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1. Introduction

The degeneracy of holomorphic functions is a notion difficult to quantify in
the case of several variables. In recent years, the following invariant has at-
tracted considerable attention: Letf (z) be a holomorphic function defined on a
neighborhood of the origin inCn with f (0) = 0. Then the critical integrability
exponentδf (0) of f at 0 is defined by

δf (0) = sup

{
δ :

∫
U

|f (z)|−δdV <∞ for someU

}

HereU denotes a polydisk centered at 0 anddV is the usual Euclidean mea-
sure. The invariantδf (0) plays an important role in K¨ahler geometry [S1][T1-
2][TY][Y]. Its stability under perturbations has been established for dimension
n = 2 in [T2] and [PS1], for one-dimensional holomorphic perturbations in [S2]
and [PS1], and in full generality in [DK]. Analogous notions for real-analytic
functions have been investigated in [K] and [PSS1]. Their role in the study of
oscillatory integrals and oscillatory integral operators is described in [V] and
[P][PS1][PS2][PSS2] respectively.

In this paper, we shall investigate the global integral:

I (f ) =
∫
Cn

|f (z)|−δdV .

Unlike the local integrals described above, the finiteness of such global integrals
is not stable under holomorphic perturbations. Examples of algebraic families
of polynomialsft with I (f0) < ∞ but I (ft ) = ∞ for all t �= 0 are given in
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Section VI. In particular,I is not a continuous function off . On the other hand,
we shall prove thatI is continuous almost everywhere. Furthermore, the space
of polynomials for which the global integral converges turns out to retain some
important algebraic properties, namely that it isalgebraically constructible.

Recall that a subsetF of an algebraic varietyX is constructibleif it can be
written as a finite union of sets of the formVi ∩W ′

i

F = ∪N
i=1Vi ∩W ′

i

whereVi,Wi ⊆ X are subvarieties andW ′
i is the complement ofWi in X (see

e.g. [Ha]). This notion arises naturally in algebraic geometry: For example, it is
well known that iff : X → Y is a morphism of algebraic varieties, then while
the image off need not be open or closed, it is constructible. More generally,
the image of any constructible subset ofX is constructible. A second example is
the basic theorem of Chevalley which states that for every non-negative integer
d, the set{y ∈ Y : dim(f −1(y)) = d} is constructible.

We now describe the algebraically contructible sets arising in our context
as well as the continuity properties of the functionI in the general setting of
rational functionsR(z) rather than polynomialsf (z). Let X be the space of
all non-zero rational functions onCn of degree bounded by a fixed integerN ,
and letδ ∈ R. Since a rational function is determined by its coefficients, we
may identifyX with (the projective image of) an open subset ofCm for somem
(depending onn andN ). We will show that the subset ofX consisting of those
rational functionsR(z) with |R(z)|δ ∈ L1(Cn) is an algebraically constructible
set. In other words, there exist finite collections of polynomialsFi,j andGi in
m variables such that a rational functionR(z) satisfies|R(z)|δ ∈ L1(Cn) if and
only there existsi with Gi(R) �= 0 andFi,j (R) = 0 for all j . Furthermore, the
mapI : X → (0,∞] given byI (R) = ∫

Cn |R(z)|δ is piecewise continuous in
the sense thatX can be partitioned into a finite disjoint union of algebraically
constructible subsets, restricted to each of which the functionI is continuous. In
particular,I is continuous almost everywhere.

Thus, for example, whenp > 1 we see that the set of rational functions of
degreeN which are inLp(Cn) is a constructible subset of all rational functions
of degreeN . Moreover, theLp norm ofR is a piecewise continuous function of
the coefficients ofR.

Our method is based on three fundamental ingredients. The first is the “al-
gebraic estimates" of [PS1], suitably extended to the present global context.
The second is a uniform perturbation theorem, which shows, roughly speaking,
that integrability is preserveduniformly in f when the exponentδ is perturbed.
The proof of the perturbation theorem requires in turn the third fundamental in-
gredient, which is the Bierstone-Milman approach to resolution of singularities
[BM88a]. The Bierstone-Milman approach is precise and powerful enough to let
us control uniformly the degrees of the monomials in the resolution of singular-
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ities of a functionf in terms of the degree off . We discuss these issues now in
greater detail.

For the purpose of our inductive arguments, we need to investigate more
general integrands. These are the “absolute rational powers" introduced in [PS1]:

Fix positive integersk, l, n, p, real numbersε, δ, σ1, ..., σn, with ε, δ ≥ 0
and, for 1≤ i ≤ k and 1≤ j ≤ l, non-zero polynomialsPi(b; z),Qj(b; z) ∈
C[b, z] = C[b1, ..., bp; z1, ..., zn]. Set

B = {b ∈ Cp : Pi(b; z) �= 0 for somez ∈ Cn and somei, 1≤ i ≤ k}.
For fixed dataξ

ξ = (ε, δ, σ1, ..., σn) ∈ Rn+2,

and for eachb ∈ B, consider the function

R(Pi,Qj ; ξ ; b; z) = R(ξ ; b; z) =
∑k

i=1 |Pi(b; z)|ε∑l
j=1 |Qj(b; z)|δ

·
n∏

t=1
|zt |σt . (1.1)

Whenσi = 0 for all i, we shall write

R(ξ ; b; z) = R(ε, δ; b; z) = K(b; z)/L(b; z).
In this case, we say thatR is an “absolute rational power” (ARP) in the variables
b1, ..., bp, z1, ..., zn. The set of all such ARP’s will be denoted byC|(b; z)|. The
numeratorK, and the denominator,L, are called “absolute polynomial powers".
Although we are mainly interested in ARP’s, our argument involves changes of
variables of the formzt �→ z−1t . Such a change of variables does not leave the
class of ARP’s invariant, and thus it is convenient to introduce the somewhat
larger class of functions defined by (1.1).

LetR(ξ : b; z) = R(b; z) be as in (1.1) and let

I (b) = I (ξ, b) =
∫
Cn

R(ξ, b; z) dV (1.2)

wheredV is the standard euclidean measure onCn.
A subsetX ⊆ Cp is called an algebraic variety if there exist a finite collection

of polynomialsFi ∈ C[z1, ..., zp] such thatX = {z ∈ Cp : Fi(z) = 0 for all i}.
A subsetV ⊆ B is called an algebraic sub-variety ofB if V = B ∩ X for some
algebraic varietyX ⊆ Cp.

Our main result is the following:

Theorem 1. Fix ξ = (ε, δ, σ1, ..., σn) as above, and defineI = I (ξ, b) as in
(1.2). Then there exists a filtration by algebraic sub-varieties

B = V0 ⊃ V1 ⊃ · · ·VM = ∅



456 D.H. Phong, J. Sturm

such thatI |Vλ\Vλ+1 is continuous for0 ≤ λ ≤ M − 1. In particular, I (b) is
continuous almost everywhere. Moreover, ifI (b) = ∞ for someb ∈ Vλ\Vλ+1
thenI (b) = ∞ for all b ∈ Vλ\Vλ+1.

Corollary. The set

F = Fξ =
{
b ∈ B :

∫
Cn

R(ξ ; b; z) dV1 · · · dVn <∞
}

is algebraically constructible.

Proof. Let S = {λ : I (b) = ∞ for all b ∈ Vλ\Vλ+1}. ThenF = ∪λ∈S Vλ\Vλ+1.

Weshall show in a forthcomingwork howTheorem1and theCorollary canbe
applied to the study of the analyticity of the level sets of the critical integrability
exponentδf (z).

We now outline the proof of Theorem 1. As mentioned earlier, a first impor-
tant component of the proof is “global algebraic estimates". In view of [PS1],
Theorem4, we know that the integral of a rational expression in one variable over
a ball offinite radiusr is equal, in size, to a piecewise rational expression of the
coefficients (hence the terminology “algebraic"). Theorem 4 of [PS1] requires
also two conditions:

(a) the roots of the denominator have to be sufficiently close to the origin, and
(b) the exponent vectorξ has to be non-degenerate (c.f. (2.1) below).

In our context, we need global algebraic estimates, in the sense that the
domain of integration is nowC.We show in Section II (see Theorem 2) that such
estimates do hold. In the process, the first condition (a) is naturally eliminated.
However, the second condition (b) on the non-degeneracy of the exponent vector
ξ is still required.

Naively, iteration of the one-dimensional global result (using Fubini’s theo-
rem) should prove themain theorem.The difficulty in implementing this iterative
procedure arises from the non-degeneracy condition (b) on the exponent vector
ξ : Even if we start with non-degenerate exponents, any integration may lead to
rational expressions whose exponent vector is degenerate.

This is why the key uniform perturbation theorem (Theorem 3) is needed.
This theorem states that the exponent vectorξ can be slightly perturbed to a
non-degenerate exponent vectorξ ′, in such a way that

{b ∈ B; I (ξ, b) <∞} ⊂ {b ∈ B; I (ξ ′, b) <∞}.
By the usual theorem on resolution of singularities, it is easy to see that forb ∈ B
fixed, there existsµ(b) > 0 such thatI (b) <∞ impliesĨ (b) <∞ provided the
distance betweenξ andξ ′ is less thanµ(b). The perturbation theorem is similar,
but with the crucial additional property thatµ(b) can be taken as a fixed number
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µ independent ofb. Remarkably, this strengthening is valid if the multiplicities
of the monomials in the resolution of an algebraic functionf (z) are known to
be bounded uniformly in terms of the degree off (z). Assuming these uniform
bounds on multiplicities, the strengthening is established in Section 3.

A resolution of singularities with uniform bounds for the multiplicities of the
resulting monomials is a refinement of the usual theorem which may be termed
“controlled resolution of singularities". To obtain this refinement, we invoke the
final important component of the proof, namely the Bierstone-Milman approach
to resolution of singularities.

The “controlled resolution of singularities" theorem has been established in
[BM99], using the techniques of [BM88a],[BM88b], and [BM91]. In this paper
we actually need only a weaker and more elementary version: “controlled uni-
formization of singularities".We show that the algorithm of [BM88a],[BM88b],
and [BM89] yields this more elementary result: If we follow the steps of the
Bierstone-Milman algorithm and keep track of the multiplicities of the local
blow-ups, we obtain the desired bounds.As pointed out by the referee, controlled
uniformization can also be obtained from the usual resolution of singularities by
successive “simultaneous" resolutionsof polynomials inastratificationofZariski
open sets. However, in order to reach a broader audience, we have presented a
detailed and self-contained treatment following the Bierstone-Milman algorithm
in Section V.

2. Global algebraic estimates

Itmaybehelpful tomotivate themain result of this sectionbyanexplicit example.
Consider the one-dimensional global integral

I (b) =
∫
C

1

|b0z3+ b2z+ b3|δ dV (z), b = (b0, b2, b3).

where 1< δ < 2 is a fixed exponent (the other ranges ofδ are easier). Although
I (b) is a complicated function of the parameterb, one can show that itssizeI (b)
is very simple:

I (b) ∼ 1

|b0|1− δ
2 (|b2|6+ |b0b23|2) 13− δ

4 |4b32 + 27b0b23|δ−1
.

Herewehave introduced the followingnotationwhichwill beusedsystematically
in the sequel. IfF(b) andG(b) are two(0,∞] valued functions, then we write
F ∼ G if there exists a constantc > 0 such thatcF (b) ≤ G(b) ≤ c−1F(b).
Herec, the “implied constant", is independent ofb.

The key feature of the preceding inequality is that the right hand side is again
essentially a rational expression, this time in the coefficients(b0, b2, b3) of the
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integrand inI (b). A local version of such estimates, i.e., a version where the
domain of integration is a compact disk inC, had been proved in [PS1]. Our
main task in this section is to obtain the following global version.

Let n = 1 and fixR(ξ ; b; z) as in (1.1). Assume thatσi = 0 for all i, so that
R(ξ ; b; z) = R(ε, δ; b; z) is an absolute rational power. Recall that the notations
Z|(b)|,Kλ(b)/Lλ(b) have been defined in the Introduction.

Theorem 2 (Global algebraic estimates).LetM (resp. N) be the highest power
of z appearing in thePi (resp.Qj ) and assume thatε, δ are rational numbers
which are non-degenerate in the sense that

µε − ν(
δ

[δ] + 1
)+ 2 �= 0 (2.1)

for all integersµ, ν such that0 ≤ µ ≤ M and 0 ≤ ν ≤ N([δ] + 1). Then there
exists a finite chainUλ, 0 ≤ λ ≤ N , of algebraic varieties

B = U0 ⊃ U1 ⊃ · · · ⊃ UN = ∅ ;
and a corresponding sequence of absolute rational powers,Tλ ∈ Z|(b)|, 0 ≤
λ ≤ N − 1, with the following properties:

1. If Tλ(b) = Kλ(b)/Lλ(b) and ifb ∈ Uλ\Uλ+1, thenKλ(b) �= 0. In particular,
Tλ is defined, and nowhere vanishing onUλ\Uλ+1.

2. We have

Uλ+1 = {b ∈ Uλ : Kλ(b) = 0} = {b ∈ Uλ : Kλ(b) = 0 andLλ(b) = 0}
3. The following estimate holds:∫

C
R(b; z) dV ∼ Tλ(b) (2.2)

for all b ∈ Uλ\Uλ+1. If we letλ(b) be the largest value ofλ for whichb ∈ Uλ,
then we can write (2.2) as follows:∫

C
R(b; z) dV ∼ Tλ(b)(b) (2.3)

The implied constants are independent ofb.

Remark.We do allow for the possibilityLλ(b) ≡ 0, in which caseTλ(b) ≡ ∞
for b ∈ Uλ\Uλ+1.

Proof of Theorem 2.Theorem 4 of [PS1] gives a local version of Theorem 2:
Its statement can be obtained from that of Theorem 2 by replacing conclusion 3.
with the statement:
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3’. Let Ni = deg(Qi) and assumeN1 ≥ N2 ≥ · · ·Nl. Choose the notation
in such a way thatQj(b, z) = bjz

Nj+ lower order terms, 1≤ j ≤ l. Let
B(r) = {z ∈ C; |z| < r}. Then there exists a numbers > 0 with the following
property:

For b ∈ Uλ\Uλ+1 satisfying ||| b−11 Q1(b;Z) − ZN1||| < s and
||| b−11 Qj(b;Z)||| < 2 for j > 1, we have∫

B(1)
R(b; z) dV ∼ Tλ(b) (2.4)

Here we made use of the notation∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

M∑
µ=0

bµz
µ

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ = sup

0≤µ≤M

|bµ|.

Returning to the proof of Theorem 2, we observe that

I (b) =
∫
C
R(b; z) dV = lim

r→∞

∫
B(r)

R(b; z) dV = lim
r→∞ r2

∫
B(1)

R(b; rz) dV

Let Mi = deg(Pi) and assumeM1 ≥ · · · ≥ Mk. Then, lettingt = 1/r we
obtain:

I (b) = lim
t→0

tN1δ−M1ε−2
∫
B(1)

R(βb(t); z) dV (2.5)

whereβ(t) = βb(t) = (b1t
a1, ..., bpt

ap ) for somenon-negative integersa1. Thus,
for a fixedb, βb(t) is an algebraic curve inB. Moreover,R(βb(1); z) = R(b; z).

At this point we would like to apply (2.4) in order to evaluate the size
of the integral appearing in (2.6). We cannot do this directly since the con-
dition |||b−11 Qj(β(t);Z)||| < 2 may be violated: Fort small, if Nj = N1,
|||b−11 Qj(β(t);Z)||| approaches|bj/b1| which may be larger than 2. Of course,
some|bj | must be greater than or equal to all the others, so it is tempting to
assume that|b1| is the largest. But the condition|b1| ≥ |bi | for all i is notan al-
gebraic condition, and the subset ofB which it defines is thus not a constructible
set.

To circumvent this difficulty, we make use of the following result of [PS1],
whichessentially reduces thecaseof several polynomialsQ1(b, z), · · · ,Ql(b, z)

in the denominator ofR(b, z) to the case of a single polynomial. According to
Lemma 4.9 of [PS1], there existsD > 0 such that if

|||b−11 Q1(b;Z)− ZN1||| < s/(2l) and|||b−11 Qj(b;Z)||| < s/(2l)

for j > 1, then∫
B(1)

R(b; z) dV ∼ inf
{θ∈(R/Z)l;Dθ=0}

∫
B(1)

∑k
i=1 |Pi(b; z)|ε

|∑l
j=1Qj(b; z)e(θj )|δ

dV , (2.6)
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whereθ = (θ1, ..., θl) ∈ (R/Z)l ande(x) = e2πix . We would like to use (2.6)
in order to reduce to the case wherel = 1. Of course the hypothesis for (2.6) is
very similar to that of (2.4), and thus appears to present the same difficulty - that
of not knowing, in an algebraic way, which|bi | is maximal. However, we can
handle this problem by considering all thebi at once, as follows: Choosings as
in 3’ we have, for allt > 0,

∫
B(1)

R(β(t); z) dV ∼ inf{µ:1≤µ≤l}

∫
B(1)

∑k
i=1 |Pi(β(t), z)|ε

|Qµ(β(t), z)|δ + (s/3l)
∑

j �=µ |Qj(β(t), z)|δ

≤ inf{1≤µ≤r} inf
{θ∈(R/Z)l;Dθ=0}

∫
B(1)

∑k
i=1 |Pi(β(t); z)|ε

|Qµ(β(t); z)e(θµ)+ s
3l

∑l
j �=µ Qj (β(t); z)e(θj )|δ

dV

(2.7)

For t sufficiently small, the inequality of (2.7) becomes an equivalence (∼):
Assume that|b1| ≥ |bi | for 1 ≤ i ≤ r. ThenQ1/b1 − zN1 = O(t) and
|(s/3l)Qj/b1| = (s/3l)|(bj/b1 +O(t))| which, for t sufficiently close to zero,
is smaller thans/2l. Thus (2.6) implies that (2.7) becomes an equivalence fort

sufficiently small. Moreover, (2.4) implies that fort sufficiently small, the sizes
of all the integrals on the right side of (2.7) are equal to certain absolute rational
powersTλ(b, t;µ, θ).

Finally we multiply both sides of (2.7) bytN1δ−M1ε−2 and take the limit
as t → 0. Arguing as in (4.26)-(4.30) of [PS1], we see that the limit exists
and equals infµ,θ Tλ(b;µ, θ) for certainTλ(b, µ, θ). Finally, settingTλ(b) =
(
∑

µ,θ Tλ(b;µ, θ)−1)−1,weclearlyhave theequivalenceTλ(b)∼ infµ Tλ(b;µ, θ)

which, when combined with (2.5), yields the theorem.

3. The uniform perturbation theorem

Theorem 3. Fix R(ξ) = R(ξ, b, z) as in (1.1). Then there existsµ > 0 such
that for eachb ∈ B,∫

Cn

R(ξ ; b; z) dV1 · · · dVn <∞ implies
∫
Cn

R(ξ ′; b; z) dV1 · · · dVn <∞

for all ξ ′ such that|ξ ′ − ξ | < µ. Hereµ depends on the fixed dataξ , but is
independent ofb.

The functionR(ξ ; b, z) remains unchanged if we replaceδ by δ/([δ] + 1)
andQj byQ

[δ]+1
j . Thus we may assume in the proof of Theorem 3, thatδ < 1.

As explained in the Introduction, the proof of Theorem 3 requires the following
theorem on “controlled resolution of singularities".
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Let M be a complex manifold. We shall say that a family of holomorphic
mappings of complex manifolds,{πj : Mj → M}, is a locally finite covering of
M if:

(1) The imagesπj(Mj) are subordinate to a locally finite covering ofM by open
subsets (that is, a coveringM = ∪ Uα by open subsets with the property
that every compact subset ofM has non-empty intersection with only a finite
number theUα. To say that theπj(Mj) are subordinate to the coveringmeans
that for everyj , there exists anα such thatπj(Mj) ⊆ Uα).

(2) If K is a compact subset ofM, then there are compact subsetsKj ofMj such
thatK = ∪πj(Kj) (the union is finite by (1)).

Theorem 4. (Controlled uniformization)Fix an integern > 0. There is a
functionD : N→ N with the following property: For every open setM ⊆ Cn,
and every polynomial functionf : M → C, there exists a locally finite covering
{πj : Bj → M}, ofM,withBj a polydisk inCn, such that

(1) For eachj ,f ◦πj(x) = uj (x)mj(x)whereuj (x) is holomorphic,|uj (x)| ≥ c

for somec > 0, andmj(x) is a monomial.
(2) supj deg(mj (x)) ≤ D(deg(f )) .
(3) If Jac(πj ) denotes the jacobian determinant, thenJac(πj ) = vj (x)nj (x)

wherenj (x) is a monomial,supj deg(nj (x)) ≤ D(deg(f )) and vj (x) is
holomorphic,|vj (x)| ≥ c for somec > 0 .

(4) The mapπj : Bj\π−1j f −1(0)→ M\f −1(0) is a local isomorphism.
Parts (2) and (3) of Theorem 4 are the key additional ingredients which

we need, in order to show that the perturbationµ of Theorem 3 can be cho-
sen independent of the parameterb. Part (1) of Theorem 4 follows easily from
Theorem 3.1 of [BM88b]. In fact, the proof of Theorem 3.1 in [BM88b] con-
tains an algorithm for constructing the local covering: If one traces through (a
slightly modified version of) that algorithm, and keeps track of the exponents
which appear in the blowings-up, one obtains (2) and (3) as well. For the sake
of completeness, we shall provide the necessary details in Section V.

For now, we assume Theorem 4 and proceed with the proof of Theorem 3.

Proof of Theorem 3.FixD′ ⊆ D ⊆ Cn bounded open sets withD
′ ⊆ D, where

D
′
is the closure ofD′. We first prove the following:

Claim. There existsµ > 0 such that forb ∈ B,∫
D

R(ξ ; b; z) dV1 · · · dVn <∞ implies
∫
D′

R(ξ ′ : b; z) dV1 · · · dVn <∞
(3.1)

for all ξ ′ such that|ξ ′ − ξ | < µ .
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Proof of claim. Recall that the functionR(ξ, b, z) is given by the expression
(1.1). Without loss of generality we may assume thatk = 1. We show next that
we may assume thatl = 1 as well: Let

C = {(w1, ..., wl) ∈ Cl;1≤ |wj | ≤ 2 for all j}
Then, making use of Lemma 4.4 of [PS1], we have

∫
D

R(ξ, b, z) dV ∼
∫
C×D

|P(b, z)|ε
|∑l

j=1wjQj(b, z)|δ
n∏

i=1
|zi |σi dWdV

=
∫
C×D

R(ξ, b,w, z)dWdV

wheredV = dV1 · · · dVn anddW = dW1 · · · dWl are the euclidean measures
(note that Lemma 4.4 applies since we are assuming thatδ < 1). The function
R(ξ, b,w, z) is a rational expression inl + n variables, but it has only one term
in the denominator. This shows that we may assume, in the proof of the claim,
thatk = l = 1.

ThusR = |P |ε|Q|−δ
∏

k |zk|σk . Let f = PQ
∏

k zk. Using Theorem 4, we
choose a locally finite coverπi : Bi → D such thatf ◦ πi is a monomial of
uniformly bounded degree times a nowhere vanishing factor. SinceD

′
is compact

there is an integerm such thatD
′
hasempty intersectionwithπi(Bi) for all i > m.

For i ≤ m,∫
D

R(ξ) <∞  ⇒
∫
πi(Bi)

R(ξ) <∞  ⇒
∫
Bi

(R(ξ) ◦ πi)J (πi, b) <∞ (3.2)

whereJ (πi, b) is the jacobian of the mapπi . The first implication follows from
the fact thatπi(Bi) ⊆ D and the second follows from the change of variables
formula and the fact thatπi is a diffeomorphism on the complement of a set of
measure zero.

Theorem 4 implies that we can writeR(ξ) ◦ πi = RiVi whereVi is nowhere
vanishing and bounded below and

Ri(ξ, Z) =
n∏

k=1
|Zk|akε+bkδ+∑j ckj σj .

Hereak, bk, ck,j ∈ Z may depend onb but are independent ofξ , and

|ak| + |bk| + |ck,j | ≤ H, (3.3)

whereH is a positive constant which depends only on the initial data defining
R(ξ, b, z) (the existence ofH follows from Theorem 4). In particular,H does
not depend onb.
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Now we fix I = (d1, ..., dn) such thatJ (πi, b) = vini = vi(z)z
I as in

Theorem 4, and let

F(Z) =
n∏

i=1
|Zi |(ai ε + bi δ +

∑
j cij σj + di )

Then we see that
∫
D
R(ξ) < ∞ implies

∫
Bi

F < ∞. Now
∫
Bi

F < ∞ if and
only if

aiε + biδ +
∑
j

cijσj > −2− di (3.4)

for all i. Let the fractional partFrac(x) ∈ (0,1] of a numberx be defined by
x − Frac(x) ∈ Z. The key observation now is that, due to (3.3), the fractional
parts of the numbers on the left hand side of (3.4) are always contained in the
following set

Frac(aiε + biδ +
∑
j

cijσj ) : |ai | ≤ H, |bi | ≤ H, |cij | ≤ H


 ,

which is afinite set, independent of the parameterb in R(ξ ; b, z). Let θ be the
smallest element in this set. Thenθ is in the range: 0< θ ≤ 1. Setµ = θ

(n+2)H .
Thenµ is independent of the parameterb, and we see that (3.4) continues to hold
if we replaceε, δ and theσj by ε′, δ′, σ ′j with

|ε′ − ε|, |δ′ − δ|, |σ ′j − σj | ≤ µ.

Thus if ξ ′ = (ε′, δ′, σ ′j ) and if we denote byRi(ξ
′, Z) the analogue ofRi(ξ, Z)

with ξ replaced byξ ′, then∫
Bi

Ri(ξ
′, Z)

∑
I,cI �=0

|ZI | dV (Z) <∞  ⇒
∫
πi(Bi)

R(ξ ′)|J (πi, b)| dV (Z) <∞

 ⇒
∫
πi(Bi)

R(ξ ′, z) dV (z) <∞  ⇒
∫
D′

R(ξ ′) dV (z) <∞

sinceD′ ⊆ ∪h
i=1πi(Bi). This completes the proof of the claim.

We can now complete the proof of Theorem 3. ForJ ⊆ {1, ..., n} define
DJ = {z = (z1, ..., zn) ∈ Cn : |zi | > 1 if and only if i ∈ J }

If J = ∅ then we writeDJ = D0. Note thatD0 is compact. LetρJ be the
mapw → z wherezi = w−1i if i ∈ J andzi = wi if i /∈ J . We observe that
ρ−1J (DJ ) ⊆ D0 is a subset whose complement insideD0 has measure zero.
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Making the change of variablesz = ρJ (w) we obtain∫
Cn

R(ξ ; b; z) dV =
∫
Cn

R(ξ ; b; ρJ (w))
∏
i∈J
|wi |−4 dV

=
∫
Cn

R(J )(ΦJ (ξ); b;w) dV

(3.5)

whereR(J )(ξ ; b;w) = R(Pi(J ),Qj(J );ΦJ (ξ); b;w) for certainPi(J ),Qj(J )

∈ C[b;w], and the map given byξ �→ ΦJ (ξ) = (ε, δ, ...) ∈ Rn+2 is a certain
invertible affine function (i.e.,ΦJ is a linear automorphism ofRn+2, composed
with a translation). In particular,ΦJ is a homeomorphism.

Now assume thatI (ξ ; b) <∞. Then, by (3.5),∫
Cn

R(J )(ΦJ (ξ); b;w) dV <∞

The claim implies that there existsµ > 0 such that for eachJ ,∫
D0

R(J )(ΦJ (ξ
′); b;w) dV <∞ (3.6)

if |ξ ′ − ξ | < µ. On the other hand, the change of variables formula implies

I (ξ ′; b) =
∑
J

∫
D0

R(J )(ΦJ (ξ
′); b;w) dV (3.7)

which, when combined with (3.6), completes the proof of Theorem 3.

4. Proof of Theorem 1

We need a lemma relating uniform boundedness and continuity. The following
lemma was proved in [PS1] (Lemma 5.4) whenα = β. The version we state
here follows immediately by replacingα andβ bymin(α, β).

Lemma 4.1. LetD ⊆ Cn be a compact domain and letF = {(f, g)} be a family
of pairs of continuous functions onD with the property that{z : f (z) = 0} and
{z : g(z) = 0} each have measure zero. Letα, β > 0. Assume that

sup(f,g)∈F

∫
D

|f (z)|1−α

|g(z)|1+β
dV1 · · · dVn <∞

Let (f0(z), g0(z)) ∈ F . Then for everyτ > 0 there existsρ > 0 so that if
(f, g) ∈ F andsupD(|g − g0| + |f − f0|) < ρ, then∣∣∣∣

∫
D

|f (z)|
|g(z)| dV1 · · · dVn −

∫
D

|f0(z)|
|g0(z)| dV1 · · · dVn

∣∣∣∣ < τ .
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We shall also make use of the following elementary inequality: IfA,B, α, β

are positive numbers, then

A

B
≤

∑
r=±1

∑
s=±1

A1+rα

B1+rβ
(4.1)

Now fix ξ = (ε, δ, σ1, ..., σn) as in the hypothesis of Theorem 1. We shall
assume for the moment thatξ ∈ Qn+2. In view of (1.1),

R(ξ, b) = (
∑

i |Pi(b, z)|ε)(∏t |zt |σ
+
t )

(
∑

j |Qj(b, z)|δ)(∏t |zt |σ−t )
(4.2)

whereσ+t = max(σt ,0) and σ−t = |min(σt ,0)|. We shall also writeξ =
(ξ+, ξ−) whereξ+ = (ε, σ+t ){1≤t≤n} andξ− = (δ, σ−t ){1≤t≤n}. Thusξ+ contains
the exponents which appear in the numerator of (4.2), andξ− the exponents in
the denominator.

Now for α andβ positive rational numbers we have

I (ξ, b) =
∫
Cn

R(ξ, b)

=
∑
J

∫
D0

R(ξ
J
, b, z) ≤ C ·

∑
J

∑
r,s∈{−1,1}

∫
Cn

R(ξ
J
(r, s), b, z)

(4.3)

whereξ
J
(r, s) = (ξ

J
(r, s)+, ξ

J
(r, s)−), ξ

J
(r, s)+ = (1+ rα)ξ+

J
, ξ

J
(r, s)− =

(1 + sβ)ξ−
J
, C is a positive constant, depending only on the initial data and

ξ
J
= ΦJ (ξ). The second equality follows from (3.5) and the inequality follows

from (4.1).
Choosingα andβ sufficiently small, and applying Theorem 3 to the function

R(ξJ , b, z), we may assume thatI (ξ, b) < ∞ if and only if the right side of
(4.3) is finite.

Next we observe thatR(ξ
J
(r, s), b, z) can be rewritten as an absolute ra-

tional power: LetM ≥ 2 be an integer such thatMξ ∈ Zn+2. Write ε =
e/M, δ = d/M, σt = st/M and letP̃ = P e

∏
st>0

zst , Q̃ = Qd
∏

st<0
z|st |.

Then R(ξ
J
(r, s), b, z) = R(ε(r, s), δ(r, s), P̃ , Q̃) where (ε(r, s), δ(r, s)) =

(εJ (r, s), δJ (r, s)) = ((1+ rα)/M, (1+ rβ)/M).
The pair(ε(r, s), δ(r, s)) is non-degenerate (see the statement of Theorem 2

for the definition of non-degenerate) if and only ifµ((1+ rα)/M) − ν((1+
sβ)/M) = 2 for someµ, ν ∈ Z such that 0≤ µ ≤ deg(P̃ ) and 0≤ ν ≤
deg(Q̃).Thus thepair isnon-degenerate if(α, β) lies in thecomplementofafinite
union of lines inQ2. Choosing such a pair wemay assume that(εJ (r, s), δJ (r, s))

is non-degenerate for allr, s and allJ . Thus wemay apply Theorem 2 to thedVn

integrals which appear on the right side of (4.3):∫
C
R(ξ

J
(r, s), b, z)dVn ∼ Tλ(b;z1,...,zn−1)(b; z1, ..., zn−1) (4.4)
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Letting λ̃(b) = inf (z1,...,zn−1)∈Cn−1 λ(b; z1, ..., zn−1), we obtain∫
C
R(ξ

J
(r, s); b; z1, ..., zn) dVn ∼ Tλ̃(b)(b; z1, ..., zn−1)

for almost all(z1, ..., zn−1) ∈ Cn−1.
(4.5)

Foxλ fixed, letWλ = {b : λ̃(b) = λ}. ThenWλ is constructible: To see this, we
defineVλ = {(b, z1, ..., zn−1) : λ(b, z1, ..., zn−1) ≥ λ} (whereλ(b, z1, ..., zn−1)
is as in (4.4)). ThusB × Cn−1 = V0 ⊃ V1 ⊃ · · · ⊃ VN = ∅ is a filtration by
algebraic subvarieties. Letπ : B × Cn−1 → B be the projection onto the first
factor, and letSj = π(Vj\Vj+1). ThenSj is constructible since it is the image of
a constructible set by an algebraic morphism. Moreover, sinceWλ = {b ∈ Sλ :
b /∈ Sj for j < λ}, we see thatWλ is also constructible.

Now for all b ∈ Wλ, equation (4.5) implies:∫
Cn

R(ξ
J
(r, s); b; z1, ..., zn) dVndVn−1 · · · dV1

∼
∫
Cn−1

Tλ(b; z1, ..., zn−1)dVn−1 · · · dV1

(4.6)

But the right side of (4.6) is an integral of an ARP inn− 1 variables, and hence
we may use induction to decomposeWλ into constructible pieces in such a way
that the integral on the right side is either infinite or finite and continuous on each
piece.

Thuswehaveproved the following:Forξ fixedasabove, thesetBi = {b ∈ B :
I (ξ, b) = ∞} is constructible. Moreover, the setBf = {b ∈ B : I (ξ, b) < ∞}
can be decomposed into constructible piecesBµ in such a way that for eachµ
we have, by (4.3), ∫

D0

R(ξ
J
(1,−1), b, z) ≤ Fλ(b)

for some finite continuous functionFλ. Lemma 4.1 now implies thatI (ξ, b) is
continuous forb ∈ Bµ, and this completes the proof of Theorem 1.

5. Controlled uniformization

In this section we use the algorithm of [BM88a][BM88b] to give the proof of
Theorem 4. We shall need a few lemmas from point set topology:

Lemma 5.1. LetM be a manifold and{Uα : α ∈ A} a basis of open sets ofM.
Then there existsB ⊆ A such that{Uα ↪→ M : α ∈ B} is a locally finite cover
ofM.

Lemma 5.2. Let {πi : Mi → M} be a locally finite cover ofM and, for eachi,
suppose we are given a locally finite cover{πij : Mij → Mi : j ∈ J (i)}. Then
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there is a finite subsetF(i) ⊆ J (i) such that the family{πi ◦ πij : Mij → M :
j ∈ F(i)} is a locally finite cover ofM.

Lemmas 5.1 and 5.2 allow us to assume, in the proof of Theorem 4, that the
originalM is a coordinate neighborhood, that is, thatM is a polydisk inCn.

Theorem 4 says that iff is a polynomial, then the degrees of the monomials
which appear in its uniformization are bounded in terms of the degree off .
To prove this theorem, we use the [BM88a][BM88b] algorithm which is an
inductive procedure where the starting point of the uniformization off , which is
a functionofnvariables, is theuniformizationof thecoefficientsof itsWeierstrass
polynomial, which are functions ofn− 1 variables. Of course these coefficients
are not themselves polynomials, which prevents us from using straightforward
induction. On the other hand, the coefficients arenearlypolynomials in the sense
that they are “algebraic" . Thus we are led to a slightly more general formulation
of Theorem 4 in which the functionf is allowed to be an arbitrary algebraic
function. First we recall the definition of a (single-valued) algebraic function:

LetM ⊆ Cn be an open subset. Then we say thatf : M → C is an (single-
valued) algebraic function of degree at mostk if f is holomorphic and iff
satisfies a non-zero polynomial equationF(t) = 0,whereF(t) ∈ C[x1, ..., xn, t]
is of degree at mostk, that is:

k∑
µ=0

Aµ(x1, ..., xn)f (x)k−µ = 0 (5.1)

whereAµ ∈ C[x1, ..., xn] has degree at mostµ.
Algebraic functions behave well with respect toWeierstrass preparation, i.e.,

the coefficients of the Weierstrass polynomial of an algebraic functionf are
themselves algebraic, and their degrees are bounded in terms of the degree off .
More generally,

Lemma 5.3. Letf : M → C be holomorphic withM ⊆ C open and connected.

1. Assume thatf is algebraic and thatf = gh whereg andh are holomorphic
functions onM. Assume as well that there is a pointp ∈ M and a polydisk
D = D1 × · · · ×Dn centered at the origin such thatp +D ⊆ M and such
that
a) The functiong|D(x + p) is a monic polynomial inxn whose coefficients

are holomorphic functions in the remaining variables, that is,g∗(x) =
g|D(x + p) = ∑d

i=0Bi(x̃)x
d−i
n wherex̃ = (x1, ..., xn−1), Bi(x̃) is holo-

morphic onD1× · · · ×Dn−1 andB0 = 1.
b) For each fixed̃x ∈ D1×· · ·Dn−1, all the roots of the equationg∗(x̃, xn) =

0 are in the polydiskDn.
Theng, Bi(x̃) andh are all algebraic. Moreover, their degrees are bounded
in terms of the degree off .
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2. Assume thatf satisfies a polynomial
∑k

µ=0Bµ(x1, ..., xn)f (x)k−µ = 0
where theBµ are algebraic functions onM. Thenf is algebraic and its
degree is bounded in terms of the degrees of theBµ.

3. Assume thatf is algebraic and theπ : B → M is algebraic (i.c. its compo-
nents are algebraic) withB a polydisk. Thenf ◦π is algebraic anddeg(f ◦π)

is bounded in terms ofdeg(f ) anddeg(π).

We shall need the following Lemma:

Lemma. Letm, n > 0.Then thereexist polynomialsPi,Qj ∈ Z[A1, ..., Am, B1,

..., Bn], 1≤ i, j ≤ r = mn, with the following property: IfR ⊆ S are commu-
tative rings andα, β ∈ S satisfy polynomials

αm + a1α
m−1+ · · · am = 0 andβn + b1β

n−1+ · · ·βn = 0

thenσ = α + β andπ = αβ satisfy the polynomials:

σ r +
r∑

i=1
Pi(a1, ..., am, b1, ..., bn)σ

r−i = 0

and πr +
r∑

j=1
Qj(a1, ..., am, b1, ..., bn)π

r−j = 0

We recall the proof, which is well known (see [L] for example):

Proof. LetM ⊆ S be the R-module generated by the elements

{αiβj : 0 ≤ i ≤ m− 1,0 ≤ j ≤ n− 1} = {µ1, ..., µr}
wherer = mn.The fact thatα andβ satisfymonicpolynomials impliesαM ⊆ M

andβM ⊆ M. If t = α + β or if t = αβ, then tM ⊆ M. Thus for every
k,1≤ k ≤ r, we have

tµk =
r∑

l=1
cklµl

for someckl ∈ R. Theckl are easily seen to be polynomials in theai andbj which
depend only onm andn. LetC be the matrixC = ckl. Then(C − tI )µ = 0 ,

whereµ is the column vector whosekth entry isµk. Multiplying both sides of by
the adjoint ofC− tI , we obtain:det (C− tI )µk = 0 for everyk. Since one of the
µk = 1, this provesdet (C − tI ) = 0. Finally we observe that the characterstic
polynomial ofC is monic int with coefficients which are polynomials in theai

andbj which depend only onm andn. This proves the lemma.

Proof of Lemma 5.3.We start with the proof of part 1: We may assume that
p = 0 sincef (x) is algebraic if and only iff (x + p) is algebraic. Moreover,
if f (x) is algebraic, then deg(f (x)) = deg(f (x + p)). Furthermore, sinceM
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is connected, we may assume thatM = D (if a holomorphic function onM
satisfies a polynomial identity on some non-empty open subset ofM then, by
analytic continuation, the identity holds on all ofM).

Letα1(x̃), ..., αd(x̃) be the roots ofg(x̃, xn) = 0 (counted with multiplicity).
By choosing a smaller polydiskD′

1 × · · ·D′
n−1 ⊆ D1 × · · ·Dn−1 (possibly

changing the center) wemay assume that theαi are all single valued holomorphic
functions ofx̃ ∈ D′

1× · · ·D′
n−1.

Equation (5.1) implies thatf dividesAk, which we may assume to be non-
zero (otherwisedivideboth sidesof (5.1) by theappropriate poweroff in order to
obtain a polynomial whoseAk term is non-zero). Sinceg dividesf we conclude
that thed roots ofg(x̃, xn) = 0, α1(x̃), ..., αd(x̃) (counted with multiplicity),
form a subset of the roots of

Ak(x̃, xn) =
k∑

r=0
cr(x̃)x

d−r
n = 0

After shrinking the polydisk further if necessary, we may assume thatc0(x̃) is
nowhere vanishing.

Now letA′(x̃, yn) = ck0A(x̃, yn/c0). ThenA′(x̃, yn) = A′(yn) is monic inyn

of degreek, and theα′i = c0αi all satisfyA′(yn) = 0. The lemma now implies
that the elementary symmetric polynomials in theα′i satisfy monic polynomials
of bounded degrees which implies that the elementary symmetric polynomials
in theαi satisfy non-zero (but not necessarily monic) polynomials of bounded
degrees. This proves that theBi(x̃) are algebraic of bounded degree. A similar
argument shows thatg andh are also algebraic of bounded degree, and part 1 of
Lemma 5.3 is proved.

Proof of Part 2.After multiplying both sides of
∑k

µ=0Bµ(x)f (x)k−µ = 0 by
the appropropriate polynomial, we may assume that theBµ are integral, that is,
they satisfy monic polynomials with coefficients in the ringR = C[x1, ..., xn].
Now letF(Y ) =∑µ BµY

µ, letK = C(x1, ..., xn), letK̄ be the algebraic closure
of K and letG be the Galois group of̄K overK. ThenG naturally acts on the
set of polynomials with coefficients in̄K. LetF1, ..., FN be the orbit ofF under
the action ofG. LetΦ(Y) =∏i Fi(Y ). ThenΦ(Y) ∈ K[Y ] and its coefficients
are integral overR. ThusΦ(Y) ∈ R[Y ]. Moreover, by part 1 of Lemma 5.3, the
coefficients ofΦ(Y) have degrees which are bounded in terms of the degrees of
theBµ andΦ(f (x)) = 0. This proves part 2 of Lemma 5.3.

To prove part 3, assume thatf satisfies equation (5.1). Thenf ◦ π satisfies
the equation

∑
µ Aµ(π(x))(f ◦π)(x)µ = 0. This is a polynomial with algebraic

coefficientswhosedegrees are bounded in termsof the degree off and the degree
of π . Thus, we may apply part 2 to conclude thatf ◦ π is algebraic and that
deg(f ) is bounded in terms ofdeg(f ) anddeg(π). This concludes the proof of
Lemma 5.3.



470 D.H. Phong, J. Sturm

Now the idea for the proof of Theorem 4 is as follows: We writef as a unit
times a Weierstrass polynomial. Lemma 5.3 allows us to apply induction to the
coefficients of the Weierstrass polynomial which reduces us, via Lemmas 5.1
and 5.2, to the case wheref is a polynomial with monomial coefficients. We
then perform a sequence of local blow-ups with smooth centers until we arrive
at a factorization off as a Weierstrass polynomial of lower degree, multiplied
by a monomial. Continuing in this fashion, until the degree of the Weierstrass
polynomial reduces to zero, we eventually see thatf can be written in local
coordinates as a monomial times a nowhere vanishing factor.

In order to give a precise description of the induction procedure described
above, we require some additional notation:

If g is a holomorphic function in an open neighborhood of a pointb ∈ Cn,
thenmultb(g) is the degree of the lowest order terms appearing in the Taylor
expansion ofg atb. Thusmultb(g) = 0 if and only ifg(b) �= 0.

LetN = {0,1,2, ...} be the set of natural numbers. Ifα = (α1, ..., αk) ∈ Nk,
then|α| = α1+ · · ·αk. If α, β ∈ Nk then we write

α ≤ β if and only if αi ≤ βi, 1≤ i ≤ k.

Let f : M → C be an algebraic function, whereM ⊆ C is open and
connected. Letπ : Bp → M be an algebraic map (i.e., all the components ofπ

arealgebraic),whereBp is anopenpolydisk centeredatp and letn,D,R,N ∈ N
with n > 0. We say thatπ is of typeT = (n,D,R,N) if f ◦ π andJac(π)

(the jacobian determinant ofπ ) can be factored as follows:

(f ◦ π)(x + p) = u(x)xξλ1(x)
µ1 · · · λr(x)

µr g(x),

Jac(π)(x + p) = v(x)xθλ1(x)
ν1 · · · λr(x)

νr (5.2)

where

(1) deg(f ◦ π) ≤ N and deg(π) ≤ N (that is, each component ofπ has degree
at mostN ).

(2) u andv are algebraic onB = {x ∈ Cn : x + p ∈ Bp}, and are uniformly
boundedbelow, that is, there existsc > 0 such that|u(x)| ≥ c and|v(x)| ≥ c

for all x ∈ B.
(3) xξ =∏n

h=1 x
ξh
h whereξ = (ξ1, ..., ξn) ∈ Nn (and similarly forxθ ).

(4) r is an integer such that 0≤ r ≤ R,µ = (µ1, .., µn) ∈ Nr , ν = (ν1, .., νn) ∈
Nr , λi(x) = xn + ai(x̃), i = 1, ..., r, with x̃ = (x1, ..., xn−1) and theai(x̃)

distinct non-zero algebraic functions.
(5) g is algebraic and supb∈B multb(g(x)) ≤ D. Let s ∈ N. Thenπ is of type

W = (n,D,R,N, s) if it is of type (n,D,R,N) and if, in addition to
conditions (1),(2),(3),(4) and (5), the following conditions hold:
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(6) For some integerd ≤ D,

g(x) = w(x)(xd
n +

d∑
j=2

cj (x̃)x
d−j
n ) (5.3)

with w algebraic and uniformly bounded below,cj (x̃) algebraic, and for
everyj such thatcj �= 0 we havecj (x̃)d!/j = vj (x̃)x̃

βj for someβj ∈ Nn−1
with vj (x̃) algebraic and uniformly bounded below.

(7) ai(x̃)
d! = ui(x̃)x̃

αi i = 1, ..., r for someαi ∈ Nn−1 whereui is algebraic
and uniformly bounded below.

(8) {αi, βj } is totally ordered, withαi ≤ αi+1 for all i, 1≤ i ≤ r − 1.
(9) | inf {αi, βj }| ≤ s

Remark 5.1.If f is of typeW = (n,D,R,N, s) and if ai(0) = cj (0) = 0 for
all i, j , then Lemma 5.3 implies that the values of|ξ |, |θ |, |αi | and|βi | are all
bounded in terms ofN .

Remark 5.2.The fact thatc1 = 0 in (5.3) implies thatmultb(g) ≤ d for all b
with equality if and only ifbn = 0 andmultb(cj (x̃)) ≥ j for all j .

Remark 5.3.If π is of typeT = (n,0,0, N) or of typeW = (n,0,0, N, s)

thenf ◦ π andJac(π) are monomials (up to a nowhere vanishing holomorphic
factor).

If T = (n,D,R,N) then we write|T | = n + D + R + N . Similarly, if
W = (n,D,R,N, s) then|W| = n+D + R +N + s.

Lemma 5.4. Assumef : M → C is an algebraic function onM ⊆ Cn, a
connected open set, and letπ : B → M be an algebraic map, whereB ⊆ Cn is
a centered open polydisk.

1. If π is of typeT = (n,D,R,N) and if q ∈ B is such thatqn �= 0 then for
every sufficiently small neighborhoodUq containingq, there is a polydiskBq

centered atq and an algebraic mapπq : Bq → Uq such thatπq(q) = q,
πq mapsBq biholomorhically onto its image, andπ ◦ πq |Bq

has typeT =
(n,D′, R′, N ′) satisfying the following: IfD �= 0 thenD′ < D . If D = 0
andR �= 0 thenD′ = 0 andR′ < R. Moreover,|T ′| is bounded above by a
constant which depends only on|T |.

2. If π is of typeT = (n,D,R,N) then there exists a locally finite covering of
B of the form{πj : Bj → B}, with theBj ⊆ Cn centered open polydisks,
and theπj algebraic such that for each integerj , π ◦ πj is of typeW =
(n,D′, R′, N ′, s ′) where |W| is bounded in terms of|T |. If D = 0 then
R′ = R.

3. If π is of typeW = (n,D,R,N, s)with s ≥ D! then there exists{πj : Bj →
B}, a locally finite covering, with theBj ⊆ Cn centered open polydisks, and
πj algebraic such that for everyj , π ◦ πj is of typeW ′ = (n,D′, R′, N ′, s ′)
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where(D′, R′, s ′) < (D,R, s) with respect to the lexicographic ordering,
and|W ′| is bounded in terms of|W|.
Before proving the lemmas, we first show how they can be used to prove

Theorem 4:

Proof of Theorem 4.Let f be an algebraic function on an open setM ⊆ Cn of
degreed0. As noted in the proof of Lemma 5.3, we observe thatf dividesA0(x)

and thus the multiplicity off at any point is bounded above by the degree off .
Thus, using Lemma 5.1 and Lemma 5.2, we can find a locally finite cover ofM

with the property that eachπ in the covering has typeT = (n, d0,0, d0), and
thusT depends only ond0 (andn, which is fixed).

Now by part (2) of Lemma 5.4, we may assume that eachπ has typeW =
(n,D,R,N, s) where|W| is bounded in terms of|T | (and hence in terms of
d0).

Thus we are led to make the following assertion:

Claim. Supposeπ : B → M is an algebraic map of typeW = (n,D,R,N, s).
Then there exists a locally finite algebraic covering{πj : Bj → B} such that for
everyj we have:π ◦ πj is of type(n,0,0, N ′) whereN ′ depends only onW.

Note that in view of Lemma 5.3, the claim immediately implies parts (1), (2)
and (3) of Theorem 4. Part (4) (which is not needed in this paper) will follow
from the construction ofπi .

We prove the claim arguing by induction on the triple(n,D,R) (with respect
to the lexicographic ordering). Since the assertion is clear in the casen = 1, we
shall assumen > 1. We may also assume in equation (5.3) thatd = D, and that
in equation (5.2) we haver = R.

Bypart (3)of Lemma5.4,wemayassume thatπ has typeW=(n,D,R,N, s)

with s < D!. This means thatf ◦π has a factorization (5.2) satifying conditions
(1) through (9) with eitherαi = 0 for somei ormult0(cj (x̃)) < j for somej .
The fact thatB is centered implies thatp = 0.

Caseαi = 0
Without loss of generality we may assume thati = 1. To complete the inductive
step, wemust prove the following claim:B has a locally finite coverπj : Bj → B

by algebraic maps such that for eachj , π ◦πj has typeW ′ = (n,D′, R′, N ′, s ′)
whereW ′ depends only onW and whereD′ < D orD = D′ andR′ < R.

Lemmas 5.1 and 5.2 imply that we can replaceB by the elements in some
basis of the open sets ofB. Part 1 of Lemma 5.4 shows that the claim is true
for some basis of the open sets of{q ∈ B : qn �= 0}. Thus is suffices to show
that for every pointq ∈ B with qn = 0, the claim is true for the functionf |Bq

for all sufficiently small polydisks centered atq. But for such aq the factor
λ1(x) does not vanish atx = q, which means that on every sufficiently small
polydisk centered atq, in the factorization (5.2) the factoru(x)may be replaced
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by u(x)λ1(x)
µ1. Thus on that polydisk,π has typeW ′ = (n,D,R − 1, N, s ′)

whereW ′ depends only onW (in this caseπj is the identity).

Case:mult0(cj (x̃)) < j for somej
Remark 5.2 impliesmultb(g(x)) < D for all b ∈ B. Thusπ has typeT =
(n,D − 1, R,N). Using part 2 of Lemma 5.4 we may assume thatπ has type
W ′ = (n,D − 1, R′, N ′, s ′) whereW ′ depends only onW.

This completes the inductive step and shows that Theorem 4 follows from
Lemmas 5.1, 5.2, 5.3 and 5.4. Q.E.D.

Proof of Lemma 5.4.This lemma is essentially proved in [BM89]. We shall
reproduce their proof, making the necessary modifications, and keeping track of
the exponents in order to obtain the desired bounds.

We start with part 1): Letq ∈ B such thatqn �= 0. If D > 0, then, by
remark 5.2, we conclude that forBq sufficiently small,π |Bq

has typeT =
(n,D − 1, R,N). Thus we may assume thatD = 0. Note thatD = 0 implies
thatg = 1.

If λ1(x) = xn+a1(x̃) does not vanish atx = q, then, after possibly shrinking
the radius ofBq , we may further assume that|λ1(x)| is bounded below by a
positive constant, and thus, replacingu by uλ

µ1
1 , we see thatf has typeT =

(n,0, R − 1, N).
If λ1(x) = xn + a1(x̃) does vanish atx = q, then we can replacexn by λ1

thus reducingR toR − 1. To be precise, defineπq(y1, ..., yn) = (x1, ..., xn) by
the formula:xn = yn−a1(ỹ)−qn andxi = yi for i < n. Thenπq : Bq → B for
sufficiently small polydisksBq , centered atq andπq(q) = q. We easily see that
πq is an algebraic map and is a homeomorphism ofBq onto its image. Moreover
we have factorizations:

f ((π ◦ πq)(y + q)) = u′(y)yξ ′λ′2(y)
µ2 · · · λ′r (y)µr

J (π ◦ πq)(y + q) = v′(y)yθ ′λ′2(y)
ν2 · · · λ′r (y)νr

where:
u′(y) = u(πq(y + q))

∏
{1≤h≤n−1:qh �=0}

(yh + qh)
ξh

yξ ′ =

 ∏
{1≤h≤n−1:qh=0}

(yh)
ξh


 yµ1

n

λ′j (y) = (yn − a1(ỹ + q̃)+ aj (ỹ + q̃)) for 2≤ j ≤ r

with similar formulas forv′(y) andyθ ′ . Lemma 5.3 now implies that(π ◦ πq)

has typeT ′ = (n,0, R − 1, N ′) whereT ′ depends only onT . This completes
the proof of part (1).
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Now we prove part (2): Assumef is of typeT = (n,D,R,N). Let q ∈ B

and letx = y + q. Then (5.2) becomes:

(f ◦ π)(y + q) = u(y + q)

n∏
i=1

(yi + qi)
ξi

r∏
i=1

(yn + a′i(ỹ))
µi g′(y)

Jac(π)(y + q) = v(y + q)

n∏
i=1

(yi + qi)
θi

r∏
i=1

(yn + a′i(ỹ))
νi (5.4)

for y ∈ B ′, a sufficiently small ball centered at 0. Here we seta′i(ỹ) = qn +
ai(ỹ + q̃) andg′(y) = g(y + q).

Let λ′i(y) = yn + a′i(ỹ) and order theλ
′
i in such a way thatλ

′
i(0) �= 0 if and

only if i > r ′. Let u′(y) = u(y + q)
∏

qi �=0(yi + qi)
ξi
∏

i>r ′ λ
′
i(y) and similarly

for v′(y). Then

(f ◦ π)(y + q) = u′(y)ỹξ ′
r ′∏

i=1
λ′i(y)

µi g′(y)

whereξ ′i = ξi if qi = 0 andξ ′i = 0 otherwise.
Let ρ : Cn → Cn be a generic rotation. Thenρ : B ′′ → B ′ for B ′′ a suffi-

ciently small centered polydisk. TheWeierstrass Preparation Theorem implies

g′(ρ(z)) = w0(z)


zdn +

d∑
j=1

bj (z̃)z
d−j
n


 , andλ′i(ρ(z)) = wi(z)(zn+a′′i (z))

(5.5)
for z ∈ B ′′ (possibly after shrinkingB ′′ further). Here thewi(z) are nowhere
vanishingholomorphic functions,bj (z̃) is holomorphicandsatisfiesmult0bj ≥ j ,
a′′i (z̃) is holomorphic anda

′′
i (0) = 0.

Lemma 5.3 implies thebj and a′′i are algebraic with degrees which are
bounded in terms ofT . Equation (5.4) now becomes:

(f ◦ π)(ρ(z)+ q) = u′′(z)
r ′′∏
i=1

(zn + a′′i (z̃))
µ′′i p(z)

wherer ′′ = r ′ +n andp(z) is theWeierstrass polynomial which appears in (5.5)
andu′′ is nowhere vanishing and bounded away from zero. Hereµ′′i = µi if
i ≤ r ′ andµ′′i = ξ ′i−r ′ if r

′ < i ≤ r ′′. The function(Jac(π))(ρ(z) + q) has a
similar expression -u′′ is replaced withv′′,µ′′i is replaced withν

′′
i and the factor

p(z) is omitted.
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Let τ(w) = (w1, ..., wn−1, wn − b1(w̃)/d). Thenτ : B ′′′ → B ′′ whereB ′′′
is a sufficiently small ball centered at 0. Letπq(w) = ρ(τ(w))+ q. Then

(f ◦ (π ◦ πq))(w) = u′′′(w)

r ′∏
i=1

(wn + a′′′i (w̃))µ
′′
i p′(w)

J (π ◦ πq))(w) = v′′′(w)

r ′∏
i=1

(wn + a′′′i (w̃))ν
′′
i

wherep′(w) = wd
n +

∑d
i=2 cj (w̃)wd−j andu′′′(w), v′′′(w) are bounded away

from zero.
Lemma 5.3 implies that thecj and thea′′′i are algebraic with degrees bounded

in terms ofT . Lemma 5.1 implies that a subset of the collection ofπq : B ′′′ → B

obtained in this fashion forms a locally finite cover ofB.
Now leth(x̃) denote the product of all the non-zero functions in the following

list, andall of their non-zerodifferences :(a′′′i )d!, cd!/jj . Thedegreeofh is bounded
in terms ofT .

Now h(x̃) is an algebraic function ofn − 1 variables, so, by induction, the
conclusion of the theorem applies: After passing to a locally finite cover, the
a′′′i and thecj are monomials (up to multiplication by a unit) whose degrees are
bounded in terms ofT . To show thatf is of typeW, it only remains to verify that
condition (8) holds. But this is guaranteed by the following lemma of Bierstone
and Milman:

Lemma 5.5. ([BM89], Lemma 3.4).Let z = (z1, ..., zn). Letα, β ∈ Nn and let
a(z), b(z), c(z) be formal power series with non-zero constant terms. If

a(z)zα − b(z)zβ = c(z)zγ

then eitherα ≤ β or β ≤ α.

The proof of part 2 of Lemma 5.4 is complete.
Nextweprovepart 3of Lemma5.4.Assumeπ is of typeW = (n,D,R,N, s)

with s > D!. For eachq ∈ B let Bq(r) = ∏n
i=1{z ∈ Cn; |zi − qi | < r} ⊆ B.

Parts 1 and 2 of Lemma 5.4, imply that forr sufficiently small:

1. If qn �= 0 andD > 0 thenBq(r) has a locally finite coveringπi : Bi → Bq(r)

such thatπ ◦ πi is of typeW ′ = (n,D − 1, R′, N ′, s ′) with W ′ depending
only onW.

2. If qn �= 0 andD = 0 andR > 0 thenBq(r) has a locally finite covering
πi : Bi → Bq(r) such thatπ ◦πi is of typeW ′ = (n,0, R−1, N ′, s ′) where
W ′ depends only onW.

3. If qn = 0 thenπ |Bq(r) has typeW = (n,D(q), R(q),N, s), whereD(q) =
multq(g) andR(q) = |{i : λi(q) = 0}|.
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Lemma 5.1 now implies that there is a subsetA ⊆ B and real numbers
r(q) > 0 for q ∈ A such that{Bq(r(q)/2) : q ∈ A} forms a locally finite cover
of B and such thatBq(r(q)) satisfies 1 or 2 or 3 for everyq ∈ A. We may also
assume that ther(q) are chosen in such a way thatλi(q) �= 0 impliesλi(x) �= 0
for all x ∈ Bq(r(q)).

Observe that{Bq(r(q)) : q ∈ A} must also form a locally finite cover ofB.
We shall writeBq = Bq(r(q)) andB ′q = Bq(r(q)/2)

If q ∈ A such thatqn �= 0, then, using (1) and (2) we see thatπ |B ′q satisfies
the conclusion of part 3 of Lemma 5.4.

Now letq ∈ A be such thatqn = 0. Ifmultq(g) < D or if λi(q) �= 0 for some
i, then part 2 of Lemma 5.4 implies thatf |Bq(r) has typeW = (n,D′, R′, N ′, s ′)
with (D′, R′) < (D,R) and hence it satisfies the conclusion of part 3 of Lemma
5.4.

Thus we letq ∈ A be such thatqn = 0,multq(g) = D andλi(q) = 0 for all
i. We shall prove the following:

Claim. There exists a finite collection of algebraic maps,{πj : Bj → Bq}
(obtained by blowing up a certain subvariety) such that for everyj we have:Bj

is a centered polydisk,πj is algebraic,π ◦πj is of typeW ′ = (n,D,R,N ′, s−1)
whereW ′ depends only onW andB ′q ⊆ ∪jπj (Bj ).

Together with Lemma 5.2, the claim implies part 3 of Lemma 5.4. We give
now its proof.

After making the change of variablesx �→ x + q, we may assume that
q = 0. Sinceq is fixed, we shall simply writeB = Bq andB ′ = B ′q . Let σ =
(σ1, ..., σn−1) be the smallest element of{αi, βj } (which exists by assumption
(8)). Then|σ | ≥ d! (sinces ≥ D! ≥ d!).

Let I ⊆ {1, ..., n− 1} such that∑l∈I σl ≥ d! with I minimal. Thus we have

0 ≤
(∑

l∈I
σl

)
− d! < σk (5.6)

for all k ∈ I . LetZI = {x ∈ Cn : xn = 0andxk = 0, k ∈ I }.Wewish toconsider
π : Y → Cn, the blow up ofCn with centerZI : In order to explain what this
means, we list some properties ofπ : Y → Cn which uniquely characterize it,
and then explain how these properties can be used to constructπ : Y → Cn.

1. Y is a complex manifold of dimensionn andp : Y → Cn is a holomorphic
map.

2. The mapp : Y\p−1(ZI )→ Cn\ZI is a biholomorphic map.
3. Y is covered by|I | + 1 coordinate charts

Y = ∪k∈I∪{n}Y (k)

with biholomorphic coordinate functionsφk : Y (k) ≈ Cn: φk(y) = (y
(k)
1 (x),

..., y(k)
n (x)).
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4. The mapπk = p|Y (k) : Y (k) → Cn is given, in local coordinates, by the
following formulas:(x1, ..., xn) = πk(y

(k)
1 (x), ..., y(k)

n (x)) where, fork = n,

xi = y
(n)
i y(n)

n for i ∈ I ; xi = y
(n)
i for i /∈ I .

and fork ∈ I :

xn = y(k)
n y

(k)
k ; xl = y

(k)
l y

(k)
k , l ∈ I, l �= k; xk = y

(k)
k ; xl = y

(k)
l , l /∈ I∪{n} .

NowY can be constructed as follows: It is the disjoint union of|I |+1 copies
of Cn modulo the equivalence relation forced by property 4.

Let Ỹ = p−1(B) and, by abuse of notation, denote byπk the restriction ofp
to Ỹk = Ỹ ∩ Yk.

Next we shall computef ◦ (π ◦πk) for eachk ∈ I ∪ {n}. We shall show that
for eachk ∈ I , π ◦ πk has typeW ′ = (n,D,R,N ′, s − 1) on every polydisk
E ⊆ Ỹk centered at the origin, whereW ′ depends only onW. Moreover, we
shall computef ◦ (π ◦ πn) and shall show that for each pointq ∈ V = {q ∈
Yn : q(n)

l = 0 for all l ∈ I }, there is an open centered polydiskE ⊆ Ỹn on which
π ◦ πn has typeW ′ = (n,D,R,N ′, s − 1) whereW ′ depends only onW. This
will complete the proof of part 2 of Lemma 5.4 since, as one easily checks, a
finite collection of theE obtained in this way has the property∪

E
p(E) ⊃ B ′.

We start with the casek = n: Then Ỹn has coordinates(y1, ..., yn) (where
we suppress the superscripts in order to ease notation) and in these coordinates,
x = πn(y) is given by the following formulas:

xn = yn; xk = ykyn for k ∈ I ; xk = yk for k /∈ I .

Making these substitutions in (5.2) we obtain:

x̃ξ ◦ π = ỹξ y
∑

i∈I ξi
n ; λi ◦ π = yn + uiỹ

αi/d!y
∑

l∈I αil/d!
n = yn u′i(y)

whereu′i does not vanish in an open neighborhood of the setV = {y : yi =
0, i ∈ I }. Here we are using the fact thatỹαi/d! vanishes onV which follows
from the inequality

∑
l∈I αil/d! ≥ 1 (which in turn follows from the assumption

thatσ is minimal).
We also obtain:

(g ◦ π)(y) = yd
n +

d∑
j=1

uj ỹ
βj j/d!y

∑
l∈I jβjl/d!

n yd−j
n = yd

nu
′′(y) .

whereu′′ does not vanish in an open neighborhood of the setV . Here we are
using the fact that

∑
l∈I βjl ≥ d! which in turn follows from the fact thatσ is

minimal . Thus we conclude that in a neighborhood ofV , f ◦ πn is a unit times
a monomial whose degree is bounded by|ξ | + |ξ | + |µ| + d.
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Now we considerf ◦ (π ◦ πk) with k ∈ I . In this caseπk is given, in local
coordinates, by the following formulas:

xn = ynyk; xl = ylyk, l ∈ I, l �= k; xk = yk; xl = yl, l /∈ I ∪ {n} .

Making these substitutions in (5.2) we obtain:

x̃ξ ◦ π = ỹξ y

∑
l∈I,l �=k ξl

k ; λi ◦ π = ynyk + uiy
αi1/d!
1 · · · y

∑
l∈I αil/d!

k · · · yαi,n−1/d!
n−1

Thusλi◦πk = yk(yn+uiỹ
α′i )whereα′il = αil for l �= k andα′ik = (

∑
l∈I αil−d!).

Finally,

g ◦ πk(y) = yd
ny

d
k +

d∑
j=1

vjy
βj1j/d!
1 · · · y

∑
l∈I βjlj/d!

k · · · yβj,n−1j/d!
n−1 y

d−j

k yd−j
n =

yd
k


yd

n +
d∑

j=1
[vj ỹβ ′j j/d!]yd−j

n




whereβ ′j l = βjk if l �= k andβ ′jk =
∑

l∈I βjl − d!. Thus we see thatf ◦ (π ◦πk)

has a factorization similar to (5.2), satisfying conditions (1) through (9), but with
αi replacedα′i , βj replaced byβ

′
j , ξ replaced byξ

′ where|ξ ′| is bounded in terms
of W, ands replaced bys − 1 (by virtue of (5.6)).

It remains to check thatJ (π ◦ πk) has the factorization dictated by equation
(5.2) and conditions (1) through (9) which follow, but the argument is similar to
that given above, only simpler, so we omit it. Q.E.D.

We come now to the proof of Lemmas 5.1 and 5.2.

Proof of Lemma 5.1.

Claim. LetM = ∪α∈AUα be an open cover. Then there existsA′ ⊆ A, with A′
countable and{Uα : α ∈ A′} an open cover.
Proof of Claim.Let {Oi}i∈N be a countable base for the topology ofM. Choose
αi as follows: For eachi, letαi be such thatOi ⊆ Vαi

, if such anαi exists. Then
the {Vαi

} still cover: If p ∈ M thenp ∈ Vα for someα, sop ∈ Oi ∈ Vα for
somei, sop ∈ Vαi

.

Claim. There exists an open coveringM = ∪∞i=1Bi with Bi ⊆ Bi+1 andBi

compact.

Proof of Claim. For everyp ∈ M let φp : Up → Vp ⊆ Cn be a coordinate
chart centered atp. Let V (1)

p ⊆ V (2)
p ⊆ V (3)

p ⊆ Vp be balls of different radii
centered atφ(p) and letCp = φ−1p (V (1)

p ) andDp = φ−1p (V (2)
p ). Then{Cp} is an

open cover ofM, Cp is compact,Dp is compact andCp ⊆ Dp. Let {Cpi
} be a

countable subcover of{Cp} (which exists, by the previous claim). Nowwe define
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Bi inductively as follows: AssumeBi has been chosen. ThenBi ⊆ ∪i≤ni
Ci for

someni . Then we letBi+1 = ∪i≤ni
Di .

Now we prove Lemma 5.1: For everyp ∈ Bi\Bi−1 chooseα = α(p) such
thatUα ⊆ Bi+1\Bi−2. Then theUα cover the compact setBi\Bi−1 and thus we
can select a finite subcover:Bi\Bi−1 = ∪α∈Ai

Uα, whereAi is a finite set of
indices. Now letA′ = ∪Ai . ThenM = ∪α∈A′Uα is a countable, locally finite
subcover.

Proof of Lemma 5.2.

Step 1.LetM be amanifold and letU be an l.f.r.c. open cover ofM. This means
thatU is a collection of open subsets ofM such that

a) M = ∪U∈U U .
b) U ⊆ M is compact for allU ∈ U .
c) If K ⊆ M is compact thenK ∩ U = ∅ for all but finitely manyU ∈ U .

Then we claim that there is a l.f.r.c open coverV such that for everyV ∈ V
there exists aU ∈ U such thatV ⊆ U .

To see this we fixU ∈ U . Then, for everyx ∈ ∂U there existsVx , an open set
containingx, with V x ⊆ U ′ for someU ′ ∈ U . Choose an open setWx such that
x ∈ Wx ⊆ Wx ⊆ Vx . By compactness, there exists and integern = n(U) and
pointsx1, ..., xn ∈ ∂U such that∂U ⊆ ∪n

i=1Wxi . LetVo(U) = U\ ∪n
i=1Wxi and

Vi(U) = Vxi for i = 1,2, ..., n(U). Finally, letV = {Vo(U), V1(U), ..., Vn(U) :
U ∈ U}. We wish to show thatV satisfies properties a),b) and c) above.

First, a) is clear sinceU ⊆ ∪ Vk(U) for everyU ∈ U . And b) is clear as
well since for everyk andU , Vk(U) ⊆ U ′ for someU ′ andU ′

is assumed to be
compact.

Thus we need to verify c). We note that forU ∈ U fixed, that

{U ′ ∈ U : U ∩ U ′ �= ∅} is finite. (5.7)

In fact, by the locally finite property forU , {U ′ ∈ U : U ∩ U ′ �= ∅} is finite.
Next we observe that forU ∈ U fixed,

{V ∈ V : V ⊆ U} is finite. (5.8)

This follows since everyV is of the formV = Vk(U
′) for someU ′ ∈ U ,

1 ≤ k ≤ n(U ′). If V ⊆ U thenVk(U
′) ⊆ U which implies thatU ∩ U ′ �= ∅.

Hence (5.8) follows from (5.7).
Now letK ⊆ M be compact. We know that

{U ∈ U : U ∩K �= ∅} is finite (5.9)

by virtue of the locally finite property ofU . Now if V ∈ V andV ∩K �= ∅, then
there existsU ⊇ V with U ∈ U such thatU ∩ K �= ∅. Combining (5.8) and
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(5.8) we see that{V ∈ V : V ∩K �= ∅} is finite. This completes the verification
of (c).

Step 2.Suppose thatπi(Mi) is subordinate toU = {Ui}i∈I . ChooseV as in step
one and letV ∈ V . ThenV compact impliesV = ∪ πi(Ki(V ))whereKi(V ) ⊆
Mi is compact and the union is finite. Fixi. Then we claim thatKi(V ) �= ∅ for
all but finitely manyV ∈ V: Indeed, ifKi(V ) �= ∅ thenπi(Ki(V )) �= ∅ which
implies thatV ∩Ui �= ∅ and thusV ∩Ui �= ∅which impliesV ∩Ui �= ∅, which
occurs for at most a finite number ofV . LetCi = ∪V∈VKi(V )withKi(V ) ⊆ Mi

compact. This is a finite union soCi ⊆ Mi is compact. Hence, for eachi there
is a finite setJ = J (i) and compact setKij ⊆ Mij for i ∈ I andj ∈ J (i) such
thatCi = ∪j∈J (i)πij (Kij ).

Step 3.We claim that{πi ◦πij : Mij → Mi : i ∈ I, j ∈ J (i)} is an l.f.r.c. cover
of M: Note thatπi ◦ πij (Mij ) ⊆ πi(Mi) ⊆ Ui . Thus we letU∗ = {Uij : i ∈
I, j ∈ J (i)} be the family of open sets defined byUij = Ui . ThenU∗ is an l.f.r.c
cover ofM by open sets (sinceU is and sinceJ (i) is finite) andπi ◦ πij (Mij ) is
subordinate toU∗.

Now letK ⊆ M becompact.ThenK = ∪V∈V(K∩V ) is a finite union.On the
other hand,V = ∪πi(Ki(V )) soV ∩K = ∪i πi(Ki(V ))∩K = ∪iπi(K̃i(V )) for
some compact̃Ki(V ) ⊆ Ki(V ) ⊆ Ci . ButCi = ∪j∈J (i) πi(Kij ) which implies
K̃ij = ∪ πij (K̃ij (V )) for someK̃ij (V ) ⊆ Mij . ThusV ∩K = ∪iπi(K̃i(V )) =
∪i ∪j∈J (i) πiπij (K̃ij (V )) and thusK = ∪V ∪i ∪j∈J (i) πiπij (K̃ij (V )) with
K̃ij (V )) ⊆ Mij compact.

6. Examples of global instability

Let δ > 0 andf ∈ C[z1, ..., zn; t] be a polynomial inn + 1 variables. For
B ⊆ Cn andt ∈ C define

I (t) =
∫
B

|f (z, t)|−δ dV1 · · · dVn (6.1)

The integral defined by (6.1) is locally stable, that is, ifB is a compact domain,
we know, from [PS1] or [DK], thatI (t) is continuous. In this section we provide
examples showing that global stability fails.

One-dimensional examples
Consider the following integrals

I (t) =
∫
C

1

|(1− tz)M
∏N

j=1(z− αj )|δ
dV .

with αj �= αk for j �= k, 0 < δ < 2, δN > 2, andMδ > 2. Whent = 0,
the only finite zeroes of the denominator are simple zeroes atαj , and hence the
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integral converges there sinceδ < 2. At z = ∞, the integral converges since
δN > 2. ThusI (0) is finite. On the other hand, fort �= 0, the denominator has
an additional finite zero atz = t−1, andI (t) = ∞ sinceMδ > 2. Thus we have

I (t) <∞ if and only if t = 0 . (6.2)

We observe however that more restricted forms of stability may hold in one
dimension. For example, consider a holomorphic familyf (z, t) of the form

f (z, t) = zN + a1(t)z
N−1+ · · · + aN(t)

wheret ∈ CK is a small parameter, andaj (t), 1 ≤ j ≤ N , are holomorphic
functions oft . Then it is easy to see that∫

C
|f (z,0)|−δdV <∞⇒

∫
C
|f (z, t)|−δdV <∞

for |t | small enough. Indeed, consider the region of integration|z| > A, and
write∫

|z|>A

|f (z, t)|−δdV (z) =
∫
|w|<A−1

|w|Nδ−4

|1+ a1(t)w + · · · + aN(t)wN |δ dV (w).

Let P be the largest indexj with aj (0) �= 0. Then the Weierstrass Preparation
Theorem with parameters (see e.g. [PSS1], p. 543) shows that we may write

1+ a1(t)w + · · · + aN(t)wN = u(w, t)

(
wP +

P−1∑
k=0

bP−k(t)w
k

)

for |t |, |w| < ε, whereu(w, t), bP−k(t) are holomorphic functions,|u(w, t)| is
boundedaway from0, andε is somepositivenumber.Shrinkingε further,wemay
also assume that the polynomialwP +∑P−1

k=0 bP−k(t)w
k does not vanish forw =

0. Choose nowAwithA > ε−1. Then the finiteness of the integral of|f (z,0)|−δ

over the region|z| > A−1 meansNδ > 2 and that the zeroes of the polynomial
wP + ∑P−1

k=0 bP−k(0)wk have maximum multiplicitym(0) with m(0)δ < 2.
Since multiplicities are non-increasing under perturbations, it follows that the
maximum multiplicitym(t) of wP +∑P−1

k=0 bP−k(t)w
k still satisfiesm(t)δ < 2.

This implies that
∫
|z|>A

|f (z, t)|−δdV (z) <∞. Since
∫
|z|≤A

|f (z, t)|−δdV (z) <

∞ for |t | small enough by the local result on stability, the desired result follows.
Two-dimensional examples
In two-dimensions, perturbations which may appear harmless in view of the
previousone-dimensional result can still cause instability.Consider the following
integrals

Ĩ (t) =
∫
C2

1

|z1− t |4+ |z1z2− 1|4 ·
dV1dV2

1+ |z1|6+ |z2|6+ |z1z2|6 (6.3)
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Claim. Ĩ (t) <∞ if and only if t = 0.

Proof of Claim.Assume first thatt �= 0. Then the denominator of the integrand
in (6.3) vanishes at the point(t,1/t). The fact thatĨ (t) = ∞ thus follows from
the equation∫

B

(|x1| + |x2| + |x3| + |x4|)−4 dx1dx2dx3dx4 = ∞

whereB ⊆ R4 is any open set containing the origin.
Now assume thatt = 0. ForJ ⊆ {1,2} we let

DJ = {z = (z1, z2) ∈ C2 : |zj | > 1 if and only if j ∈ J } ,
and we letD = D∅. ThenC2 = ∪JDJ is a disjoint union, so, corresponding
to this decomposition, we can writẽI (0) = ∑

J ĨJ . We must now verify that
ĨJ <∞ for all J .

WhenJ = ∅ we clearly haveĨJ < ∞ since the integral of a continuous
function of a compact domain is finite.

WhenJ = {1} then, upon making the change of variablesz1 �→ z−11 , we
obtain:

Ĩ{1} =
∫
D

|z81|
1+ |z1− z2|4 dµ (6.4)

wheredµ = (1+ |z1|6+ |z2|6+ |z1z2|6)−1dV1dV2. We see that̃I{1} <∞ since
the denominator of (6.4) never vanishes.

WhenJ = {2} then, upon making the change of variablesz2 �→ z−12 , we
obtain:

Ĩ{2} =
∫
D

|z82|
|z1z2|4+ |z2− z1|4 dµ

Now the identityz22 = z1z2+ z2(z2− z1) implies that|z2|8 ≤ 16(|z1z2|4+ |z1−
z2|4) provided(z1, z2) ∈ D. This shows that̃I{2} is finite.

Finally, whenJ = {1,2} then making the change of variablesz1 �→ z−11 and
z2 �→ z−12 , we obtain:

Ĩ{1,2} =
∫
D

|z1z2|8
|z2|4+ |1− z1z2|4 dµ

which is finite since the denominator never vanishes. This finishes the proof of
the Claim.

The preceding example can be considered as an example of instability of
the finiteness of integrals of the form

∫
C ||f (z, t)||−δdV (z), wheref (z, t) is a

vector-valued polynomial. To get scalar examples (and integrals of the formI (t)

rather thanĨ (t)), we proceed as follows.
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Observe that the product of the denominators appearing in (6.3) is a sum of eight
terms. LettingQ1, ...,Q8 be the squares of those eight terms, we obtain

Ĩ (t) =
∫
C2

1∑8
k=1 |Qk(z, t)|1/2

dV1dV2

By Lemma 4.9 of [PS1], we can findζ1, ..., ζ8 ∈ C such that|ζi | = 1 for all i
with the property:∫

C2

1

|∑8
k=1 ζkQk(z,0)|1/2

dV1dV2 < ∞ . (6.5)

Thus we letf (z, t) =∑8
k=1 ζkQk(z, t) and

I (t) =
∫
C2
|f (z, t)|−1/2 dV1dV2 .

Then (6.5) together with the Claim implies that (6.2) is satisfied.
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