []/_1{z € C"; |zi — qi| < r} € B.
Parts 1 and 2 of Lemma 5.4, imply that fosufficiently small:

1. Ifg, # 0andD > OthenB,(r) has alocally finite covering; : B; — B, (r)
such thatr o 7; is of typeW' = (n, D — 1, R’, N’, s) with W’ depending
only onW.

2. If g, # 0andD = 0 andR > 0 thenB,(r) has a locally finite covering
m; : Bi = B,(r) suchthatr o 7; is of typeW’ = (n,0, R — 1, N, s") where
W' depends only onV.

3. If g, = O thenrx|p, () has typeV = (n, D(q), R(q), N, s), whereD(q) =
multy(g) andR(q) = [{i : 1:(q) = O}
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Lemma 5.1 now implies that there is a subdetc B and real numbers
r(q) > 0forg € A suchtha{B,(r(q)/2) : q € A} forms a locally finite cover
of B and such thaB, (r(¢)) satisfies 1 or 2 or 3 for every € A. We may also
assume that theq) are chosen in such a way thatg) # 0 impliesi; (x) # 0
forall x € B,(r(q)).

Observe thatB,(r(q)) : ¢ € A} must also form a locally finite cover df.
We shall writeB, = B,(r(q)) andBL’I = B,(r(q)/2)

If ¢ € A such thay, # 0, then, using (1) and (2) we see tbram;[ satisfies
the conclusion of part 3 of Lemma 5.4.

Now letg € A be suchthag, = 0.Ifmult,(g) < Dorif x;(q) # 0forsome
i, then part 2 of Lemma 5.4 implies thﬁth(,) hastypeV = (n, D', R’, N', s)
with (D', R") < (D, R) and hence it satisfies the conclusion of part 3 of Lemma
5.4,

Thus we lety € A be such thag, = 0, mult,(g) = D andi;(g) = 0 for all
i. We shall prove the following:

Claim. There exists a finite collection of algebraic maps; : B; — B,}
(obtained by blowing up a certain subvariety) such that for eyesmg have:B;
is a centered polydisks;; is algebraicy o is of typeW' = (n, D, R, N', s —1)
where)V" depends only oV and B, € U;;(B;).

Together with Lemma 5.2, the claim implies part 3 of Lemma 5.4. We give
now its proof.

After making the change of variables — x + ¢, we may assume that
q = 0. Sinceg is fixed, we shall simply write8 = B, andB’ = B,. Leto =
(01, ..., 0,—1) be the smallest element ¢&k;, B;} (which exists by assumption
(8)). Then|o| > d! (sinces > D! > d!).

Let/ € {1,...,n— 1} suchthad ,_, o; > d! with I minimal. Thus we have

0< (Z a,> —d! <oy (5.6)
lel

forallk e I.LetZ; = {x € C" : x, = 0andx; = 0, k € I}.We wishto consider
m .Y — C", the blow up ofC" with centerZ;: In order to explain what this
means, we list some propertiesof. ¥ — C” which uniquely characterize it,
and then explain how these properties can be used to constrl¢t— C”.

1. Y is a complex manifold of dimensionandp : Y — C" is a holomorphic
map.

2. Themap : Y\p~1(Z;) - C"\Z; is a biholomorphic map.

3. Y is covered by /| + 1 coordinate charts

Y = Urerupm Y ©

with biholomorphic coordinate functions : Y® ~ C™: ¢ (y) = (\P (x),
(k)
wn Y, (x)).
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4. The mapmr; = plyw : Y® — C"is given, in local coordinates, by the
following formulas:(xy, ..., x,) = (¥ (x), ..., y®(x)) where, fork = n,

X = yi(")y,(l”) foriel;, x;,= yi(”) fori¢l.

and fork € I:
k k k k k
X =y Py =y Oyl e Ll # ks v =y x5 =y", 1 ¢ 1Un} .

Now Y can be constructed as follows: It is the disjoint union/oft+ 1 copies
of C" modulo the equivalence relation forced by property 4.

LetY = p~1(B) and, by abuse of notation, denoteshythe restriction ofp
to ?k = ? NYg.
Next we shall computé¢ o (;r o 1) for eachk € I U {n}. We shall show that
for eachk € I, w o m; has typeWW = (n, D, R, N, s — 1) on every polydisk
E C Y, centered at the origin, whed®” depends only oV. Moreover, we
shall computef o (7 o 7,,) and shall show that for each poipte V = {q €
Y, : q,(”) = 0 for alll € I}, there is an open centered polydiBkc ¥, on which
7 o, hastypeWV' = (n, D, R, N’, s — 1) whereW’ depends only oiV. This
will complete the proof of part 2 of Lemma 5.4 since, as one easily checks, a
finite collection of theE obtained in this way has the propetty p(E) D B’.
We start with the caské = n: ThenY, has coordinatesys, ..., y,) (where
we suppress the superscripts in order to ease notation) and in these coordinates,
x = m,(y) is given by the following formulas:

Xp=Yn; Xx=wy, fOor kel, x,=y for k¢l.
Making these substitutions in (5.2) we obtain:

~& ~& Ziel & |

X7 O =Y Yn ; Aiom =y, + uiyai/d!y’;zelﬂlu/d!

= Yn M;(J’)
whereu; does not vanish in an open neighborhood of thelset {y : y; =
0,i e I}. Here we are using the fact that/¢' vanishes orV which follows
from the inequality) ,_, «;;/d! > 1 (which in turn follows from the assumption
thato is minimal).

We also obtain:

d
~B. i iBji/d! 4—;i
(gom)(y) = yl+ Y ughildtyiict Pityd=i = ydyriy)
=1

whereu” does not vanish in an open neighborhood of thelseilere we are
using the fact thad _,_, B;; > d! which in turn follows from the fact that is
minimal . Thus we conclude that in a neighborhood/off o 7, is a unit times
a monomial whose degree is bounded®iy+ & + || + d.



478 D.H. Phong, J. Sturm

Now we considerf o (r o ;) with k € I. In this caser is given, in local
coordinates, by the following formulas:

Xn = YaYki X1 =YV LELLF Kk, xe =y xp=y, L € 1U{n} .
Making these substitutions in (5.2) we obtain:

~ ~ € S i ! o ! o n— !
Fom= )’E)’kZI M diom = yane + Mi)’i[ll/d' o )’kDEI e “Ynl1 e
Thush;om, = yi(y,+u; 5% ) Wherea), = a; forl # kanda), = (3., ai—d!).
Finally,

d
Brifd Fier Build Barild d—j a-j
gom(y) = yiyf + Y vy e PO B IS il =
j=1

d

Blid"y d—j

v y,‘f+Z[vjyﬁf// lyd™
j=1

whereg;, = B if | # kandgj, = >, Bj — d!. Thus we see thaf o (7 o ;)

has a factorization similar to (5.2), satisfying conditions (1) through (9), but with
o; replacedy;, g; replaced b)ﬁj/., & replaced by’ where|&’| is bounded in terms

of W, ands replaced by — 1 (by virtue of (5.6)).

It remains to check that (s o ;) has the factorization dictated by equation
(5.2) and conditions (1) through (9) which follow, but the argument is similar to
that given above, only simpler, so we omit it. Q.E.D.

We come now to the proof of Lemmas 5.1 and 5.2.

Proof of Lemma 5.1.

Claim. Let M = U,c2U, be an open cover. Then there exidtsC A, with A’
countable anqU, : @ € A’} an open cover.

Proof of Claim. Let{0;};cn be a countable base for the topologyiéf Choose
«; as follows: For each, letw; be such thaD, C V,,, if such any; exists. Then
the {V,,} still cover: If p € M thenp € V, for some«, sop € O; € V, for
somei, sop € Vj,.

Claim. There exists an open coverig = U, B; with B; C B;,; and B;
compact.

Proof of Claim. For everyp € M let¢, : U, — V, < C" be a coordinate
chart centered ap. Let Vp(l) - Vp@ - Vp(3) C V, be balls of different radii

centered ap (p) and letC, = ¢, *(V\P) andD,, = ¢, *(V?). Then(C,} is an
open cover ofV, C, is compact,D, is compact and”, < D,. Let{C,,} be a
countable subcover ¢€,} (which exists, by the previous claim). Now we define
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B; inductively as follows: Assume; has been chosen. Théh € U, ., C; for
somen;. Then we letB; ;1 = U; <y, D;.

Now we prove Lemma 5.1: For evepy € B;\B;_1 choosex = «(p) such
thatU, € B;,1\B;_». Then thel, cover the compact sé;\ B,_; and thus we
can select a finite subcoveB;\B;_; = Uqea, Uy, Where4; is a finite set of
indices. Now letA’ = UA;. ThenM = U, U, is a countable, locally finite
subcover.

Proof of Lemma 5.2.

Step 1. Let M be a manifold and |€¥ be an |.f.r.c. open cover @f. This means
thati/{ is a collection of open subsets &f such that

a) A_4 =Upeu U .
b) U € M is compact forallV € U .
c) If K € M is compact therk N U = ¢ for all but finitely manyU € U .

Then we claim that there is a I.f.r.c open covesuch that for every € V
there exists &/ € U such thatV C U.

To see thiswe fiXy € U. Then, for every € aU there existd/,, an open set
containingx, with V. € U’ for someU’ e U{. Choose an open s#éf, such that
xeW, CW, CV,. By compactness, there exists and integet n(U) and
pointsxy, ..., x, € 3U such thablU € U'_,W,.. LetV,(U) = U\ U, W,, and
Vi(U) =V, fori =1,2,...nU).Finally, lety = {V,(U), Vi(U), ..., V,(U) :
U e U}. We wish to show thaV satisfies properties a),b) and c) above.

First, a) is clear sinc& < U V,(U) for everyU € U. And b) is clear as
well since for everyk andU, V,(U) C U’ for someU’ andU’ is assumed to be
compact.

Thus we need to verify c). We note that fdre U/ fixed, that

(U el :UNU # ¢} is finite. (5.7)

In fact, by the locally finite property fai(, (U’ € U : U N U’ # @)} is finite.
Next we observe that fdv e U fixed,

{(VeV:V CU}isfinite. (5.8)

This follows since every is of the formV = V,(U’) for someU’ € U,
1<k=<nU).IfV CUthenV,(U') C U which implies thaty N U’ # @.
Hence (5.8) follows from (5.7).

Now let K € M be compact. We know that

{U el :UnNK # @} is finite (5.9

by virtue of the locally finite property dif. Now if V. € YV andV N K # @, then
there existd/ D V with U € U such thatU N K # ¢#. Combining (5.8) and
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(5.8) wesee thdtV € V : VN K # @} is finite. This completes the verification
of (c).

Step 2. Suppose that; (M;) is subordinate tdf = {U;};c;. Choose) as in step
one and leV € V. ThenV compactimplied/ = U 7;(K;(V)) whereK; (V) C

M; is compact and the union is finite. FixThen we claim thak; (V) # @ for

all but finitely manyV € V: Indeed, ifK; (V) # @ thenr;(K;(V)) # @ which

implies thatV N U; # @ and thusV N U; # ¢ which impliesV NU; # @, which

occurs for at most a finite number Bt LetC; = Uycp K; (V) with K; (V) C M;

compact. This is a finite union 96, € M, is compact. Hence, for eactthere
is a finite set/ = J (i) and compact sek;; € M;; fori € I andj € J(i) such
thatCi = Uje](i)nij(Kij)-

Step 3. We claim thaf{m; omr;; : M;; — M; :i € 1, j € J(i)}isan Lf.r.c. cover
of M: Note thatr; oT[ij(Mij) C m;(M;) C U;. Thus we let/* = {U,'j NS

1, j € J(i)} be the family of open sets defined by, = U;. Theni/* isan |.f.r.c
cover of M by open sets (sindé is and since/ (i) is finite) andr; o m;; (M;;) is

subordinate té/*.

NowletK € M be compact. TheK = Uycy(KNV)isafinite union. Onthe
otherhandy = U;(K;(V))SOVNK = U; m:(K:(V)NK = U;m; (K; (V) for
some compacK (V) C Ki(V) € Ci. BUutC; = Ujesqy n,(Kl]) which implies
K,, =U n,J(K,,(V)) for someK,,(V) C M;;. ThusV N K = U;m(K;(V)) =
Ui Ujesai n,n,,(KU(V)) and thusk = Uy U; Ujeyq) n,n,](K,J(V)) with
K;j(V)) € M;; compact.

6. Examples of global instability

Lets > 0 andf e Clzy, ..., 2,; t] be a polynomial im 4+ 1 variables. For
B C C" andt € C define

1) = f|f(z,r>|—“dv1---dvn 6.1)
B

The integral defined by (6.1) is locally stable, that isBifs a compact domain,
we know, from [PS1] or [DK], thaf (¢) is continuous. In this section we provide
examples showing that global stability fails.

One-dimensional examples
Consider the following integrals

1
I(1) =/ dv
c L= MLz —apl

with oj # o for j # k,0 < 6 < 2,6N > 2, andMé > 2. Whent = O,
the only finite zeroes of the denominator are simple zeroes, @nd hence the
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integral converges there sinée< 2. At z = oo, the integral converges since
8N > 2. ThusI (0) is finite. On the other hand, for#£ 0, the denominator has
an additional finite zero at= r—1, and! (t) = oo sinceM$ > 2. Thus we have

I(t) <oo ifandonlyif t =0. (6.2

We observe however that more restricted forms of stability may hold in one
dimension. For example, consider a holomorphic fanfily, ) of the form

f)=2"+aN T+ +ay@)

wherer € CX is a small parameter, ang(¢), 1 < j < N, are holomorphic
functions ofz. Then it is easy to see that

/If(Z,O)I_‘SdV<oo:>/|f(z,t)|‘8dv<oo
C C

for |¢| small enough. Indeed, consider the region of integragon- A, and
write
|w|N874

,D|°dV =f dv(w).
,/|1>A 7.0l (@ wi<a-t L+ ar(Ow + - +ay@OwN|? )

Let P be the largest index with a;(0) # 0. Then the Weierstrass Preparation
Theorem with parameters (see e.g. [PSS1], p. 543) shows that we may write

P-1
l+ai(Hw+ -+ an@®Ow" =u(w,t) (w” + pr_k(t)wk>
k=0

for |¢], |lw| < €, whereu(w, t), bp_(t) are holomorphic functionsu (w, )| is
bounded away from 0, areds some positive number. Shrinkiadurther, we may
also assume that the polynomief + Y"1 bp_(r)w* does not vanish fan =

0. Choose now with A > €. Then the finiteness of the integral|gf(z, 0)|

over the regionz| > A~ meansNé > 2 and that the zeroes of the polynomial
w? + 3 bp_(O)w* have maximum multiplicitym(0) with m(0)8 < 2.
Since multiplicities are non-increasing under perturbations, it follows that the
maximum multiplicitym () of w? + Z,f;ol bp_i(t)w* still satisfiesn(1)s < 2.

This implies thatf‘sz | f(z,)]7%dV (z) < o0. Sinceflzlq | f(z,)|%dV(z) <

oo for |¢] small enough by the local result on stability, the desired result follows.

Two-dimensional examples

In two-dimensions, perturbations which may appear harmless in view of the
previous one-dimensional result can still cause instability. Consider the following
integrals

- 1 av,dV:
(1) = / 4 4’ 6 - 62 6 6.3
c2 lza —t|* + |zaz2 — 1% 1+ 1z1]° + 22]° + |z122]
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Claim. I(r) < ooifand only ifr = 0.

Proof of Claim. Assume first that # 0. Then the denominator of the integrand
in (6.3) vanishes at the poiit, 1/r). The fact that/ (+) = oo thus follows from
the equation

/ (el + Ixal + 1] + bxa) ™ dxrdadosdxs = o0
B

whereB C R*is any open set containing the origin.
Now assume that= 0. ForJ C {1, 2} we let

D;={z=1(z1,22) € C?*:|z;| > 1 ifand only if j € J},

and we letD = Dy. ThenC? = U, D, is a disjoint union, so, corresponding
to this decomposition, we can writg0) = Y, I,. We must now verify that
I; <ooforall J.

WhenJ = ¢ we clearly havel, < oo since the integral of a continuous
function of a compact domain is finite.

WhenJ = {1} then, upon making the change of variables— z;*, we

obtain:
Iy = f S (6.4)
D 1 + |Zl - Z2|4

wheredp = (1 + |z1(® + 22/® + |2122/%) ~2d Vad V2. We see thal;;, < oo since
the denominator of (6.4) never vanishes.

WhenJ = {2} then, upon making the change of variablgs— zz_l, we
obtain:

@ p 12122 + |22 — z1/*

Now the identityz3 = z1z2 + z2(z2 — z1) implies thatiz|® < 16(|z1z2|* + |21 —
z2|*) provided(zs, z2) € D. This shows thalyy, is finite.

Finally, whenJ = {1, 2} then making the change of variablgs— zfl and
Z2 > 25, we obtain:

~ |z122/®
1{1’2} = 7 7 d
p 172" + |1 — z1z2|

which is finite since the denominator never vanishes. This finishes the proof of
the Claim.

The preceding example can be considered as an example of instability of
the finiteness of integrals of the forﬁg [| £ (z,H||7%dV (z), where f(z, t) is a
vector-valued polynomial. To get scalar examples (and integrals of the/f@ym
rather than/ (1)), we proceed as follows.
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Observe that the product of the denominators appearing in (6.3) is a sum of eight
terms. LettingQ1, ..., Qg be the squares of those eight terms, we obtain

1
c2 Y0 |Qk(z, 1)|Y/2

By Lemma 4.9 of [PS1], we can fingd, ..., ¢g € C such that¢;| = 1 for all i
with the property:

(1) = dvidV,

1
f ~ dVidVs < oo . (6.5)
c2 | i1 & Ox(z, 0|2

Thus we letf(z, 1) = Y°%_, ¢ 04 (z. 1) and

(1) = / |f(z, )2 dV1dV; .
c2
Then (6.5) together with the Claim implies that (6.2) is satisfied.

AcknowledgementsThe authors would like to thank Professors E. Bierstone and P. Milman for
their generous help, and for explaining to them their proof of “controlled resolution of singu-
larities". They would also like to thank the referee for helpful comments and references. D.H.P.
would like to acknowledge the warm hospitality of the National Center for Theoretical Sciences
in Hsin-Chu, Taiwan.

References

[BM88a] Bierstone, E., Milman, P., Semianalytic and subanalytic sets, Publ. Math. |.K6E.S.
(1988) 5-42

[BM88b] Bierstone, E., Milman, P., Local resolution of singularities, Real analytic and algebraic
geometry (Trento, 1988), 42—64, Lecture Notes in Math., 1420, Springer, Berlin-New
York, 1990

[BM89] Bierstone, E., Milman, P., Uniformization of analytic spaces, J. Amer. Math. Z4y.
(1989) 801-836

[BM91] Bierstone, E., Milman, P., A simple constructive proof of canonical resolution of sin-
gularities, In: Effective methods in algebraic geometry, Progress in Matt4/qp.
11-30, Boston, Birkhauser 1991

[BM99] Bierstone, E., Milman, P., 1999 e-mail communication

[DK] Demailly, J.P., Kolfr, J., Semi-continuity of complex singularity exponents aatiK"
ler-Einstein metrics on Fano orbifolds, Ann. Sci. Ecole Norm. S41§2001) 525-556

[Ha] Hartshorne, R., Algebraic Geometry, Springer-Verlag

[Hi] Hironaka, H., Resolution of singularities of an algebraic variety over a field of charac-
teristic 0, Ann. of Math79(1964) 109-326

K] Karpushkin, V.N., A theorem concerning uniform estimates of oscillatory integrals
when the phase is a function of two variables, J. Soviet M2l{1986) 2809—2826

[P] Phong, D.H., Regularity of Fourier integral operators, Proc. Int. Congress of Mathe-

maticians, Zitich 1994, 862-873, Birkheser, Basel, 1995



484

D.H. Phong, J. Sturm

[PStel]
[PSte2]
[PS1]
[PS2]
[PSS1]
[PSS2]
(1]
[S2]
(T1]
[T2]
[TY]

I\

[Y]

Phong, D.H., Stein, E.M., Models of degenerate Fourier integral operators and Radon
transforms, Ann. of Math140(1994) 703-722

Phong, D.H., Stein, E.M., The Newton polyhedron and oscillatory integral operators,
Acta Math.179(1997) 107-152

Phong, D.H., Sturm, J., Algebraic estimates, stability of local zeta functions, and uni-
form estimates for distribution functions, Ann. of Maftb2 (2000), 277-329

Phong, D.H., Sturm, J., On a conjecture of Demailly anddfoisian J. Math4
(2000) 221-226

Phong, D.H., Stein, E.M., Sturm, J., On the growth and stability of real-analytic func-
tions, Amer. J. Math121(1999) 519-554

Phong, D.H., Stein, E.M., Sturm, J., Multilinear level set operators, oscillatory integral
operators, and Newton polyhedra, Math. AB&9(2001) 573-596

Siu, Y.T., The existence of &iler-Einstein metrics on manifolds with positive an-
ticanonical bundle and a suitable finite symmetry group, Ann. of ME#7.(1987)
585-627

Siu, Y.T., Application of the Ohsawa-Takegoshi theorem, unpublished note, 1995
Tian, G., On Kahler-Einstein metrics on certainakler manifolds witheq (M) > 0,
Inventiones Math89 (1987) 225-246
Tian, G., On Calabi’s conjecture for complex surfaces with positive first Chern class,
Inventiones Math101(1990) 101-172
Tian, G., Yau, S.T., Kihler-Einstein metrics on complex surfaces with> 0, Comm.

Math. Phys112(1987) 175-203
Varchenko, A., Newton polyhedra and estimations of oscillatory integrals, Funct. Anal.
and Appl.10(1976) 175-196
Yau, S.T., Review of Kihler-Einstein metrics in algebraic geometry, Israel Math. Con-
ference Proc9 (1996) 433443



