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Notes on Cheeger-Ebin

We summarize some of the ideas from the book by Cheeger-Ebin. The book is so well
written that we wonÕt reproduce the proofs. But we want to give some of the highlights,
and make some comments along the way.

Throughout this note, ( M, g) is a riemannian manifold with riemannian connnection ! .
Thus, if U " M is an open set,p # U, and X are smooth vector Þelds onU, and if t # M p,
then ! t X # M p. If T is a smooth vector Þeld onU, then ! T X is also smooth onU.

¤1.Vector Þelds along a smooth map.

If ! : ÷M $ M is a smooth map, then! ! TM is a vector bundle on ÷M . A section of ! ! TM
over an open set÷U " ÷M is a smooth assignment to each ÷x # ÷U a vector W (÷x) # M x where
x = ! (÷x). We sometimes say thatW is a vector Þeld along! . Smooth means that for
every smooth function f in a neighborhood ofx0 = ! (÷x0), that ( W (÷x)f )(x) is a smooth
function in a neighborhood of ÷x0. In other words, if { Ei } is a frame Þeld ofTM in a
neighborhood ofx0, then we can write W (÷x) uniquely as

W (÷x) =
!

÷f i (÷x)Ei (x)

where x = ! (÷x) and ÷f i are smooth functions on ÷M in a neighborhood of ÷x0.

Suppose÷V is a smooth vector Þeld on ÷M . Then W = ! ! ÷V = d! ( ÷V ) is vector Þeld along! .
Sometimes, we will abuse notation and just writeW = ÷V .

We deÞne÷! = ! ! ! a connection on! ! TM deÞned by requiring:

÷! ÷t (!
! X ) = ! ! ! ÷t (X )

for all smooth vector ÞeldsX on M and all tangent vectors T of ÷M . Since the sections of
! ! TM are spanned by sections of the form! ! X , this uniquely deÞnes÷! .

Another way of deÞning ÷! is as follows: LetW = W (÷x) =
" ÷f i (÷x)Ei (x) be a section of

! ! TM over an open set÷U " ÷M . Then we deÞne÷! as follows:

÷! ÷t W =
n!

i =1

#
(÷tf i )(÷x)Ei (x) + f i (÷x)( ! t Ei )(x)

$
(1.1)

where t = ! ! ÷t = d! (÷t).

The two important properties which get used over and over again are:

÷v%W1, W2& = %÷! ÷v W1, W2&+ %W1, ÷! ÷v W2& (1.2)

÷! ÷V1
( ÷V2) ' ÷! ÷V1

( ÷V2) = [ ÷V1, ÷V2] (1.3)

where, in the second equation, we really should write÷! ÷V1
(d! ÷V2)' ÷! ÷V1

(d! ÷V2) = d! [ ÷V1, ÷V2].
Both properties immediately follow from (1.1).
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One common application of the machinery above is in the following situation: Letc :
[a, b] $ M be a smooth curve, letT = "

" t be the canonical vector Þeld on [a, b]. The Þeld
T is called the tangent vector Þeld alongc. Let X be another vector Þeld alongc. Thus
X may be the restriction of a vector Þeld onM to the image of c. But we also allow the
more general situation whereX is a vector Þled alongc and thus, for example, we may
have c(t1) = c(t2) = x but X (t1), X (t2) # M x may not be equal. Then ! T X is a vector
Þeld alongc.

¤2. Variations of a smooth curve.

More generally, we can consider a variation of a smooth curve. This is the key concept in
all that follows. Let M be a riemannian manifold and let c : [a, b] $ M be smooth curve.
A smooth variation of c is a smooth map

" : [a, b] ( (' #, #) '$ M

with the property that " (t, 0) = c(t). We say " is a piecewise smooth variation of" is
continuous and if there exista = t0 < t 1 < á á á< t n = b such that " |[t i , t i +1 ] ( (' #, #) $ M
is smooth for all i . The ßexibility of allowing variations which are only piecewise smooth
will be very important in later applications.

Now, on the rectangleR = [ a, b] ( (' #, #) we have two canonical vector Þelds: The Þrst
is T = "

" t and the second isV = "
" s . The vector Þeld V is called the variation Þeld.

It gives us a continuous piecewise smooth vector Þeld along" More precisely, if (t, s) #
[t i , t i +1 ] ( (' #, #), then

V(t, s) =
$
$s

" (t, s)

Conversely, if V is any piecewise smooth vector Þeld alongc, then V arises from some
variation: In fact, for su ! ciently small s, the variation ( t, s) )$ exp(c0(t))( sV(t)) will
su! ce.

A simple, but important property of any smooth variation Þeld is the rule: ! T V = ! V T.
This follows immediatel from (1.3).

Let " : [a, b] ( (' #, #) be a continuous, piecewise smooth variation of a smooth curvec.
Assume that c has constant speed. Then we claim

d
ds

L(cs)
%
%
s=0 =

1
l

&

%V, T&|ba '
' b

a
%V,! T T&dt

(

where L(cs) is the length of the curve cs(t) = " (t, s). It su ! ces to proof this for smooth
variations:

d
ds

L(cs) =
d
ds

' b

a
%c"

s(t), c"
s(t)&1/ 2 dt =

' b

a
V%T, T&1/ 2 dt =

1
2

' b

a
%T, T&# 1/ 2V%T, T&dt

=
' b

a
%T, T&# 1/ 2%!V T, T&dt =

' b

a
%T, T&# 1/ 2%!T V, T&dt
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Thus
d
ds

L(cs)
%
%
s=0 =

1
l

' b

a
T%V, T& ' %V,! T T&dt

and this proves the formula.

The Þrst variation formula shows that the eqation of a geodesic is! T T = 0.

¤3. The exponential map.

The exponential map expp : M p $ M is deÞned by expp(v) = %v (1) where %v : [0, 1] $ M
is the geodesic whose inital conditions are%v (0) = p and %"

v (0) = v. We have the simple
but basic formula:

%v (st) = %sv (t)

for any s * 0. In particular, expp(tv) = %v (t).

If V is any vector space, and ifw # V is any vector, then we have a canonical identiÞcation
of V with the tangent space of V at the point w, that is V = Vw . The identiÞcation is
made as follows: Letv # V , and let f be a smooth function deÞned in a neihborhood of
w # V . DeÞne ÷v(f ) = d

dt |t =0 f (w + tv). Then the map v )$ ÷v given the identiÞcation of V
with Vw .

We claim dexpp(0) : (M p)0 $ M p is the identity map (where we identify (M p)0 with M p).
This can be seen as follows:

[dexpp(0)](v) =
d
dt

%
%
t =0 expp(tv) = %"

v (0) = v

Thus expp maps an open neighborhood of the origin di" eomorhically onto an open neigh-
borhood of p.

Let U " M p be the domain of deÞnition of expp. It is a star shaped open set containing
the origin. Choose an orthonormal basise1, ..., en of M p and let U" = { (x1, ..., xn ) # R n :
expp(

"
i xi ei ) # U} . Then the map U" $ U deÞned by! (x1, ..., xn ) = exp p(

"
i xi ei ) is

a di" eomorphism. The pair (U", ! ) is called a set of Ògeodesic normal coordinatesÓ. If
we endowR n with the euclidean metric øg, then ! is an isometry when restricted to lines
through the origin. In particular, the euclidan ball of radius r maps, via expp, to the ball
of radius r centered at p # M : !

)
B øg(r, 0)

*
= Bg(r, p). In other words, the ball in M p

measured with respect to the pullback of the metricg (henceforth referred to simply asg)
is the same as the euclidean ball centered atp.

We now introduce Ògeodesic polar coordinatesÓ. OnR n , we can write every nonzero vec-
tor uniquely in the form ( x1, ..., xn ) = ru where u # Sn (i.e., u is a unit vector) and
r > 0. Locally we can parametrizeSn by (&1, ..., &n =1 ) )$ u(&1, ..., tn # 1) # Sn . The
map (r, &1, ..., tn # 1) )$ ru is called a set of euclidean polar coordinates and the map
(r, &1, ..., tn # 1) )$ ! (ru ) is called a set of Ògeodesic polar coordinatesÓ. These polar coor-
dinates give rise to two vector Þelds: "

" r on M p\{ 0} and "
" r on M \{ p} with the property

d! ( "
" r ) = "

" r . Spelling out the deÞnition of "
" r : Let f be a function deÞned on some open

3



subset ofM p. Then "
" r f (x) = d

dt

%
%
t =0 f (x + t x

|x | ). Since ! is an isometry when restricted to

lines through the origin, we see that that "
" r is a unit vector in both the euclidean metric

and in the metric g.

The metric g is the identity matrix at the origin, that is, g = øg at the origin. But away
from the origin, dexpp(v) : (M p)v $ M q is not an isometry (whereq = expp(v)) so g is not
the identity everywhere. On the other hand, dexpp(v) maps v to %"

v (1) and maps v$ to
%"

v (1)$ . That is, if w is tangent to the ball of radius r , then w is perpendicular to "
" r . This

is obviously true for øg, but the point is that it is true in the metric g as well. Hence the
rays emanating from the origin are perpendicualar to the spheres centered at the origin.
Another way to say this is

grad(r ) = ! r =
$
$r

Yet another way to say this is: Geodesics emanating fromp are the paths of fastest escape
from p.

Proof. Let %: [0, a] $ M p be the map %(t) = tv for some unit vector v # M p. Thus %is a
ray through the origin, so it is a geodesic. Moreover,%"(t) = "

" r . Now let w # M p be any
vector, and consider a map" (s, t) : ( ' #, #) ( [0, a] $ M with the property " (0, t) = %(t)
and " (s,0) = 0. For Þxed s, let %s(t) = " (s, t). The Þrst variation formula says

d
ds

%
%
s=0 L [%s] = %V, T&a

0 = %V(1),
$
$r

&

where V (t) = "
" s

%
%
s=0 " (s, t). Let c(s) = " (s,1) and assume that|c(s)| = r for some Þxed

r > 0. Then w = V(1) is tangent to the sphere of radius r and L [%s] is constant, so
the above formula shows that%w, "

" r &= 0. Since every vector w which is tangent to the
sphere of radiusr arises in this way, we have proved the theorem. To see that this is the
same as grad(r ) = "

" r , we must show that for every v # M p, that %"
" r , v&= v(r ): Write

v = " "
" r +

"
' i

"
"# i

. Since "
"# i

is tangent to the sphere, we have%"
" r , "

"# i
& = 0. Thus

%"
" r , v&= " = v(r ).

¤4. Jacobi Fields.

Now suppose" is a smooth variation of a geodesic by geodesics. Then

! T ! T V = ! T ! V T = ( ! T ! V ' ! V ! T )T = R(T, V)T

A smooth vector ÞeldJ along a geodesic%satisfying

! T ! T J = R(T, J )T

is called a Jacobi Þeld. We often writeJ " = ! T J, J "" = ! T ! T J , etc.

let Ei (t) be orthonormal and parallel along %. Then J = %J, E i &Ei so the Jacobi equation
becomes%J, E i &"" = %R(T, J )T, Ei & = %R(T, Ej )T, Ei &á%J, E j &This is a system of ODEÕs
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in the unknown functions %J, E i &and the solution space is 2n-dimensional. A Jacobi Þeld
is uniquely speciÞed by the valuesJ (0) and J "(0).

We claim that any Jacobi Þeld arises from a variation of%by geodesics. Indeed, ifJ is a
Jacobi Þeld along a geodesic%(t) with %(0) = p, let c(s) be a curve through p such that
c"(0) = J (0), and let %"(0), J "(0) be extended to parallel vector Þelds ÷%"(0), ÷J "(0) along
c(s). Then J is the variation Þeld V of

" (t, s) = exp c(s) (t(÷%
"(0) + s ÷J "(0)) (4 .1)

Indeed, V (0) = d
ds expc(s) (0( ÷T + s ÷J "(0)) |s=0 = c"(s)|s=0 = J (0) and V "(0) = ! T J |(0 ,0) =

! J (÷%"(0) + s ÷J "(0)) |(0 ,0) = J "(0) since ÷%"(0) and ÷J "(0) are parallel along c(s). Since the
initial conditions agree, we must haveV = J .

Two trivial solutions are J = T and J = tT . Thus every jacobi ÞeldJ can be uniquely
written as

J = ÷J + %T, J (0)&áT + [ %T, J "(0)&áT] t

where %÷J, T & + 0 . In other words,

%J, T & = %T, J (0)&áT + [ %T, J "(0)&áT] t (4.2)

a linear function of t.

The most useful Jacobi Þelds are those which vanish at one endpoint. IfJ (p) = 0 then J is
uniquely speciÞed byJ "(0): Let %be a geodesic which starts atp. Then %(t) = exp p(tV )
for some unique V # M p. Let W = J "(0) = ! T J |t =0 . Then J is the variation of
" (t, s) = exp p(t(V + sW)) where W = J "(0) = ! T J (0) (here c(s) = p is constant). In this
case,

J (t) = dexpp(tV )( tW ) (4.3)

where dexpp(tV ) : (M p)tV $ M exp( tV ) and where we identify M p with ( M p)V for every
V # M p. In particular, J (1) = dexpp(V )(J "(0)). Thus, a Jacobi Þeld along a geodesic
joining p to q which vanishes at p is uniquely speciÞed by itÕs value atq if and only if
dexpp(V ) is non-degenerate.

If we write the Jacobi Þeld in terms of exponential coordinates, then it has a very simple
form: J (t) = tW .

The quantity ||J (t)|| measures how quicly geodesics are separating from eachother. In the
ßat metric, ||J (t)|| = t. In general

||J (t)||2 = t2 '
1
3

K (W, V)t4 + O(t5)

where K (v, w) = %R (v,w )w,v &
|| v ' w || 2 is the sectional curvature. So positive sectional curvature

makes geodesics converge, and negative sectional curvature makes geodesics diverge.
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If the sectional curvature is constant, then we have a simple formula for the Jacobi Þelds:
SupposeM has constant sectional curvatureK . Then the normal Jacobi Þelds along%
satisfying J (0) = 0 are precisely the vector Þelds

J (t) = u(t)E (t)

where E is the parallel normal vector Þeld along%obtained by the parallel translate of
J "(0) and

u(t) =

+
,

-

t if K = 0
R sin t

R if K = 1
R 2 > 0

R sinh t
R if K = ' 1

R 2 < 0

Proof. Sinceg has constant sectional curvatureK , we have

R(X, Y )Z = K (%Y, Z&X ' %X, Z &Y)

Thus, if J = u(t)E is a Jacobi Þeld,

! T ! T J = u""(t)E = R(T, J )T = K (%J, T &T ' %T, T&J ) = ' Ku (t)E

so u"" + Ku = 0. Since u(0) = 0 and J "(0) = u"(0)E = u"(0)J "(0) we get u"(0) = 1.

Now supposeM has constant curvature K . We compute g in normal exponential coordi-
nates: Let øg be the euclidean metric onM p. Let X = X T + X $ be a tangent vector at
(M p)v , where X T is the component tangent to the sphere of radiusr = |v|, and X $ the
radial component. Then

g(X, X ) =

+
.,

.-

|X $ |2øg + |X T |2øg if K = 0

|X $ |2øg + R 2

r 2 (sin2 r
R )|X T |2øg if K = 1

R 2

|X $ |2øg + R 2

r 2 (sinh2 r
R )|X T |2øg if K = ' 1

R 2

(4.4)

Proof. Let J (t) = t
r Y where Y = X T . Then J is a normal Jacobi Þeld along every radial

geodesic. Thust
r Y = u(t)E (t) where E(0) = J "(0) = ! T ( t

r Y )|t =0 = 1
r Y . Thus

|Y |2 = u(r )2|E (r )| = u(r )2|E (0)| = u(r )2 1
r 2 |Y |2øg

¤5. Conjugate points and the index form.

Let p, q # M . We say q is conjugate to p if there exists v # M p such that expp(v) = q and
dexpp(v) : (M p)v $ M q has a non-zero kernel. Supposew is in the kernel. Then w # v$

since the length of the component of anyw in the v' direction is preserved by dexpp.
Consider the variation expp(t(v + sw)). The corresponding jacobi Þeld hasJ (0) = 0 and
J (1) = d

ds expp(v + sw) = dexpp(v)(w) = 0. Consersely, if J (0) = J (1) = 0, and if J ,+ 0,
then J "(0) ,= 0. On the other hand, J is the variation Þeld of " (t, s) = exp p(t(T + sJ "(0)).
SinceJ (1) = 0, we conclude that J "(0) is in the kernel of dexpp(v).
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Conclusion: Let %: [0, 1] $ M and let p = %(0), q = %(1). Then p and q are conjugate
along %if and only if there is a non-zero jacobi ÞeldJ along %such that J (0) = J (1) = 0.
On the other hand, if p, q are not conjugate along%, then a jacobi Þeld is uniquely deter-
mined by its values J (0) and J (1).

Let %: [a, b] $ M be a smooth geodesic, and letV, W be piecewise smooth vector Þelds
along %. We deÞne the index

I (V, W) =
' b

a
%!T V,! T W & + %R(W, T), V, T&

Then I is a symetric bilinear form on the space of piecewise smooth vector Þelds. Since

%!T V,! T W & = T%!T V, W& ' %! T ! T V, W&

wheneverV, W are smooth, we can also write

I (V, W) =
!

i

%# i (! T V ), W& '
' b

a
%!T ! T V, W& ' %R(T, V)T, W&

where # i (! T V ) = lim t ( t +
i

! T V ' lim t ( t "
i

! T V . In particular, if V |[t i , t i +1 ] is a Jacobi
Þeld, then

I (V, W) =
!

i

%# i (! T V ), W& (5.1)

So, if V is smooth, and if V vanishes att = 0, the initial time, then

I (V, W) = %!T V, W&
%
%
t =1

Relationship between the index and the second variation.

The motivation for I (V, W) comes from the second variation formula: Let " : [a, b] (
(' #, e) ( (' ( , ( ) $ M be a smooth variation of a geodesic%(t) = " (t, 0, 0). Let V = "

" s1

and W = "
" s2

. Let L (s1, s2) be the length of the curve t )$ " (t, s1, s2). Then

$2L
$s1$s2

= %!W V, T&|ba +
' b

a
(%!T V,! T W & + %R(W, T)V, T& ' T%V, T&T%W, T&) dt

If " is only piecewise smooth, we must replace%!W V, T&|ba by
"

i %!W V, T&|t i +1
t i

.

There are two cirumstances under which the second variation coincides with the index
form:

Case I: If V, W vanish at the endpoints (or, more strongly, if the curves t )$ " (t, s1, s2)
all have the same endpoint), then changing" (t, s1, s2) to " (t + a1(t)s1 + a2(t)s2, s1, s2),
with aj (0) = aj (1) = 0, does not change the value ofL (s1, s2) if s1, s2 are small (since the
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reparametrization t )$ t + a1(t)s1 + a2(t)s2 has derivative 1 + a"
1(t)s1 + a"

2(t)s2 > 0 if s1, s2

are small. Thus L(s1, s2) does not change, since reparametrizing a curve does not change
its length.

But, for the right choice of aj , we can ensure that%V, T& + %W, T& + 0. In fact, we need
to choosea1(t) in so that

a1(t)%T, T& = %V, T&

For such V, W we get
$2L

$s1$s2
= I (V, W)

Case II: There is one other circumstance where the second variation coincides with the
index: Let p # M and let r > 0 be such that the exponential map is a di" eomorphism
expp : B (r, 0) $ B (r, p). Let ) : (' #, #) $ B (r, 0) be a geodesic and letQ = ) (0). Let
%: [0, l ] $ B (r, 0) be deÞned by%(t) = t) (0) where l = d(P, Q), and let " (t, s) = t) (s).
Then " is a variation of geodesics by geodesics. Assume that%V, T& = 0. Note that
to guarantee this, it su! ces to assume%V, T& = 0 at the point Q (since, in geodesic
coordinates, a vector is orthogonal to a ray through the origin in the metric g if and only
if it is orthogonal to that ray in the euclidean metric). The assumption %V, T& = 0 at
the point Q amounts to saying that the geodesic) is tangent to the boundary of the ball
B (l, 0) at the point Q. Under the above assumtions, we have" 2 L

" s2 = I (V, V) since the
boundary term, %!V V, T&vanishes; in fact, ! V V = 0 along ) since) is a geodesic.

The index inequality says the following: Let %be a geodesic joiningp to q. Assumep has
no conjugate points along%. Let W be a piecewise vector Þeld along%such that W (p) = 0.
Let V be the Jacobi Þeld deÞned byV(p) = W (p) = 0 and V(q) = W (q). Then

I (V, V) - I (W, W)

with equality if and only if V = W . In particualar, if W is not smooth, the inequality is
strict.

This implies that geodesics minimizelocally up to the Þrst conjugate point. Indeed, if %
has no points conjugate top, then for all smooth vector ÞeldsW with W (p) = W (q) = 0,
with %W, T& + 0 (this is no loss of generality, as explained earlier), we have 0< I (W, W).

Not only that, geodesics never minimize (not even locally) past the Þrst conjugate point:
To see that, suppose 0< t 0 < 1 is the Þrst conjugate point. Let J be a jacobi Þeld
vanishing at 0 and t0. X be the vector Þeld deÞned byX = J for 0 - t - 0 and X = 0
for t > t 0. Then X is piecewise continuous andI (X, X ) = 0 by (5.1). Fix ( small enough
so that there are not conjugate pairs on%|[t0 ' ( , t0 + ( ], let W be the jacobi Þeld on
[t0 ' ( , t0 + ( ] determined by W (t0 ' ( ) = J (t0 ' ( ) and W (t0 + ( ) = 0. DeÞne V by:
V = J on [0, t0 ' ( ], V = W on [t0 ' ( , t0 + ( ], and V = 0 on [t0 + (, 1]. Then X and V
agree outside of [t0 ' ( , t0 + ( ]. And on [t0 ' ( , t0 + ( ], the index inequality tells us that
I (V, V) < I (X, X ). Thus, on all of [0, 1] we haveI (V, V) < I (X, X ) = 0. Now consider
the variation exp$(t ) (sV). SinceV(0) = 0 = V(1), the endpoints are Þxed. Next, we recall
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that %V, T&is a linear function of t on each interval. Thus ! V %V, T&= 0 since DV t = 0.
Thus %!V V, T&= '%V,! V T&= '%V,! T V&. Since

$2L
$s1$s2

= %!W V, T&|ba +
' b

a
(%!T V,! T W & + %R(W, T)V, T& ' T%V, T&T%W, T&) dt

and since%J, T & + 0 (itÕs a linear function vanishing at two points), we have

$2L
$s2 = '%J, ! T J &(t0 ' ( ) + %W, ! T W &(t0 ' ( ) '

' t 0 + %

t 0 # %
[T%W, T&]2 + I (V, V)

= 2 I (V, V) '
' t 0 + %

t 0 # %
[T%W, T&]2 < 0

where in the last equation, we used (5.1) again. Thus there is a variation, which keeps the
endpoints Þxed and which decreases the length of%.

¤6 MyerÕs theorem and BonnetÕs theorem.

Recall that Ric( x, y) =
"

i %R(ei , x)y, ei & If x, y are orthonormal, then K (x, y) =
%R(x, y)y, x&. Thus, if x = e1 is a unit vector, we have R(x, x ) =

" n
i =2 K (ei , x). In

particular, if K M * H for some real numberH , then we haveR(x, x ) * (n ' 1)H .

Theorem. Let M be a complete riemannian manifold andH > 0. Assume that either
(1) (Myers) R(x, x ) * (n ' 1)H for all unit vectors H , i.e., R * (n ' 1)Hg, OR
(2) (Bonnet) K M * H

Then every geodesic of length* * H # 1/ 2 has conjugate points. In particular, the diameter
of M satisÞesyd(M ) - * H # 1/ 2. Moreover, if R(x, x ) > (n ' 1)H then M is compact and
has Þnite fundamental group.

The proof uses the index inequality (but does not make use of the relationship between
the index and the second variation): Let % : [0, l ] $ M be a geodesic. LetEi be an
orthonormal basis of parallel vector Þelds withEn = %" = T. Let Wi = sin( * t/l )Ei (t).
Then Wi is a vector Þeld along%which vanishes at both endpoints.

I (Wi , Wi ) =
' l

0
%!T Wi , ! T Wi & + %R(Wi , T)Wi , T&

=
' l

0
%Wi , '! T ! T Wi & ' %Wi , R(Wi , T)T& =

' l

0
sin2(* t/l )

/
* 2

l2 ' %R(Ei , T)T, Ei &
0

Assume l * &)
H

. Then if K (Ei , T) * H for some i , then I (Wi , Wi ) - 0. On the other
hand, if Ric(T, T) * (n ' 1)H then

n # 1!

i =1

I (Wi , Wi ) =
' l

0
sin2(* t/l )

/
* 2

l2 (n ' 1) ' %Ric(T, T)&
0

- 0

9



so I (Wi , Wi ) - 0. Assume there are no conjugate points along%and let J be the unique
Jacobi Þeld such that J (0) = J (1) = 0. Then J + 0. On the other hand, the index
inequality implies that 0 = I (J, J ) - I (Wi , Wi ) - 0 so I (J, J ) = I (Wi , Wi ) so again, by
the index inequality, J = W which is a contradiction sinceWi ,+ 0.

¤7. Convexity of small balls.

We give another application of the index inequality:

Theorem. Suppose( is a lower bound for the injectivity radius of M and b2 an upper
bound for the sectional curvature: K (x, y) - b2 for all orthronormal pairs x, y. Then
B (p, r) is convex isr - min( ( / 2, * / 4b).

Proof. Let %(t) be a geodesic joiningP to Q of length l , and let W be a Jacobi Þeld
vanishing at P and perpendicular to %(t) Claim: If 0 < l < &

2b then I (W, W) > 0. In fact,

I (W, W)( l) = I (W, W)]l
0 * (bcot bl)||W (l)||2 (7.1)

for all r < &
2b. To see this, we estimate:

I (W, W) =
' l

0
%!T W, ! T W & ' %R(T, W)W, T& *

' l

0
%!T W, ! T W & ' b2%W, W&

We can write W =
" n # 1

j =1 " j (t)Ej where Ej is the parallel translate of an orthonormal

frame, perpendicular to T at P. Then ! T W =
" n # 1

j =1 " "
j (t)Ej .

Now let (M b, øg) be the space of constant sectional curvatureb2, let ø%: [0, l ] $ M b be a
geodesic, let øEj be a parallel frame perpendicular to ø%and let øW =

" n # 1
j =1 " j (t) øEj . Then

! øT
øW =

"
j " "

j (t) øEj so

I ( øW , øW ) =
' l

0
%! øT

øW, ! øT
øW &øg ' b2%øW, øW &øg =

' l

0
%!T W, ! T W &g ' b2%W, W&g

Thus I (W, W) * I ( øW, øW ). Let øV =
" n # 1

j =1 " j (t) sin( bt)
sin( bl)

øEj . Then øV is a Jacobi Þeld onM b

with the properties: øV (0) = øW (0) = 0 and øV(l) = øW (l). Thus, if l < &
2b (which is where

the Þrst conjugate point occurs), we can apply the index inequality:I ( øW, øW ) * I ( øV , øV):

I (W, W) *
b2

sin2(bl)

' l

0
(cos2(bt) ' sin2(bt)) ||V (l)||2

=
||V (l)||2

sin2(bl)
bsin(2bl)

2
= bcot(bl)||W (l)||2 > 0

This proves the claim.

Now let Q1, Q2 # B (r, P ) and assumer < ( / 2 and r - * / 4b. Then d(Q1, Q2) < 2r < (
so there is a unique geodesic) joining Q1 to Q2 and that geodesic must lie inB (2r, P ) "
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B ((, P) (since the distance fromQj to the boundary of B (2r, P ) is at least r ). Let Q be a
point on ) whose distance toP is a maximum and chooses0 such that ) (s0) = Q. Then
we claim that Q = Q1 or Q = Q2. If not, then we let %be the geodesic joiningP to Q. In
normal geodesic coordinates,%(t) = t

l Q = t
l ) (s0). Let " (s, t) = t

l ) (s). Thus " is a variaton
of %by geodesics. LetW (s, t) = "

" s " (s, t) = t
l ) "(s) and T(s, t) = "

" t " (s, t) = 1
l ) (s). Then

W (s0, t) = t
l ) "(s0) deÞnes a Jacobi Þeld along%. Then %W (s0, l ), T(s0, l )& = 0: Since

%) (s), ) (s)&has a maximum at s0, we have

d
ds

%
%
s0

%) (s), ) (s)& = 2%) "(s0), ) (s0)& = 2 l%W (s0, l ), T(s0, l )& = 0

This shows that W (s0, t) = t
l W (s0, l ) is orthogonal to T(t) for all t (since the orthogonal

complement of a ray through the origin is the same, whether computed in the metricg or
the in the euclidean metric), and ! W W (s0, t0) = 0 at the point Q (in fact, ! W W (s, l) = 0
fora ll s since ) (s) is a geodesic). Thus the second variation of arc length is given by
the index which is stricly positive. This means the following: If l is the distance between
Q and P, then the curve ) is locally strictly outside B (l, P ) near the point Q. But this
contradicts the fact that Q is a point on ) whose distance toP is a maximum.

¤8. Estimates on the metric tensor.

Let µ : [0, r 0] ( Sn # 1 $ R n be the map (r, &) )$ r &. Then for r 0 su! ciently small, the
image ofµ lies inside$ , a geodesic coordinate neighborhood ofp # M . Let g be the metric
on $ . Then µ! g = ( dr)2 + r 2g(r ) where g(r ) is a smooth metric on Sn # 1. Thus, if Q # $
and r = d(0, Q) and if V1, V2 are tangent to the sphereB (r, 0) at the point Q, then we
have g(V1, V2) = r 2g(r )(T1, T2) where T1, T2 are tangent to Sn # 1 and V1 = rT1, V2 = rT2.

Note that lim r ( 0 g(r ) = øg where øg is the round metric (that is, the euclidean metric on
R n restricted to Sn # 1).

Let T be a unit tangent vector to Sn # 1 at a point & # Sn # 1. Write gT
## = g(r )(T, T). If

T1, ..., Tn # 1 is an orthnormal basis of tangent vectors at&, write |g(r, &)| = det g(r )(Ti , Tj ).
Thus limr ( 0 |g(r, &)| = 1. In fact, lim r ( 0 g(r )(Ti , Tj ) = ( ij .

Let ( be a lower bound for the injectivity radius.

Theorem 8.1 . AssumeK - b2. Then for r < min((, &
b ) we have

1. g## * [sin(br)/br ]2 and "
" r logg##(r, &) * "

" r log[sin(br)/br ]2

2.
1

|g(r, &)| *
2

sin( br )
br

3n # 1

Theorem 8.2 . AssumeK * ' a2. The following estimates hold inside the cut locus:
1. g## - [sinh(ar )/ar ]2 and "

" r logg##(r, &) - "
" r log[sinh(ar )/ar ]2

2.
1

|g(r, &)| -
2

sinh( ar )
ar

3n # 1

Theorem 8.3 . Assume Ric * (n ' 1)H and let " =
.

H (so " is purely imaginary if
H < 0). The following estimates hold inside the cut locus if" < 0, and for r < ( if " * 0:

1.
1

|g(r, &)| -
2

sin( ' r )
' r

3n # 1

2. "
" r log

1
|g(r, &)| - "

" r log
2

sin( ' r )
' r

3n # 1
- ' (n ' 1)H
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Proof of Theorem 8.1. Let %(t) be a geodesic with%(0) = 0 and W (t) a Jacobi Þeld
perpendicular to % and vanishing at the origin. Then g(W "(t), W(t)) = %!T W, W& =
I (W, W). On the other hand we have seen in (7.1) thatI (W, W)( t) * bcot bt||W (t)||2.
Thus

g(W "(t), W(t)) * bcot bt||W (t)||2 = ( bcot bt)g(W (t), W(t))

that is,
$
$t

logg(W (t), W(t)) * 2
$
$t

log sin(bt) =
$
$t

log sin2(bt)

On the other hand, g(W (r ), W(r )) = r 2g(r )(W (1), W(1)) = r 2g##(r, &)||W (1)||2 so

$
$r

logg##(r, &) *
$
$r

log
sin2(br)

r 2

Since g##(r, &) $ 1 as r $ 0, this proves the Þrst part of the Þrst theorem. The second
part follows from the Þrst by summing over an orthonormal basis of tangent directions.

Proof of Theorem 8.2The proof starts as before: Let%(t) be a geodesic with%(0) = 0 which
lies inside the cut locus, where 0- t - r . Let W (t) a Jacobi Þeld perpendicular to%and
vanishing at the origin. Then g(W "(t), W(t)) = %!T W, W&= I (W, W). Now we use the
index inequality, which applicable since we are inside the cut locus: Let÷W (t) = sinh at

sinh ar W (r )
for 0 - t - r where we denote byW (r ) the parallel translate of W (r ) along %(t). Then
W (0) = ÷W (0) = 0 and W (r ) = ÷W (r ). Thus I (W, W) - I ( ÷W, ÷W ) so:

g(W "(r ), W(r )) = I (W, W) - I ( ÷W, ÷W )

- a2 ág(W (r ), W(r ))

4' r

0

5
coshat
sinhar

6 2

+
5

sinhat
sinhar

6 2
7

dt = a coth ar ág(W (r ), W(r ))

This shows that

$
$r

log
1

g##(r, &) =
$
$r

log
1

r # 2g(W (r ), W(r ) - a coth ar '
1
r

Proof of Theorem 8.3. Note Þrst that theorem 8.3 implies the second part of theorem 8.2
sinceK * ' a2 =/ Ric * (n ' 1)H with H = ' a2. Let %: [0, r ] $ M be a goedesic with
%(0) = 0 and %", e2, ..., en be a parallel orthonormal frame along%. Let Wi be the Jacobi
Þeld along%vanishing at the origin such that Wi (r ) = ei (r ) (possible since we are inside
the cut locus). The index inequality implies:

g(W "(t), W(t))
%
%
t = r = g(W "

i (r ), Wi (r )) - I
5

sin" t
sin" r

áei (r )
6

Thus

n!

i =2

g(W "
i (r ), Wi (r )) - (n ' 1)" 2

' r

0

5
cos" t
sin" r

6 2

dt '
n!

i =2

' r

0
R(T, ei , T, ei )

5
sin" t
sin" r

6 2

dt

12



Since
" n

i =2 R(T, ei , T, ei ) * (n ' 1)" 2 we have

n!

i =2

g(W "
i (r ), Wi (r )) - (n ' 1)" cot " r

Now detg(Wi (t), Wj (t)) = det( gij ) = Ct2(n # 1) det g(t, &) where C = det g(Wi (1), Wj (1))
is a constant. Thus we have log

1
det gij = ( n ' 1) log t + log det g#i #j + log C so that

"
" r log

1
det gij ' n # 1

t = "
" t log

.
det g#i #j . On the other hand,

$
$t

log
1

det gij
%
%
t = r =

1
2

gij úgij =
n!

i =2

g(W "
i (r ), Wi (r ))

sincegij (r ) = ( ij . This proves

$
$r

log
1

det g#i #j - (n ' 1)" cot " r '
n ' 1

r
= ( n ' 1)

$
$r

log
/

sin" r
r

0

¤7. Focal points.

Focal points are generalizations of conjugate points: Recall that ifp # M , then q # M
is called a conjugate point if there is a v # M p such that q = expp(v) and the map
dexpp(v) : (M p)v $ M q is degenerate.

Now supposeN " M is a smooth manifold, and let + be the normal bundle of N . Let
+ " TM |N be the normal bundle. Then + is a manifold of dimensionn = dim( M ). In the
case whereN is a point, then + = M p, which is just a vector space of dimensionn. Now
we have a map expN : + $ M deÞned as follows:

(p, T) )$ expp(T)

We say that q is a focal point of N if there exists v = ( p, T) # + such that exp( (v) = q and
dexp( (v) : +v $ M q is degenerate. In this case, we say thatq is a focal point of p along
the geodesic%(t) = exp p(tT ).

A very important special case is whereN is a geodesic submanifold: Let%be a geodesic
joining p to q such that %"(0) = T # M p. Let N = expp(T$ ). Then q is a focal point
of N along %if and only if there is a Jacobi ÞeldJ along %such that J "(0) = J (1) = 0.
Moreover, if q is not a focal point of p along %, then any Jacobi Þeld is uniquely speciÞed
by its values J "(0) and J (1).

To see this, supposeq is a focal point of p along %. This means that there is a curvec(s)
on N such that c(0) = p, and such that

d
ds

expc(s) ( ÷T + as÷T)|s=0 = 0 (7 .1)
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where ÷T is the parallel translate of T along c(s) and a # R . That is, d
ds expc(s) ( ÷T)|s=0 +

a ÷T = V(1) + a ÷T = 0 where V is the variation Þeld of " (t, s) = exp c(s) (t ÷T). But from
(4.1) we see thaV "(0) = 0. Also, V (0) = c"(0) 0 T. Thus %V, T& + 0 by (4.2). Since
V(1) + a ÷T = 0 we see that a = 0.

Consider the variation " (t, s) = exp c(s) (t ÷T). Then the associated jacobi ÞeldJ case the
property J (1) = 0 (using (7.1) with a = 0) and J "(0) = 0 (by (4.1)). The converse is
similar.

There is a version for the index inequality for focal points: Let %be a geodesic fromp
to q and assume that there are no focal points ofN along %, where N is the geodesic
submanifold deÞned by (p,%"(0)). Let W be a piecwise smooth vector Þeld along%. Let V
be the unique vector Þeld such thatV "(0) = 0 and V(1) = W (1). Then I (V, V) - I (W, W)
with equality if and only if W = V .

¤8. Rauch comparison theorems.

SupposeM and ÷M are two riemannian manifolds. Assume

(1) dim( M ) - dim( ÷M ).
(2) %: [0, 1] $ M and ÷%: [0, 1] $ M be two unit speed geodesics
(3) There are no conjugate points along ÷%.
(4) J and ÷J are normal Jacobi Þelds along%and ÷%with J (0) = ÷J (0) = 0, |J "(0)| = | ÷J "(0)|.
(5) AssumeK (%) - ÷K ( ÷%) whenever% (resp. ÷%) is a 2-plane containing%"(t) ( resp. ÷g"(t)).

Then |J (t)| * ÷|J (t)| for all t.

As a result, we get the Jacobi Þeld comparison theorem: Let (M, g) be a Riemannian
manifold such that K M - C. Let J be a normal Jacobi Þeld along%with J (0) = 0. Then

|J (t)| *

+
,

-

t|J "(0)| for all t * 0 if C = 0
(R sin t

R )|J "(0)| for 0 - t - * R if C = 1
R 2 > 0

(R sinh t
R )|J "(0)| for t * 0 if C = ' 1

R 2 < 0

In particualar, if K M - 0 we see that the exponential map is a local di" eomeorphism. If
we equip M p with the pull back of the metric on M , then M p $ M is a local isometry
and M p is complete. From this itÕs not hard to see thatM p $ M is a covering map and
that M is complete. Thus, if M is simply connected, itÕs di" eomorphic to R n .

Now suppose thatM is complete, simply connected, and that it has constant scalar cur-
vature K . Then we claim M is either R n or Sn

R or H n
R , according asK = 0, K = 1

R 2 > 0
or K = ' 1

R 2 < 0. If K - 0, then the exponential map is a di" eomeorphism, and the pull
back metric is given by (4.4). Thus we only need to consider the caseK > 0.
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1 Statement of the theorem.

Let (X, " 0) be a compact Kähler manifold with boundary. Thus every point p ∈ X has
a neighborhood which is biholomorphic to a ball B = { z ∈ Cn : |z| < r} or a half-ball
B+ = { z ∈ Cn : |z| < r and Re(zn) ≥ 0} .

Theorem 1 There exists a uniqueC1,1 function " : X → R satisfying:

(a) The current " 0 +
√
−1! !̄" is non-negative onX.

(b) The function " solves the Dirichlet problem for the Monge-Ampère equation onX:

(" 0 +

√
−1

2
! !̄" )n+1 = 0 ; " |" X = 0 (1.1)

To solve (1.1), we shall prove that the equation

(" 0 +

√
−1

2
! !̄" t)

n+1 = t á" n
0 ; " t |" X = 0 (1.2)

has a smooth solution for 0 < t ≤ 1 with the property: supX |" t | and supX |! " t | are
uniformly bounded as t → 0. This implies that for any sequence tj → 0, there is a
subsequence which converges in C1,1 to a solution of (1.1).

Remark: Theorem 1 is probably true for more general types of manfolds with boundary,
for example, those for which a neighborhood of a boundary point p is biholomorphic to a
neighborhood of a boundary point q ∈ Ū where U ⊆ Cn is a bounded domain with smooth
boundary. But we shall not need this level of generality in our applications, so for now,
we only treat the more restricted class.

2 Product manifolds

The proof of Theorem 1 is essentially contained in Chen’s paper, “The space of Kähler
metrics”, JDG (2000), which treats the case where X is a product. In this section, we give
the precise relationship between Chen’s theorem and Theorem 1.

Let S be a Riemann surface with boundary. Assume bdy(S), the boundary of S, is
a finite union of smooth curves. Let (M, g) be an n dimensional Kähler manifold and
# =

√
−1giøj dzi ∧ dzøj the associated Kähler form. Suppose that " : bdy(X) → R is a

smooth function with the property: #(t) =
"

! 1
2 (giøj (z

#) + ! i ! øj " (z#, t))dzi ∧ dzøj is a Kähler
metric on M for each fixed t ∈ bdy(S), where z# = (z1, ..., zn) is a local coordinate on M .
Here i, j range always from 1 to n.

Let X = M×S and $M : X → M the projection onto M . For t ∈ S let It : M → X be the
map z# +→ (z#, t). Chen proves that there is a C1,1 function " such that " = $$

M #+
√
−1! !̄"

2



satisfies the equation

" n+1 = 0 ; I$
t (" ) = #(t) for each t ∈ bdy(S) (2.3)

In order to show how the existence of " follows from Theorem 1, we first fix some additional
notation: We shall let w = zn+1 be a local coordinate on S and z = (z#, w) = (z1, ..., zn+1 ).
Then z# is a local coordinate on X for 1 ≤ % ≤ n + 1. Define g# ø$(z) = g#$ (z#) for
1 ≤ %, &≤ n and g# ø$(z) = 0 if %= n + 1 or & = n + 1.

Lemma 1 The function " : bdy(X) → R extends to a smooth function" 0 : X → R with
the following property:g# ø$ + ! # ! ø$" 0 is a K¬ahler metric onX.

Proof. First we extend " to a function " 1 on X as follows: Surround each boundary
component of S by a cylindrical collar. Each of the collars is biholomorphic to an annulus
A = { w ∈ C : r1 ≤ |w| ≤ r2} (where A depends on the boundary component). On the
complement of the sets M × A, define " 1 to be zero. On M × A, we define

" 1(z, w) = ' (|w|)" (z, r2 á
w

|w|
)

Here ' : [r1, r2] → [0, 1] is a smooth function with the property: ' (r1) = 0, ' (r2) = 1.

Now " 1 has the property: giøj (z
#) + ! i ! øj " 1(z#, w) is a Kähler metric on M for each w ∈ S.

Note that g# ø$(z) + ! # ! ø$" 1 may not be a Kähler metric on X. To remedy this, fix a
Kähler metric h on S, let F be a positive smooth function on S and choose ( (w) such
that ! h( = F and ( = 0 on bdy(S). Then ! !̄( > 0 on S, and g(z) + ! !̄" 0 + C! !̄( is a
Kähler metric on X for C su# ciently large. Setting " 0 = " 1 + C( we prove Lemma 1.

Using the lemma, we can reformulate problem (2.3) as follows: Changing notation, we
let g# ø$ be a the Kähler metric g# ø$(z) + ! !̄" 0. Then we wish to find a Kähler metric
g̃# ø$ = g# ø$ + ! # ! ø$" with the following property:

det(g# ø$ + ! # ! ø$" ) = 0 ; " = 0 on bdy(X)

Thus we see that Chen’s theorem follows from Theorem 1.

3 C0 estimate.

We begin the proof of Theorem 1: Write " 0 =
√
−1g# ø$dz# ∧ dz

ø$ . Let h be a function on
X satisfying ! gh = −n − 1 and h = 0 on bdy(X). Suppose " is a solution of (1.2) for
0 < t < 1 and set g̃# ø$ = g# ø$ + ! # ! ø$" and

Lemma 2 We have0 ≤ " ≤ h and

‖∇" ‖g ≤ ‖∇h‖g on bdy(X). (3.4)
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Proof. Let ! be the laplacian for g and, for t > 0, let !̃ be the laplacian for g̃ (note g̃ is
a Kähler metric when t > 0).

Now let p be a point where " − h is maximal. We must show that p ∈ bdyX. If not, then
! (" − h) ≤ 0, that is, ! " + n + 1 ≤ 0. But this contradicts the fact that g# ø$ + ! # ! ø$" is
positive.

Now let let p be a point where " is minimal. We must show that p ∈ bdyX. If not,
! # ! ø$" ≥ 0 at the point p. Then t ádet(g) = det(g# ø$ + ! # ! ø$" ) > det(g) which contradicts
the fact that t < 1.

Finally, (3.4) follows from the fact that 0 ≤ " ≤ h and 0 = " = h on bdyX: To see
this, let p ∈ bdyX and let ) ∈ Tp be a unit vector in the metric g. We must show that
|) (" )| ≤| ) (h)|. Choose a curve * : (−+, 0] → bdyX with the property * (0) = p and
* #(0) = ) (which is possible, replacing ) if necessary). Then 0 ≤ " ◦ * ≤ h ◦ * and hence
0 ≤ (" ◦ * )#(0) ≤ h ◦ * #(0) , in other words, 0 ≤ ) (" ) ≤ ) (h).

We note as well (although this will not be needed later) that ∇" is bounded in L2:

Lemma 3 There is a uniform constantC > 0 (i.e., C is independent oft) such that
!

X
‖∇" ‖2

g " n
0 ≤ C (3.5)

Proof.

4 YauÕs second order estimate

4.1 Estimate for ! !̄ trgh

Theorem 2 Let M be a complex manifold andg, h two K¬ahler metrics onM (not neces-
sarily in the same K¬ahler class). Let

( = trgh = giøj hiøj

Then for every" ∈ C% (M) we have

e! ! !̄ e! ! ( ≥ (! !̄ ( log ( − " ) ≥
"
hiøj R

iøj
køl − giøj Siøjk øl − (! i ! øj "

#
ádzk ∧ dz̄ l (4.6)

whereR and S are the curvature tensors forg and h.

Remark: The first inequality holds for any positive smooth function ( . Both inequalities
follow immediately from the case " = 0.
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Corollary 1 Let " : M → R be any smooth function. Then

e! ! he
! ! ( ≥ ( ! h( log ( − " ) ≥ hiøj R

iøj
kølh

køl − giøj Siøj − ( ! h" (4.7)

Proof. Take the trace with respect to h.

4.2 Estimate for ! h(e−C! (n + ! g" ))

Now suppose h and g are in the same Kähler class and choose " such that

hiøj = giøj + ! i ! øj "

Define

F = log

$
deth

detg

%

Theorem 3 Let B(x) = inf R(X, X̄, Y, Ȳ ) where X, Y ∈ T 1,0
x M vary over all pairs of

orthonormal vectors. SupposeC > 0 is such thatC + B(x) > 1 and C + 2B(x) > 0 for all
x ∈ M . Then

eC! ! h(e
! C! (n + ! " )) ≥ ! F + (C + B)e! F

n ! 1 (n + ! " )1+ 1
n ! 1 −n2B−Cn(n + ! " ) (4.8)

where! = ! g. In particular, if e! C! (n + ! " ) achieves its maximum (for example, ifM
is compact), there existsC1 > 0 depending onsup F and inf(! F ) such that

0 < n + ! " ≤ C1e
C(! ! inf M ! ) (4.9)

Proof. We compute in a set of normal coordinates for g for which h is diagonal. Thus
giøj = , ij , hiøi = 1 + " iøi , ( =

&
(1 + " iøi ) = n + ! g" and ! h" =

&
i

! i øi
1+ ! i øi

and

hiøj R
iøj

kølh
køl − C( ! h" =

n'

i,j =1

Riøij øj
1 + " iøi

1 + " j øj
− C

$ n'

i =1

(1 + " iøi )

%(

) n−
n'

j =1

1

1 + " j øj

*

+

Moreover, since Skøl = Rkøl − ! k ! ølF we have

−gkølSkøl = ! gF −
'

i,j

Riøij øj

We estimate

n'

i,j =1

Riøij øj
1 + " iøi

1 + " j øj
=

'

i,j

Riøij øj +
1

2

n'

i &= j

Riøij øj

,
1 + " iøi

1 + " j øj
+

1 + " j øj

1 + " iøi
− 2

-

5



≥
'

i,j

Riøij øj +
1

2
B

n'

i,j

,
1 + " iøi

1 + " j øj
+

1 + " j øj

1 + " iøi
− 2

-

=
'

i,j

Riøij øj + B
n'

i,j

,
1 + " iøi

1 + " j øj

-

− n2B

Thus

hiøj R
iøj

kølh
køl − giøj Siøj −C( ! h" ≥ ! gF + (C+B)(n+! " )

n'

j =1

1

1 + " j øj
−n2B − Cn(n+! " )

On the other hand, we have

n'

j =1

1

1 + " j øj
≥

$ &
i (1 + " iøi )

.
i (1 + " iøi )

% 1
n ! 1

= (n + ! " )
1

n ! 1 e! F
n ! 1

Subsituting this in the last inequalitiy and applying (4.7) proves (4.8).

To prove (4.9), let x0 ∈ M be a point where e! C! (n + ! " ) achieves its maximum. Then
(4.8) implies that if (n + ! " )(x0) ≥ 1 then

Cn + n2B + max[sup(−! F ), 0] ≥ (C + B)e! F
n ! 1 (n + ! " )

1
n ! 1 (x0)

and hence

e
sup F
n ! 1 [2n + n2] + e

sup F
n ! 1 max[sup(−! F ), 0] ≥ (n + ! " )

1
n ! 1 (x0)

This implies
(n + ! " )(x0) ≤ C1(sup F, sup(−! F )). On the other hand, if x ∈ M then

e! ! (x)(n + ! " )(x) ≤ e! ! (x0)(n + ! " )(x0) ≤ C1e
! inf M !

This proves (4.9)

5 Bounding ∆" by |∇" |2

In this section we bound ! " . We have the trivial lower bound 0 ≤ n + 1 + ! " . As for an
upper bound, we have

Lemma 4 supX (n + 1 + ! " ) ≤ C supX (1 + |∇" |2)|.

6



To prove the lemma, we exploit the fact that −!̃ " and |!̃ (∇" )| both have size
&

#
1

%!
,

where the - # are the eigenvalues g̃ with respect to g.

Proof. Since ‖" ‖C0 ≤ C2 estimate (4.9) implies

sup
X

(n + 1 + ! " ) ≤ C1e
2CC2 + sup

bdy X
(n + 1 + ! " ) (5.10)

Here C1, C, C2 are all independent of t. Thus we must show

sup
bdy X

(n + 1 + ! " ) ≤ C sup
X

(1 + |∇" |2)| (5.11)

Let p ∈ bdyX be a point where supbdy X (n + 1 + ! " ) is achieved, and choose coordinates
(z1, ..., zn+1 ) centered at p so that g# ø$(0) = , # ø$ and so that

1

2
, # ø$ ≤ g# ø$(q) ≤ , # ø$

for all q in the neighborhood U& = { (z1, ..., zn+1 ) :
&

|zj |2 < , , x = Re(zn+1 ) ≥ 0}

Claim: There is a constant C depending only on (X, g) ( independent of " and p) such
that for 0 < t < 1 and for %< n + 1 or & < n + 1, we have

/
/
/
/
/

! 2"
! z# ! zø$

(0)

/
/
/
/
/
≤ C(max

X
|∇" | + 1) (5.12)

First note we may assume %= n + 1 or & = n + 1, for otherwise, the left side of (5.12)
vanishes identically since " vanishes on the boundary. Next we observe that

det(, # ø$ + ! # ! ø$" ) = t ádet(g)

so

1 + ! " (0) = 1 +
! 2"

! zn+1 ! z̄n+1
(0) = t −

n'

#=1

! 2"
! z# ! z̄n+1

á
! 2"

! zn+1 ! z̄#

and thus the lemma follows from the claim.

Now we prove the claim: we assume %< n + 1 and & = n + 1. Let D = ± "
" x!

or ± "
" y!

where x# = Re(z# ), y# = Im(z# ) and %< n + 1. Let x = Re(zn+1 ). Then we must show

$
!

! x
D"

%

(0) ≤ C(max
X

|∇" | + 1) (3)

Suppose we could show that . = Ca" −D" ≥ 0 on U& with a = (maxX |∇" | + 1). Since
. (0) = 0 it would follow that "'

" x (0) ≥ 0 which, together with (3.4), proves the claim.

To show . ≥ 0 on U& it su# ces to show

7



a) . ≥ 0 on ! U&

b) !̃ . ≤ 0

Now " ≥ 0 and D" = 0 if x = Re(zn+1 ) = 0. Thus, to achieve a), we can modify . as
follows: . = Ca" + a

&|z|2 − D" . Since D" = 0 when x = 0, we see that if D" .= 0 on
bdy(U&), we must have |z|2 = , . Thus condition a) holds. Note that we still have . (0) = 0
and we haven’t changed the value of "'

" x (0).

Now let’s check b):

!̃ " = g̃# ø$(g̃# ø$ − g# ø$) = (n + 1)−
n'

#=1

1

- #
(5.13)

where the - # are the eigenvalues of g̃ with respect to g.

Next, log detg̃ = log t + log detg =⇒ g̃# ø$(Dg# ø$ + ! # ! ø$D" ) = D log detg so

|!̃ (D" )| ≤ C(1 +
' 1

- #
) and !̃ |z|2 ≤ C

' 1

- #
(5.14)

Here C is a constant depending only on Dg# ø$ and is therefore independent of t. We
conclude

!̃ . ≤ Ca(n + 1)

We are trying to show that !̃ . ≤ 0 so this isn’t quite what we wanted. Thus we modify
one more time and define

. = C1a" + C2a|z|2 + C3a[x−Nx2]−D"

where N is a constant, to be chosen later, that is independent of t. Since x−Nx2 ≥ 0 if
, is small enough, we still have . ≥ 0 on ! U&. The value "'

" x (0) is replaced by "'
" x (0) + C3a,

which doesn’t a$ect the estimate we want. Since !̃ x2 = gn+1 ,n+1 ≥ 1
sup %!

(the diagonal
entries of a hermitian matrix are greater than the smallest eigenvalue of the matrix), we
have

!̃ " + !̃ (x−Nx2) ≤ (n + 1)−
' 1

- #
− N

sup# - #
≤ (n + 1)−N

1
n +1 (detg̃)! 1

Since detg̃ = tdetg we have, (n + 1)−N
1

n +1 (detg̃)! 1 < −3(n + 1) provided N > C#. Thus

!̃ " + !̃ (x−Nx2) ≤ −3(n + 1) if N > C# . (5.15)

Combining (5.13), (5.14) and (5.15):

!̃ . = !̃ (3C2a" + Ca|z|2 + C2a[x−Nx2]−D" )

8



≤ 2C2a(n + 1)− 2C2a
'

#

1

- #
+ C2a

' 1

- #
− 3C2a(n + 1) + C(1 +

' 1

- #
) ≤ 0

This proves Lemma 4.

6 Blow up analysis

Lemma 5 Let f be a sub-harmonic function onC. Assume f is bounded. Thenf is
constant.

Proof. Assume first that f : C → R is bounded, smooth and ! f ≥ 0. We wish to show
that f is constant. Without loss of generality, we may assume 0 ≤ f ≤ 1.

Assume f is not constant. Then the strong maximum principle says that if " ⊆ C is an
open set then f can not assume its maximum value in " . In particular, Mr = sup|z|= r |f(z)|
is a strictly increasing function of r.

Let r > 1 and consider the annulus Ar = { 1 ≤ |z| ≤ r} . Then h = M1 + log |z|
log r is a

harmonic function of z with the property h ≥ f on ! Ar . Thus h ≥ f on Ar . Letting
r → ∞ we see that M1 ≥ f(z) for all |z| ≥ 1. But this contradicts the fact that Mr is
strictly increasing.

Assume that f is arbitrary, and let / be a compactly supported radially symmetric bump
function with

0
C / = 1. Let / ((z) = +! 2/ (z/+). Then / ( ∗ f is bounded and smooth

subarmonic, and is therefore constant. On the other hand, / ( ∗ f → f as +→ 0. Thus f
is also constant.

Lemma 6 There is a constantC > 0 such that|∇" | ≤ C with C independent oft.

Proof. Assume not choose a sequence xi ∈ X with |∇" |(xi ) = supX |∇" i | = 1
( i

and +i → 0.

Then Lemma 4 implies supX |! " | ≤ C1
(2

i
. Without loss of generality, we may assume that

xi → y for some y ∈ X.

Now choose , > 0 and geodesic coordinates centered at y such that 1
2g(x) ≤ g(0) ≤ 2g(x)

for all x ∈ B&(0) (which is a half-ball if y ∈ bdy(X)).

7 Changing the K¬ahler class

Let (X, " 0) be a compact Kähler manifold with boundary. Let " 1 be a non-negative closed
(1, 1) form which may be in a di$erent Kähler class than " 0. Then for every t ∈ (0, 1] the
form " t = t" 1 + (1 − t)" 0 is Kähler (but the Kähler class keeps changing). We consider
the equation

9



(" t +
√
−1! !̄" t)n

" n
t

= t ; " t |bdy( X ) = 0 (7.16)

If " 1 = " 0, then this reduces to the eqution studied in Theorem 1.

Question: Can we obtain apriori bounds, up to the second derivative, for the solution " t

of the equation (8.17). If so, then we will be able to solve the equation

(" 1 +
√
−1! !̄" )n = 0 ; " |bdy( X ) = 0

If " 1 is not positive, then this equation is more general than that considered by Chen.

Write " 0 =
√
−1g#$ dz# ∧ dz

ø$ and " 1 =
√
−1g#

#$ dz# ∧ dz
ø$ . Then " t +

√
−1! !̄" t > 0

implies g# ø$((1− t)g# ø$ + tg#
# ø$ + ! # ! ø$" ) > 0 and thus ((1− t)n + tg# ø$g#

# ø$ + ! " ) > 0. This
implies that ! " > −C for some uniform constant C. Choose a function h which satisfies
! h = −C and h = 0 on ! X. Then " ≤ h. On the other hand, if " achieves its min in the
interior of X, then ! # ! ø$" is non-negative at some point p ∈ X and hence (! t +

"
! 1" ø"! t )n

! n
t

≥ 1

at p, which contradicts (8.17). We conclude: 0 ≤ " ≤ h, and thus we have the C0 bound.
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In this note, we summarize the paper of Chen-Tian, ÒRicci ßow on K¬ahler-Einstein surfacesÓ, JDG 17 (1982),
255-306.

1. The Þrst step is to show that along the KR ßow, we have

! !

0

!

X
(R ! r )2 ! n dt < "

They do this by introducing a new functional, and using Moser-Trudinger. One can also give a direct proof,
along the lines of our notes. In fact, our notes also show that

lim
t"!

!

X
(R ! r )2 dt = 0

2. If the bisectional curvature is bounded in (0, a), then the injectivity radius is bounded below by a# 1/2

times a universal constant. a. This is proved by imitating KlingenbergÕs theorem.

3. AssumeRc # 0. Then for any t1 > 0, we haveRmax(t) $ 2Rmax(t0) for all t %
"
t1, t1 + 1

2Rmax (t1 )

#
Proof:

Recall that úR = ! R + |Rc|2 ! R. Hence úRmax $ R2
max.

4. Choosex0 % X such that Rmax(t0) = R(x0, t0). Then the preceding step saysR(x1, t1)/R (x0, t0) is
bounded above by a constant. Now we claimR(x1, t1)/R (x0, t0) is bounded aboveand belowby universal
constants provided x1 is in the t1 ball, centered at x0, of radius R(x0, t0)# 1/2: For every t1 >> 0 choose
t0 < t 1 such that t1 ! t0 = 1

2Rmax (t0 ) . This is possible sinceRmax # r > 0. Thus t1 ! t0 $ 1
2r . Now

úg = g ! Rc $ g implies g(t) $ Cg(t0) for t % [t0, t1]. Also, úg # ! Rc # ! Rmaxg # ! 2Rmax(t0) =&
g(t) # g(t0)e# 2Rmax (t# t0 ) # cg(t0). Thus all the g(t) are equivalent for t %[t0, t1] so Harnack implies:

R(x0, t0) $ exp
$

C á
d(x0, x1)2

t1 ! t0

%
R(x1, t1)

where the distance is measured at anyt %[t0, t1]. Thus, if x1 %B (x0, Rmax(t0)# 1/2) we have R(x0, t0) $
C áR(x1, t1). Thus we have:

2Rmax(t0) # Rmax(t1) # R(x1, t1) # CRmax(t0)

for all x1 %B . Thus R(x1, t1) has the size of the constantRmax(t0) on the ball B . Also, Rmax(t0) has the
same size asRmax(t1).

5. Now we use monotonicity to show thatR(t) is bounded above: By step 2, the injectivity radius at t1 is
at least Rmax(t1)# 1/2. Now suppose

min
x1 $ B

R(x1, t1) > 2r

Then !

B
(R(x1, t1) ! r )2 ! 2

t1
#

1
4

!

B
R(x1, t1)2 ! 2

t1
'

!

B(x1 ,R! 1 / 2
max )

Rmax(t0)2 # C > 0 (( )

The last inequality is a comparison theorem due to Cheeger-Ebin: If the sectional curvature is bounded
above by b2, and if br is most half of the injectivity radius, then, in a normal geodesic coordinate system,
the volume form is greater than the Euclidean volume form (see Aubin, page 21). In our case,b2 = Rmax

so the volume of the ball of radiusR# 1/2
max is at least R# 2

max.

Now (*) contradicts the conclusion of step 1, so we conclude minx1 $ B R(x1, t1) $ 2r . SinceR(x1, t1) has
the same size asRmax(t1) on the ball B , we conclude that Rmax(t1) < C . Sincet1 is arbitrary, we conclude
that R(t) is bounded above.

Remark: Apparently Perelman has proved that for the KR ßow, R is always bounded.
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6. We use Harnack again to show thatR(t) is bounded below by a positive constant: SinceR is bounded,
as the bisectional curvature is positive, we must have that the bisectional curvatures are bounded as well.
Thus, by KlingenbergÕs theorem, the injectivity radius is bounded below. Since the volume is constant, this
tells us that the diameter is bounded above. So Harnack implies

R(x, t ) $ exp
$

C
T ! t

%
R(y, t)

for any pair x, y % M . Thus R(x, t ) $ C%R(y, t + 1) so 0 < r $ Rmax(t) $ C%Rmin(t + 1). This proves
Rmin # c > 0.

7. We observe next that Rm is bounded, and that the Ricci ßow convereges sequentially: To see this, note
that

R(X, øX, Y + Z, øY + øZ ) = R(X, øX, Y, øY) + R(X, øX, Y, øZ ) + R(X, øX, øY , Z) + R(X, øX, Z, øZ )

Thus, if the bisectional curvature is bounded, then Im (R(X, øX, Y, øZ ) is bounded (assumingX, Y, Z, W are
unit vectors). Changing Y to iY , we see the real part is bounded as well. ThusR(X, øX, Y, øZ ) is bounded.
Now R(X + W, øX + øW, Y, øZ ) is bounded. Expanding as before, we concludeR(X, øW, Y, øZ ) is bounded.

Now, the extimates of Bando-Shi show that onceRm is bounded, that all the derivatives of Rm are bounded
(at least for the unnormalized ßow; IÕm not so sure about the normalized ßow). Now, a lower bound on the
injectivity radius and uniform bounds on the derivitives of Rm imply that for every tj ) " , a subsequence
of g(tj) converges in anyCk norm (this is a theorem of Hamilton in his ÒCompactness PropertyÓ paper,
Corollary 4.12 ).

Let us explain this step a bit more: Let p % X be any point. We claim the sequenceg(tj)(p) is bounded
(with respect to g(t0)(p)) by a universal constant C: If g(tj)(p) > Cg (t0)(p), then by HamiltonÕs theorem,
g(tj) > C %on a geodesic ball of radiusr where C%, r are independent ofj . Let q %X be any other point
and let " be a geodesic joiningp to q. SinceX has bounded diameter, we can cover" by a bounded number
of balls of radius r . This shows that g(tj)(q) > C %%. Thus g(tj) is big everywhere which contradicts the
fact that the volume is bounded (in fact, constant). Thus all the g(tj) are equivalent, and now, applying
Hamilton one more time, we can extract a subsequence which converges inC! .

Note that at this point, it is conceivable that di " erent subsequences will converge to di" erent KE metrics.

8. Now we claim limt"! (R(t) ! r ) = 0. Assume not: Then there is a sequencetj ) " such that
supX |R(tj) ! r | > #> 0. After passing to a subsequence, the metric! tj converges to a metric! ! and thus
supX |R! ! r | > #. On the other hand,

0 = lim
t"!

!

X
(Rtj ! r )2! n

tj
=

!
(R! ! r )2! !

which implies R! = r . This is a contradiction.

9. The next step is the Þrst in the proof of exponential convergence. We wish to show that we can choose
$(0) in such a way that lim t"!

&
X

ú$! n
! = 0. Since h ! c%= ! ú$ we must show

&
(h ! c%)! n

! ) 0 for some
choice ofc%. Now

d
dt

!
h! n

! =
!

úh + h! ú$ =
!

(R + h + c) ! h! h =
!

(h + c) +
!

|Dh |2

so
d
dt

$
e# t

!
(h + c)

%
= e# t

!
|Dh |2

We conclude

(
!

(h + c))( %) =
! !

"
e" # t

!
|Dh |2 + C

2



Recall that if $ satisÞes
&$
&t

= log
det(g)
det(go)

+ µ$ ! h0

then g(t) = ( go)iøj + &i&øj$(t) satisÞes the Ricci ßow (here&ø&h0 = Rc(g0) ! µg0). To see this, apply &i&øj to
both sides:

úgiøj = &i&øj
ú$ = ! Riøj + ( Ro)iøj + µ&i&øj$ ! ((Ro)iøj ! µ(go)iøj) = ! Riøj + µgiøj

The ßow equation for $ implies
&2$
&tt

= ! ú$ + µ ú$

Recall the notation:
úgjøk = ! Røk + µgjøk = ! &j&økh

Here h is determined, up to a constant, by the initial metric g(0) = ( go)iøj + &i&øj$(0). Moreover, h = ! ú$
up to an additive constant. Thus, adding a constant to $(0) does not changeg(0) and thus does not change
&ø& ú$, and thus changesú$ by a constant depending only on time.

Choose$(0) so that

c(0) =
1
V

! !

0
e# t

!

X
|D ú$|2! n

! dt

This is possible since the RHS depend only ong(0). Also, the RHS is Þnite if the K-energy is bounded
below. Claim: limt"! c(t) = lim t"!

1
V

& ú$! n
! = 0. To prove this, we Þrst show

c(t) =
! !

t

'
1
V

!

X
|D ú$|2! n

!

(
e# (" # t) d%

To see this, Þrst note that both sides agree whent = 0. Now multiply both sides by e# t and then di" erentiate
both sides:

e# t(c%(t) ! c(t)) = e# t 1
V

!
(
&2$
&t2 + ú$! ú$)! n

! = e# t 1
V

!
(! ú$ + ú$ + ú$! ú$ ! ú$)! n

This gives the integral representatin ofc(t). It now follows that lim c(t) = 0.

Remark: Our notes show that
&

|! ú$|2! n
! ) 0. Since Rc is bounded below by a positive constant, the

Þrst eigenvalue of! is bounded away from zero. This, together with the fact
& ú$! n

! ) 0 implies that
&

| ú$|2! n
! ) 0.

10. Claim: limt"! | ú$ ! c(t)| = 0

To see this, let tk ) " be any sequence. Thengij(tk) converges to a KE metric ÷giøj (after passing to a
subsequence). The convergence is inC! , so we also haveRiøj ) ÷Riøj . Since úgiøj = ! Riøj + µgiøj , we see
that &ø& ú$(tk) ) 0 (measured in any metric, since they are all equivalent). Let ÷c(t) = 1

V

& ú$÷! n. Then
| ú$ ! ÷c(t)| $ |

& ÷! $ ÷G(x, y)÷! n| and the latter goes to zero. Thus we conclude| ú$ ! ÷c(t)| ) 0 along the
subsequencetj . Integrating against ! n

t we see|c(t) ! ÷c(t)| ) 0 as t ) " , so limt"! | ú$ ! c(t)| = 0 (at Þrst
along a subsequence, but the subsequence was arbitrary, so the limit is uniform int).

11. At this point we make the following basic assumption : Assume that there is a KE metric ! KE such
that

lim
t"!

! ! (t) = ! KE in C3 ((( )

Then we claim the following:

3



a) The eigenspaces of! t converge to the eigenspaces of! KE .

b) The eigenvales of! t conveges to the eigenvalues of! KE .

Both a) and b) must follow from some general theory (reference? We need to know that if a metric is
perturbed in C3, that itÕs eigenvalues and eigenspaces also undergo a small perturbation). Note that the
eigenvales of! KE do not depend on! KE since in a Þxed K¬ahler class, all KE metrics are isometric to one
another so they all have the same spectrum.

12. We continue to assume (**). Then there exist 0< ' , C0, C1, ... such that

!

X

)
)
)D l

*
ú$ ! c(t)

+)
)
)
2

!
! n

! (t) $ Cle# # t (12.1)

Morever, there existsC > 0 such that 0 < c(t) $ Ce# # t.

We Þrst show that the second statement follows from the Þrst: From step 9 we have

c(t) =
! !

t

'
1
V

!

X
|D ú$|2! n

!

(
e# (" # t) d% $ et

! !

t
C1e# #" e# " d% =

C1

' + 1
e# # t

Now we prove the Þrst: Leth = ! ( ú$ ! c(t)) as in part 9. Then
&

h! n
! = 0 so

d
dt

!
h2! n

! =
!

(2h úh ! h2! h)! n
! =

!
(2h(! h + h + c) + 2 h|Dh |2) = 2

!
h2 ! 2

!
|Dh |2(1 ! h)

Since limt"! h = 0 by part 10, we have, for t large,

d
dt

!
h2 $ 2

!
h2 ! 2(1 ! #)(

!
h2

where ( is the Þrst positive eigenvalue of the laplacian. If we had( > 1, then we deduce

d
dt

!
h2 $ ! '

!
h2

for some ' > 0, and hence
&

h2 $ Ce# # t, and this is what we want to prove. But this doesnÕt quite work
since the Þrst positive eigenvalue of! KE is equal to one, and the Þrst positive eigenvalue of! t is very close
to one (since! t approaches a KE metric sequentially).

13. In order to make the above argument work, we need to know thath is orthogonal to the eigenspace of
the Þrst positive eigenvalue. Then the estimate works, since the second positive eigenvalue is strictly greater
than one.

Let X be a smooth vector Þeld on a compact K¬ahler manifoldM . Then L X ! = diX ! + i X d! whereL is the
Lie derivative. Since ! is closed, we have

L X ! = diX ! = &l(gøkjX j)dzl * dz
øk + &øl(gøkjX j)dz

øl * dz
øk

Now suppose thatX is holomorphic. Then

L X ! =

+
! 1
2

&ø&)

for some smooth) . This comes from the fact that the pull back of a (1, 1) form under a holomorphic
automorphism is again a (1, 1) form, and a closed (1, 1) form can always be written as

&
# 1
2 &ø&).

4



The previous two formulas yield +
! 1
2

&ø&) = &i X !

Thus

i X ! =

+
! 1
2

ø&) + ' X

where ' is a harmonic 1-form. Note that ' = 0 if the Þrst betti number of M vanishes, which is always the
case ifc1(M ) > 0.

Let * (M ) be the space of holomorphic vector Þelds onM and let * ' (M ) , * (M ) be the subspace consisting
of those X %* (M ) such that ' X = 0.

Theorem. Let M be a KE manifold and ! KE a KE metric on M . Let ( be the Þrst positive eigenvalue
of ! ! = ! ! KE . Then ( > 1 unlessX has non-zero holomorphic vector Þelds, in which case we have the
following characterization of the eigenspace:

* ' (M ) -) { f %C! (M ) : ! f = f }

Let us recall the proof: Let f .= 0 be such that ! f = ( f . Then
&

f = 0 and

||D 2f ||2 =
!

(D iD j f )(DøiDøj f ) = !
!

(D j f )(D iDøiDøj f ) = !
!

(D j f )(D iDøjDøif ) =

!
!

(Døj f )(DøjD iDøif ) +
!

(Døj f )RiøjøikD kf =
!

(! f )2 !
!

D j fD øj f = ( 2
!

f 2 !
!

|Df |2

On the other hand,
&

|Df |2 = !
&

f ! f = (
&

f 2. Thus

||D 2f ||2 = ( ( 2 ! ( )
!

f 2

which shows that ( # 1 with equality if and only if D 2f = 0, that is, DøiDøj f = 0. Let X k = gkøjDøj f . Then
DøiDøj f = 0 /& ø&X = 0 /& X is a holomorphic vector Þeld. Conversely, ifX is a holomorphic vector Þeld
of the form X k = gkøjDøj f and

&
f = 0 then

!
(! f )2 =

!
|Df |2 = !

!
f ! f $

$ !
f 2

%1/2 $ !
(! f )2

%1/2

so !
(! f )2 $

!
f 2 =&

!
|Df |2 $

!
f 2

Since( # 1, we must have
&

|Df |2 #
&

f 2. Thus
&

|Df |2 =
&

f 2 and f is an eigenfunction with eigenvalue
one.

Now we return to the proof: Let X be a holomorphic vector Þeld. We calculate:

&ø&
$

ln
! n

!

! n
+ $ ! ho

%
= ! Ric(! ! ) + Ric(! ) + &ø&$! Ric(! ) + ! = ! ! ! Ric(! ! )

Thus, by the deÞnition of the Futaki invariant:

0 = f M (X, ! ! ) =
!

X
$

ln
! n

!

! n
+ $ ! ho

%
=

!
X ( ú$ ! c(t)) =

!
D j) X áD j( ú$ ! c(t))

= !
!

! ! ) X á( ú$ ! c(t))
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If ! ! were KE, then ! ) X = ) X and the above formula would imply that h = ( ú$ ! c(t)) is orthogonal to the
Þrst positive eigenspace. Now! ! isnÕt quite KE - itÕs only close to a KE metric in theC3 norm - but thatÕs
good enough: The eigenvalues of! ! are either in (1 ! #, 1 + #) or they are bigger than $ 2 +1

2 > 1. Moreover,
the ! ! ) , for ) % * ' (M ), are very close to ! KE) and ! KE) = ) . On the other hand, the ) % * ' (M ) are
very close to the eigenfunctions of! ! corresponding to the small eigenvalues (those in (1! #, 1 + #)). Thus
h is nearly orthogonal to the space of small eigenfunctions:h = + + +( where + is a linear combination of
small eigenfunctions,+( 0 +, and

!

M
+2! n

! $ #
!

h2! n
! and

!

M
(+( )2! n

! # (1 ! #)
!

h2! n
!

Thus

||Dh || # ||D+( || ! ||D+|| #
, ( 2 + 1

2

- 1/2
||+( || ! (1 + #)1/2||+||

#
, ( 2 + 1

2

- 1/2
(1 ! #)1/2||h|| ! (1 + #)1/2#1/2||h|| > , ||h||

with , > 1 for # small. On the other hand,

d
dt

!
h2 $ 2

!
h2 ! 2(1 ! #)

!
|Dh |2 $ 2(1 ! (1 ! e), 2)

!
h2 $ ! '

!
h2

for some' > 0 provided # is su# ciently small. This proves (12.1) for l = 0.

Important remark: We did not use assumption (*) in paragraph 11. We only use the fact the ! ! converges
sequentiallyin C3 to a KE metric (something which has already been proved).

Now we consider the casel = 1:
!

|Dh |2 = !
!

h! h $ ||h|| á ||! h||

Since the ßow converges sequentially, we have! h is uniformly bounded. Sinceh ) 0 exponentially, we see
that ||Dh ||2 ) 0 exponentially. The argument for D lh is similar (where, by abuse of notation, D l means
any product of l operators which are eitherD operators or øD operators).

Sequential convergence gives us lower bounds on the Sobolev constants. Since||D lh|| ) 0 exponentially,
the Sobolev embedding theorem gives us supM |D lh| ) 0 exponentially. In particular, ! h = ú$ ! c(t) ) 0
exponentially so ú$ ) 0 exponentially. Integrating we see that there is a unique Kahler potential$(" ) such
that |$(t) ! $(" )| $ ce# # t.
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Abstract Cohomology

Cohomology of a complex of abelian groups.

A complex of abelian groups = (K n , dn )n ! Z is a collection of abelian groupsK
.

together
with homomorphisms dn : K n ! K n +1 such that dn +1 " dn = 0. We deÞne the nth

cohomology group of the complex as

H n (K
.
) = Ker d n /Imd n " 1

If
0 ! L

.
! K

.
! (K/L )

.
! 0 ()

is a short exact sequence of complexes, then we obtain a long exact sequence of cohomology
groups:

á á á! H n (L
.
) ! H n (K

.
) ! H n ((K/L )

.
) ! H n +1 (L

.
) ! H n +1 (K

.
) ! á á á ()

Example: Let Y # X be a closed subset. LetS(X, Y )
.

be the kernel of the restriction
map S(X )

.
! S(Y )

.
of singular cochain complexes. The cohomology ofS(X, Y )

.
is called

the cohomology of the pair (X, Y ) (closely related to the cohomology of the space obtain
from X by identifying all the points in Y with a point). Then ( ) becomes

á á á! H n (Y ) ! H n (X ) ! H n (X, Y ) ! H n +1 (Y ) ! H n +1 (X ) ! á á á

Spectral Sequences.

Let us reconsider the sequence (): The inclusions 0# L
.

# K
.

deÞne

1) A two step Þltration of K
.

whose graded pieces areL
.

and (K/L )
.
,

2) A two step Þltration of H (K
.
) given by 0 # Im [H (L

.
) ! H (K

.
)] # H (K

.
) whose

graded pieces areIm [H (L
.
) ! H (K

.
)] and H (K

.
)/Im [H (L

.
) ! H (K

.
)].

3) A map
0 ! H n ((K/L )

.
) ! H n +1 (L

.
) ! 0 ()

The sequence () says the graded pieces of the cohomology equal the cohomology (). In
other words, the graded pieces of the cohomology equal the cohomology of the cohomology
of the graded pieces.

We wish to generalize this to Þltrations ofK
.

with more than two steps. The Þnal result
is that the graded pieces of the cohomology equal the cohomology of the cohomology of ...
the cohomology of the graded pieces (where the number of iterations is Þnite, depending
on the number of steps in the Þltration).

Let F be a bounded Þltration ofK
.

= ( K n , dn ). Thus for p $ Z, F p(K
.
) = ( F p(K n ), dn ) is

a subcomplex ofK
.

(i.e., F p(K n ) is a subgroup ofK n such that dn (F p(K n )) # F p(K n +1 ))
such that F p(K

.
) % F p+1 (K

.
) for all p. The boundedness assumption means: For everyn,

F p(K n ) = K n for p su! ciently small and F p(K n ) = 0 for p su! ciently large.

1



For p, q $ Z let
E p,q

o = Gr pK p+ q & F p(K p+ q)/F p+1 (K p+ q) ()

Then we have maps

á á á! E p,q" 1
o

do'! E p,q
o

do'! E p,q+1
o ! á á á

We inductively deÞne groupsE p,q
r and maps dr : E p,q

r ! E p+ r,q " r +1
r as follows: E p,q

r +1 is
the cohomology of the short sequence:

E p" r,q + r " 1
r

dr'! E p,q
r

dr'! E p+ r,q " r +1
r

and dr is deÞned in a natural way (diagram chase).

It is convenient to associate a combinatorial picture to the inductively deÞned procedure
deÞned above: Fixr . At at each point ( p, q) in Z2, place the symbolE p,q

r . In this way we
get a table (denoted as theEr -table) with an inÞnite number of rows and columns. The
Er -table is partitioned into an inÞnite number of complexes, all parallel to one another,
with slope (1 ' r )/r . The Er +1 -table is obtained from Er -table by taking cohomology:
Thus, in the Eo table, the di" erential maps are all vertical, so we replaceE p,q

o by the
vertical cohomology at that point, and obtain E p,q

1 . In the E1-table, we take the horizontal
cohomology and obtain E2. Next we take the ' 1/ 2 sloped cohomology, and obtainE3,
etc. If for some r , Er = Er +1 = á á á= E# then we say the spectral sequence degenerates
at r .

Thus, for example:

E p,q
1 = H p+ q(Gr p(K

.
)) ()

For p, q Þxed, the sequenceE p,q
r stabilizes asr approaches( . The limit is denoted E p,q

#
and

E p,q
# = Gr pH p+ q(K

.
)

In this way we compute the graded pieces of the cohomology by taking the cohomology of
the cohomology of ... the graded pieces.

Total Complex of a Bicomplex.

There is a naturally deÞned Þltration of K
.

when K
.

is the total complex associated to a
bicomplex: A bicomplex is consists of a family of abelian groups (or more generally, objects
in an abelian category) A

..
= ( Ap,q ), where p, q $ Z, together with a pair of commuting

di" erentials d$ : Ap,q ! Ap+1 ,q and d$$: Ap,q ! Ap,q+1 . Then the associated total complex
K

.
= tot(A

..
) is deÞned as follows:K n = ) p+ q= n Ap,q and d : K n ! K n +1 is deÞned by

d = d$+ ( ' 1)pd$$on Ap,q . The complex K
.

admits two natural Þltrations:

F p
x K n = ) i %pAi,n " i , F p

y K
.

= ) j %qAp,j .
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Thus Gr p
x (K

.
) is the shifted complex Ap,á[' p] = ( Ap,n " p, (' 1)pd$$

n " p) Recall that () tells
us that E p,q

o = GRp
x (K p+ q). Thus we obtain

E p,q
o = Ap,q .

Now () implies E p,q
1 = H q(Ap,á) and

E p,q
2 = H p(H q(A

..
)) = * H p+ q(tot(A

..
)) ()

where in (), the H q is taken with respect to d$$, and the H p is taken with respect to d$.
(Of course, by symmetry, there is another spectral sequence with the order reversed).

The bicomplex and total complex associated to tensor products.

Let R be a ring and let Let K
.

and L
.

be complexes ofR module. Then we can form the
bicomplex Ap,q = K p + L q with di " erentials d$ = dK + 1L and d$$= 1 K + dL . Then we
have seen thatE p,q

2 = H p(H q((K + L)
..

)). The Kunneth formula says that if L
.

consists
of ßat R modules (in particular, free R modules) then the latter group can be calculated
as follows:

E p,q
2 = + i + j = qTorA

" p(H i (K
.
), H j (L

.
)) = * H p+ q(tot(K

.
+ L

.
))

In particular, if R is a Þeld, then

H n (tot(K
.
+ L

.
)) = + i + j = n (H i (K

.
) + H j (L

.
))

Example: The Dobeault complex

Let X be a complex manifold and letAp,q be the C-vector space of smooth (p, q) forms.
Let ! : Ap,q ! Ap+1 ,q and let ø! : Ap,q ! Ap,q+1 be the standard holomorphic and
antiholomorphic di " erentiation maps. Then a partition of unity argument shows that
Ap,q = Ap,0 + A0,q . Moreover, tot(A

..
) is canonically identiÞed with the space of smooth

di" erential n-forms on M and henceH n (tot(A
..

)) = H n
dR (X ) + C. Combining this with

the Kunneth formula, we obtain the Hodge decompositon:

H n
dR (X ) + C = + i + j = n H i (#

.
) + H j ( ø#

.
)

Where #
.

= ( An, 0, ! ) and ø#
.

= ( A0,n , ø! ) .
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Sheaf Cohomology

Sheaves.

Example 1. Let Y # X be a closed subscheme of a schemeX deÞned by the ideal sheafI .
Then

0 ! I ! Ox ! OY ! 0

is exact. For example, if X is P 1 and Y consists of two distinct points in X , then the
sequence obtained by taking global sections is no longer exact

Example 2. Let X be an algebraic variety. Then

1 ! O&
X ! K &

X ! Div X ! 0

is e xact. The quotiont group, Div (X )/K (X )& is the Picard group, P ic(X ), which is, in
turn, isomorphic to H 1(X, O &

X ).

Example 3. Le t X be a complex analytic variety. Then the sequence

0 ! ZX ! OX ! O&
X ! 1

is exact.

The standard ßabby resolution

Let F be a sheaf and letCo(F ) be the sheaf of discontinous sections, that is, deÞne
Co(F )(U) =

!
x ! U Fx . Then Co(F ) is a ßabby sheaf (the restriction maps are surjective).

Let Cn +1 (F ) = Co(Cn (F )/dC n " 1(F )), where d : Cn (F ) ! Cn +1 (F ) is deÞned in the
natural way. Then 0 ! F ! C

.
(F ) is a an exact sequence: This follows from the fact that

F ! Co(F ) is injective.

DeÞne
H n (X, F ) = H n (C

.
(F )(X ))

Clearly H o(X, F ) = F (X ). We say that F is acyclic if H n (X, F ) = 0 for all n > 0.

Observe that C
.

is an exact functor from the category of sheaves of abelian groups to the
category of complexes of sheaves of abelian groups. To see this, note that:

If 0 ! F ! G ! H ! 0 is exact, then 0! Co(F ) ! Co(G) ! Co(H ) ! 0 is exact (itÕs
even exact after taking global sections) and 0! Co(F )/F ! Co(G)/G ! Co(H )/H ! 0
is exact (the corresponding sequence of stalks is exact by the snake lemma and the fact
that H ! Co(H ) is injective ). Applying this observation with F, G, H, replaced by
Co(F )/F, C o(G)/G, and Co(H )/H we see that 0! C1(F ) ! C1(G) ! C1(H ) ! 0 and
0 ! C1(F )/F ! C1(G)/G ! C1(H )/H ! 0 are exact. Continuing by induction, we
prove the assertion.
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Now we can establish the fundamental long exact sequence: Assume that we are given
0 ! F ! G ! H ! 0, an exact sequence of abelian sheaves onX . Then we have just
seen that 0! C

.
(F ) ! C

.
(G) ! C

.
(H ) ! 0 is an exact sequence of complexes of abelian

sheaves. Thus, 0! C
.
(F )(X ) ! C

.
(G)(X ) ! C

.
(H )(X ) ! 0 is an exact sequence of

complexes of abelian groups, since the sheavesCn (F ), Cn (G), Cn (H ) are ßabby. Thus, by
that standard long exact sequence theorem from homological algebra, we obtain the long
exact sequence:

á á á! H n (X, F ) ! H n (X, G ) ! H n (X, H ) ! H n +1 (X, F ) ! H n +1 (X, G ) ! á á á

Example: Let X be an algebraic variety. Consider the sequence

0 ! O&
x ! K &

X ! Div X ! 0

where K &
X is the constant sheaf of non-zero rational functions,O&

X is the sheaf of nowhere
vanishing regular functions, andDiv X is the sheaf of divisors. Then, since constant sheaves
on irreducible spaces are ßabby, and since ßabby sheaves are acyclic, we obtain:

P ic(X ) = Div X /K (X )& = H 1(X, O &
X )

Hypercohomology.

It is possible to deÞne cohomology groups not only for a single sheaf but for a complex
of sheaves as well: Given a complex of abelian sheavesF

.
on a spaceX , consider the

corresponding bicomplex of sheaves,C
.
(F

.
) = ( Cq(F p)). Then we deÞne

H n (X, F
.
) = H n (tot(C

.
(F

.
))( X ))

If F
.

consists of a single sheaf 0! F o ! 0, then the hypercomology ofF
.

is just the
cohomology ofF o.

There are two basic spectral sequences which converge toH n (X, F
.
). In the Þrst, we

compute the cohomology of the bicomplex in the horizontal direction Þrst: Forq Þxed, we
have

E pq
1 = H p((Cq(F

.
))( X )) = ( H p(Cq(F

.
))( X ) = ( Cq(H p(F

.
))( X )

The second equality follows from the fact that Cq(F p) is ßabby, and that the cohomology
functor commutes with the global sections functor when the complex consists of ßabbly
sheaves.

The third equality follows from the fact that C
.

is an exact functor from the category of
sheaves to the category of complexes of sheaves, and thusC

.
commutes with the cohomol-

ogy functor.

Thus we obtain E pq
2 = H q(C

.
(H p(F

.
))( X )) & H q(X, H p(F

.
)). Thus

H q(X, H p(F
.
)) = * H n (X, F

.
)

5



Background for DonaldsonÕs theorems K¬ahler geometry

In these notes we provide some of background that is necessary for reading DonaldsonÕs
papers in K¬ahler geometry.

¤1. Linear Algebra.

Complex Structures on Vector Spaces.

Let V be a vector space overR of dimension 2n. Then a complex structure on V is an
element J ! Aut (V ) with the property J 2 = " I .

Alternatively, a complex structure on V is a pair (! , T) mod equivalence whereT is a
complex vector space of dimensionn and ! : V # T is an isomorphisom of real vector
spaces. The equivalence relation is given by (! , T) $ (! ! , T !) if there is an isomorphism of
complex vector spacesT # T! which makes the diagram commute.

To see the equivalence of the two deÞnitions, letJ : V # V be such that J 2 = " I and
deÞneT as follows: ThenJ %I deÞnes and automorphism of the vector spaceV %C Let
T be the +i eigenspace. ThenøT is the " i eigenspace. We have

V %C = T & øT

Now T is a complex vector space and the map! : V # T obtained by composing the maps
V # V % C = T & øT # T is an isomorphism of real vector spaces. Conversely, ifT is
a complex vector space and if! : V # T is an isomorphism of real vector spaces, then
J = ! " 1 ' i ' ! is a complex structure. Herei is the map on T given by multiplication by
i . Note that J depends only on the equivalence class of (! , T).

A slight variant is: A complex structure on V is an equivalence class of isomorphisms
f : V # Cn , where two isomorphisms are equivalent if they di! er by an element of
GL(n, C).

If we Þx a basis ofV , we see that a complex structure onV is a 2n ( 2n matrix J with
the property J 2 = " I , where I is the 2n ( 2n identity matrix. Alternatively, a complex
structure is an equivalence class of isomorphismsf : R 2n # Cn of real vector spaces.

Thus we see thatGL(2n, R ) operates transitively on the space of complex structures, with
stabilizer group GL(n, C). So the space of complex structures onR 2n is just the space
GL(2n, R )/GL (n, C). Thus, if we let J (V ) be the space of complex structures onV , we
see that

J (V ) ) GL(2n, R )/GL (n, C) (1.1)

J (V ) as a complex manifold .

The spaceJ (V ) is a smooth manifold. In fact, it has a natural structure as a complex
manifold. To see this, observe thatJ (V ) is the set of equivalence classes ofn ( 2n matrices

1



M with entries in C whose columns form a basis ofCn viewed as a vector space overR .
In other words,

det
(

M
øM

)
*= 0 (1 .2)

Since such anM has maximal rank over C, at least one of its n ( n minors has non-zero
determinant. Suppose that the Þrstn columns ofM form a minor of non-zero determinant.
Then equivalence class ofM has a unique representative of the form (I, Z ) where Z ,
according to (1.2), is an n ( n matrix such that Im (Z ) is non-singular. SuchZ form an
open subset ofM n # n (C). Since M is covered by a Þnite number of such open sets, with
holomorphic transitions, we see thatJ is a complex manifold of dimensionn2.

Symplectic structures on vector spaces.

A symplectic form on V is an non-degenerate alternating form" : V ( V # R . In other
words, a symplectic form is an element" ! " 2V $ which is non-degenerate.

If V = R 2n then a symplectic form is a non-singular 2n ( 2n matrix " such that t " = " " .

The standard symplectic form onR 2n is " =
(

0 1
" 1 0

)
. SinceGL(2n, R ) acts transitively

on the set of symplectic froms with stabilizer Sp(2n, R ), we see that the set of symplectic
structures on R 2n is GL(2n, R )/Sp(2n, R ). Thus, if we let S(V ) be the space of symplectic
structures on V , we see that

S(V ) ) GL(2n, R )/Sp(2n, R ) (1.3)

S(V ) as a symplectic manifold.

The spaceS(V ) is a smooth manifold with a natural symplectic structure. If " ! S(V )
then " + # ! S(V ) for su# ciently small # ! T! (S(V )) = " 2(V $). This shows that S(V ) is
a manifold of dimension

( n
2

)
.

If #1, #2 ! T! (S(V )) then deÞne

$ (#1, #2) = T r (#1"# 2)

Then $ is a non-degenerate closed 2-form onS(V ).

Complex structures compatible with symplectic forms.

Let V be a Þnite dimensional vector space overR and Þx" , a symplectic form onV . We say
that a complex structure J is compatible with " if " (Ju, Jv ) = " (u, v) and if " (u, Ju) > 0
if u *= 0. Let J ! (V ) + J (V ) be the set of complex structures onV compatible with " . We
have seen thatJ (V ) is a complex manifold, which is covered by coordinate neighborhoods
J (V )i , with 1 , i ,

( 2n
n

)
where

J (V )i = { Z ! M n # n (C) : det( Im (Z )) *= 0 }
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Let J ! ,i = J i - J ! .

Claim. J ! is a complex submanifold ofJ . Moreover, for every i ,

J ! = J ! ,i = { Z ! M n # n (C) : Z = t Z, Im (Z ) > 0 } = Sp(2n, R )/U (n)

In other words, J ! is the Siegel upper half plane of genusn, and the natural action of

Sp(2n; R ) on J ! is the standard M¬obius action: If $ =
(

A B
C D

)
! Sp(2n, R ) and if Z

is a point in the upper half plane then

$(Z ) = ( AZ + B )(CZ + D)" 1

Proof. A complex structure ! : V # Cn is compatible with " if and only if %= ! $" ( which
is a symplectic form on the real vector spaceCn ) has the property: %(iz, iw ) = %(z, w)
for all z, w ! Cn . In other words, %(z, w) = Im

(
.z, w/ "

)
where .z, w/ " is the hermitian

metric on Cn given by the formula:

.z, w/ " = %(z, iw) + i%(z, w) (1.4)

(Our convention for the deÞnition of a a hermitian pairing is: .z, aw/ = a.z, w/ and
.az, w/ = øa.z, w/ for all a ! C). Since any two hermitian metrics on Cn are equivalent
under the action of GL(n, C), we see that inside the equivalence class of! there is a
representative (which we also call! ) with the property . , / " = . , / where . , / is the standard
hermitian pairing on Cn : .z, w/ = t øzw. This representative is unique up to U(n), the
symmetry group of the form . , / . Thus the set of complex structures compatible with" is
the set of U(n) equivalence classes of isomorphisms! : V # Cn with the property " = ! $%
where%= Im

(
. , /

)
. Fix one such! . Then any other ! must be of the form # = ! ' f where

f ! GL(V ). But the condition #$%= " implies, f $" = " which means that f ! Sp(V," ).
This shows that J ! = Sp(2n, R )/U (n). In other words the inclusion J ! (V ) &# J (V ) is
equivalent to the inclusion

Sp(2n, R )/U (n) &# GL(2n, R )/GL (n, C) (1.5)

(thus weÕve proved thatU(n) = Sp(2n, R ) - GL(n, C)). The rest of the claim follows by
simple calculation.

¤2. The groups, the manifolds, and the actions.

We digress for a moment to discuss the deÞnition of an inÞnite dimensional manifold. We
start with the two basic examples:

Let M be a smooth manifold, and letN be a smooth manifold. LetC% (M, N ) be the set
of smooth maps fromM to N . Then C% (M, N ) is an example of an inÞnite dimensional
manifold (which is actually Þnite dimensional when M is a Þnite collection of points). If
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f ! C% (M, N ) then the tangent space at f is deÞned asTf (C% (M, N )) = %(f $TN )).
Thus an element in the tangent space assigns, in a smooth fashion, to each pointx ! M
a tangent vector at the point f (x) ! N .

To give an example of an inÞnite dimensional complex manifold, we again letM be a
smooth manifold and N a complex manifold. Then C% (M, N ) is a complex manifold.
The complex structure on the tangent spaceTf is deÞned to bef $J , were J : TN # TN
is the complex structure on N .

Now we describe a more general class of examples: The category of inÞnite dimensional
manifolds based on a given Þnite dimensional manifoldM is contains the category of Þber
bundles overM . Recall that a Þber bundle overM is a manifold F and a map F # M
with the property that locally, F = U# ( Fo where Fo is a Þxed smooth manifold. We
require that on the overlaps, the transition functions ' #$ (x) are di! eomorphisms ofFo

which vary smoothly with x. Then the inÞnite dimensional manifold associated toF # M
is the space%(F/M ) of smooth sectionss : M # F . The tangent space ats is deÞned to
be Ts(%(F/M )) = %(s$(T F v )) , where TF v + TF is the subsheaf consisting of Òvertical
vectorsÓ, that is,T F v is the kernel of the map TF # TM . Thus a tangent vector at s
assigns to everyx ! M a vector tangent to the ÞberFx at the point s(x) ! Fx + F .

Similarly we can deÞne the complex manifold assoicated to a Þber bundle, is similar, but
we require that Fo be a complex manifold and that the transition functions ' #$ (x) be
biholomorphic maps which vary smoothly with x.

Now maps between Þber bundles overM give rise to maps between corresponding manifolds
in the obvious way. EmbeddingsF &# F ! correspond to submanifolds.

The simplest examples come from the case whereFo is a vector space, in other words, if
F is a vector bundle. The assoicated manifold is the space of smooths sections. These
manifolds are a# ne: This means that all the tangent spaces are canonically identiÞed with
the manifold itself.

The general deÞnition of a manifold based on a givenM is similar to the usual deÞnition
of a Þnite dimensional manifold: ItÕs a topological spaceF which is covered by ÒEuclidean
balls over M Ó: A Euclidean ball is a set of the form{ s ! %(E) : ||s " s0||C ! < r } , where
E is a smooth vector vector bundle onM endowed with a connection0 , s0 ! %(E) is a
Þxed smooth section,r is a positive number, and the norm is theC% norm deÞned by0 .

Next we deÞne the relevant inÞnite dimensional Lie groups and the inÞnite dimensional
manifolds upon which they act, and we calculate the inÞntesimal actions of the Lie algebras.

The groups Di ! and Sym.

Let M be a smooth manifold. ThenDif f (M ) is the group of di! eomorphisms ofM . We
have Lie (Dif f (M )) = V ect(M ), the space of smooth vector Þelds onM .

Now let " be a symplectic form onM . We deÞneSym(M, " ) + Dif f (M ) to be the group
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of exact symplectomorphisms of (M, " ). Then

Lie (Sym(M, " )) = C% (M )/ R

The Lie algebra imbeddingC% (M )/ R = Lie (Sym(M, " )) &# Lie (Dif f (M )) = V ect(M )
is given by f 1# X f , where X f is the symplectic gradient of f . In other words,

X j
f = f i " ij (2.1)

In other words, df = i X f " . The Lie algebra structure onC% (M )/ R is given by the Poisson
bracket: If f, g ! C% (M )/ R then { f, g } = " (X f , X g)

The manifolds Aut, J , S, J ! , C and K.

DeÞne
Aut = { J : T M # TM | J is a bundle automorphism}

J = { J : Aut | J 2 = " I }

S = { " : T M %TM # C% | " is a symplectic form}

C = { (J, " ) ! J ( S : " (Ju, Jv ) = " (u, v), " (u, Ju) > 0 for u *= 0 }

and for a Þxed symplectic form" ,

J ! = { J ! J : (J, " ) ! C }

For (J, " ) ! C we deÞneg(J, ! ) (u, v) = " (u, Jv) which is a Riemannian metric on M , and
we let 0 (J, ! ) be the corresponding Levi-Civita connection. Then deÞne the space of Kahler
structures on M as follows:

K = { (J, " ) ! C : 0 J = 0 }

Finally we deÞneJ int + J as follows:

J int = { J ! J : N (J ) = 0 }

where N is the Nijenhuis tensor. Recall that if (J, " ) ! ( C with J ! J int then (J, " ) ! K.

The discussion in¤1 shows that J , S and J ! are all inÞnite dimensional manifolds which
are associated to various Þber bundles. For example,J is the set of all sections of
a certain GL(2n, R )/GL (n, C) bundle over M . In a similar way, S is associated to a
GL(2n, R )/Sp(2n, R ) bundle and J ! to a Sp(2n, R )/U (n)) bundle.

Since Sp(2n, R )/U (n)) is the Siegel uper half plane, which has a complex structure, we
see that J is a complex manifold. The submanifoldsJ int and K are deÞned by smooth
Þrst order (non-linear) di! erential equations. They are not associated to a Þber bundle
and are thus more di# cult to understand.
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The tangent spaces.

The tangent spaces can be described as follows:

TJ (Aut) = { A : T M # TM : A is a bundle map} = End( TM )

TJ (J ) = { A ! End(TM ) : JA + AJ = 0 }

T! (S) = { # : T M $ %TM $ # C% : #(u, v) = " #(v, u)}

T(J, ! ) (C) = { (A, #) : " (JAu, v ) + " (u, JAv ) = #(Ju, Jv ) " #(u, v)

TJ (J ! ) = { A ! TJ (J ) : " (JAu, v ) + " (u, JAv ) = 0 }
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Complex Coordinates

If J ! J then we can decomposeT M %C = T & øT, where T is the i eigenspace ofJ and
øT the " i eigenspace. Using this decomposition, one can give a simpler description of the
tangent spaces above. For example, ifA ! TJ (Aut) then we can write

A =

(
Ai

j Ai
øj

Aøi
j Aøi

øj

)
, Ai

j = Aøi
øj , Ai

øj = Aøi
j (2.2)

with Ai
j ! Hom(T, T), Ai

øj ! Hom( øT , T), etc. An element A ! TJ (Aut) is in TJ (J ) if an

only if Ai
j = Aøi

øj = 0. Thus we have an isomorphismµ : TJ (J ) # %(T % øT$) which we
normalize as follows:

µ(A) =

2
" 1
2

áAi
øj (2.3)

Since%(T % øT$) is a complex vector space, we see thatJ has a complex structure.

If ( J, " ) ! C then, with respect to the eigenspace decompositionTM %C = T & øT,

J =
(

i 0
0 " i

)
, and " =

(
0 " i øj

" øij 0

)
, " i øj = " øij , " i øj = " " j øi

Thus if J ! J ! we see that

TJ (J ! ) = { µi
øj ! TJ (J ) : " øik µk

øj = " øjk µk
øi }

Thus, if we let S2( øT$) be the set of symmetric tensors in%( øT$%øT$) we have an isomorphism

s : TJ (J ! ) # S2( øT$)

given by µi
øj 1# søi øj = " øik µk

øj . Again, since S2( øT$) is a complex vector space,J " has a
complex structure.

Finally, the symplectic gradient (2.1) can also we written in complex coordinates: For a
smooth function f ! C% (M )/ R we haveX f = ! f + ! f where ! f ! %(T) is given by

! i
f = f øj " øji (2.4)

The actions.

Now we deÞne the actions ofDif f (M ) on J and on S: If ' ! Dif f (M ) and J ! J , then
' áJ = D ' ' J ' D ' " 1, where D ' : TM # TM is the derivative of ' . If " ! S then we
deÞne' á" = ' $" . These actions induce actions onC and K and J int . Note however that
the manifold J ! is invariant under Sym(M, " ) but not under Dif f (M ).

Now we calculate the inÞnitestimal action ofDif f (M ) on Aut and onS. If v ! V ect(M ) =
Lie (Dif f (M )), and if J ! Aut, we have

v áJ = L v J ! TJ (J ) (2.5)
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whereL v is the Lie derivative (this is essentially the deÞnition of the Lie derivative). Note
that if J ! J then J 2 = " 1 so we haveAJ + JA = 0 where A = L v J . In other words,
L v J ! TJ (J ) as expected.

Next we re-write (2.5) in terms of coordinates: Let v be a smooth vector Þeld let' tv be
the 1-parameter family of di! eomorphisms associtated tov. Then by deÞnition,

v áJ =
d
dt

∣∣∣∣
t =0

D ' tv ' J (' tv (x)) ' D ' " 1
tv =

d
dt

∣∣∣∣
t =0

(
) i

p + t v i
p

) (
J p

k + tJ p
k ;l v

l
) (

) k
j " t vk

j

)
= ( vi

pJ p
j " J i

pvp
j ) + J i

j ;l v
l

Now suppose that0 is a connection onTM with the property: 0 J = 0 (this is the case,
for example, whenM is K¬ahler). Choosing normal coordinates:

(v áJ )i
j = vi

pJ p
j " J i

pvp
j (2.6)

Since the right side of (2.6) is a tensor, we see that (2.6) holds in any coordinate system,
where, as usual,vi

j denotes covariant di! erentiation.

Equation (2.6) takes a particularly simple form if J ! J :

µ(v áJ ) = ø* v (2.7)

In other words, if we identify TJ (J ) with %(T % øT$), we obtain:

(v áJ )i
øj = vi

øk (2.8)

Again (2.7) and (2.8) hold when J ! J and when 0 J = 0. For example, they hold when
J ! J int is compatible with a symplectic form " .

To prove (2.6) and (2.7), we simply calculate the right side of (2.6):
(

vi
j vi

øj

vøi
j vøi

øj

)(
i 0
0 " i

)
"

(
i 0
0 " i

) (
vi

j vi
øj

vøi
j vøi

øj

)
=

(
0 " 2

2
" 1vi

øj

2
2

" 1vøi
j 0

)

Applying (2.3) we get (2.8).

¤3. The lifted groups, manifolds and actions.

Let M be a compact manifold and let+ : L # M be a complex line bundle onM . Let
Aut(M ) be the di! eomorphism group ofM . DeÞneAut(M, L ) to be the group of bundle
automorphisms of L : Thus Aut(M, L ) consists of all pairsF = ( F, ÷F ) where F : M # M
and ÷F : L # L are di! eomorphisms with the properties: + ÷F = F + and ÷F (, x) = , F (x)
for all , ! C and all x ! L . Clearly the map Aut(M, L ) # Aut(M ) mapping (F, ÷F ) 1# F
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is a homomorphism. ItÕs image is the groupAut0(M ) consisting o! all di ! eomorphisms
such that F $c1(L ) = c1(L ).

The Lie algebra ofAut(M ) (and of Aut0(M )) is the spaceV ect(M ) consisting of all smooth
vector Þelds onM . The Lie algebra of Aut(M, L ) is given by the space of vector Þelds on
L # (the complement of the zero section inL) which are C# invariant. If we choose onL
a hermitian metric h and a unitary connection A, then we can describe the Lie algebra in
a very convenient fashion:

Lie (Aut(M, L )) = { ( ÷X + - t ) : X ! V ect(M ), - ! C% (M, C)}

where ÷X is the horizontal lift of the vector Þeld X , t is the vector Þeld onL # generated
by the inÞnitesimal action of U(1) and C% (M, C) is the space of complex valued smooth
functions on M .

Now Þx (M, " ), a compact symplectic manifold, and (L, h, A ), a complex vector bundle
with hermitian metric and unitary connection, satisfying the following curvature property:

FA = " i " (3.1)

We let G0 = Aut(M, " ) be the group of exact symplectomorphisms ofM . Recall that the
Hamiltonian construction gives an isomorphism Lie (Aut(M, " ) = C% (M )/ R . We now
deÞneG = Aut((M, " ), (L, A, " )) to be the subroup of Aut(M, L ) which preserveh and A.
Thus and elementF = ( F, ÷F ) ! Aut(M, L ) is in Aut((M, " ), (L, A, " )) if |F (x)|h = |x|h
for all x ! L and if ÷F $A = A: Recall that if F : N # M is a smooth map, andE # M a
vector bundle with connection A, the F $E is a vector bundle onN with connection F $A.
There are various (equivalent) ways of deÞningF $A: in local coordinates,A = ( Aij ) is a
matrix of one forms on M . Then F $A = ( F $A)ij is a matrix of one forms onN deÞned
by (F $A)ij = F $(Aij ). Thus F $A is characterized by the formula:

0 (F " A ) (F
$s) = F $(0 A s)

for every sections of E . More geometrically, we can view the pullback of a connection via
holonomy maps as follows: The connectionA assigns to each path$ in M an isomorphism:
A% : L %(0) # L %(1) . If . is a path on N , deÞne (F $A)& : (F $L )&(0) # (F $L)&(1) by the
formula (F $A)& = AF &, where we make the canonical identiÞcation (F $L)&(t ) = L F &(t ) .
These holonomy isomorphisms determineF $A.

Now we calculate the lie algebraLie (G): Since G + Aut(M, L ), every element in G must
be of the form V = ÷X + - t for some X ! V ect(M ) and some - ! C% (M, C). Then
V ! Lie (G) if and only if L V (|x|h ) = 0 and L V A = 0, where L is the Lie derivative. The
inÞntesimal action of V on the metric is given by

L V (|x|h ) =
d
dt

∣∣∣∣
t =0

| exp(it - )x|h = " Im (- )|x|h

Since the elements inG are required to preserve the metric, we must haveIm (- ) = 0, that
is, - = f ! C% (M, R ), a real valued function.
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Next we calculate the inÞnitesimal action ofV on the connection: We viewA as a one-form
on L(1) (the elements ofL of norm one) with values in iR (the lie algebra of U(1)). Then

(L V A)(Z ) = V (A(Z )) " A([V, Z]) = 0 (3 .2)

for all Z = ÷Y + gt , where Y ! V ect(M ) and g ! C% (M ), where L is the lie derivative
acting on one-forms. NowA(Z ) = A( ÷Y + gt ) = g since A kills horizonal vectors and
A(t ) = 1. Thus V(A(Z )) = V (g) = ( ÷X + f t )(g) = X (g) since g is constant on Þbers and
is thus killed by t . Thus (3.2) becomes

X (g) = A([V, Z])

for all g and all Y . Now

[V, Z] = [ ÷X + f t , ÷Y + gt ] = [ ÷X, ÷Y ] + [ f t , ÷Y ] + [ ÷X, g t ] + [ f t , gt ]

Now
[ ÷X, ÷Y ] = ˜[X, Y ] + iF A (X, Y )t

using the deÞnition of curvature. But we are assuming thatFA = " i " . Thus we obtain
A([ ÷X, ÷Y ]) = " (X, Y ). Now

[ ÷X, g t ] = L ÷X gt = X (g)t + L ÷X t = X (g)t

and
[f t , gt ] = L f t (gt ) = f (L t g) át + fg L t t = 0 + 0 = 0

Thus
X (g) = A([V, Z]) = " (X, Y ) + X (g) " Y (f )

which implies " (X, Y ) = Y(f ) = df (Y ) for all Y , in other words, X = X f . Thus, we see
that

Lie (G) = { ÷X f + f t : f ! C% (M )} ) C% (M )

where the isomorphism is an isomorphism of Lie algebras (whereC% (M ) has the lie algebra
structure given by the Poisson bracket). The mapG # G0 induces a map on Lie algebras
C% (M ) # C% (M )/ R which is just the canonical quotient map.

¤4. The mirror principle.

As before, we letH = { (s, I ) : s is a basis ofH 0(L k
I ) } and we deÞne, fora > 0,

µa = { (s, I ) ! H :
N∑

# =0

|s# |2h0
= a }

We wish to show:
µa/ G = H/ Gc (4.1)
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To do this, we Þrst prove the following:

Lemma (mirror principle). Fix (s, I ) ! H . There is a natural di! eomorphism of inÞnite
dimensonal manifolds:

Gc(s, I )/ G ) Herm(L I ) (4.2)

where Herm(L I ) = { h : L I # R : h is a hermitian metric with positive curvature }

Proof. We Þrst deÞne a mapGc(s, I ) # Herm(L I ) as follows: Let (s!, I !) ! Gc(s, I ) and
chooseF ! Aut(M, L ) such that F (s!, I !) = ( s, I ). Thus F = ( F, ÷F ), where the map
F : (M, I ) # (M, I !) is biholomorphic, ÷F : L I # L I # is a holomorphic isomorphism of line
bundles, ands = ÷F " 1s!F .

The choice of F is unique, since if (s, I ) = ( s!, I !) then F (F, ÷F ) has the property: F is
a holomorphic automorphism of (M, I ) such that ÷Fs = sF . Evaluating at any x ! M :
÷Fx (s(x)) = s(F (x)). But ÷Fx is a non-zero complex number, and thuss(x) and s(F (x))
deÞne the same point in projective space. But we are assuming thats provides and
embedding of M into projective space. Thus x = F (x) and F is the identity. Thus
s(x) = ÷Fx ás(x). Since at least one of the elements in the basiss is non-zero, we see that
÷Fx = 1. This shows that F is unique.

Now deÞneh = F (h0), that is, h = h0 ' ÷F . Then R(h) = F $(R(h0)) = F $(" ). Since I !

is compatible with " , we have that I = F (I !) is compatible with F $(" ). In other words,
F $(" ) is a positive (1, 1) form, and thus R(h) is positive, that is, h = h(s!, I !) ! Herm(L I ).

Note that h(s!, I !) = h(s!! , I !! ) if ( s!, I ! ) = F (s!! , I !! ) for someF ! G. We claim the converse
is true as well: Assumeh(s!, I !) = h(s!! , I !! ). Then there is an F ! Aut(M, L ) such that
F (s!, I !) = ( s!! , I !! ) and such that F (h0) = h0. Now consider the two connections: A
and F $A. The complex structure on L I # is compatible with both, and the metric h0 is
compatible with both. Since the connection compatible with the metric and the complex
structure is uniquely determined, we conclude thatA = F $(A), and thus F ! G.

We now see that the maph : Gc(s, I )/ G # Herm(L I ) is well deÞned and injective. It
remains to prove that it is surjective. So let h ! Herm(L I ). Then R(h) = " + i * ø*' > 0.
By MoserÕs lemma, there isF : M # M such that F $(" ) = " + i * ø*' . This shows that
c1(F $L) = c1(L ), so there is a di! eomorphism (G, ÷G) : (M, F $L) # (M, L ) where G is
the identity. Thus there exists ÷F such that F = ( F, ÷F ) ! Aut (M, L ). Now the curvature
of F (h0) is " + i * ø*' and thus F (h0) = ah for some a > 0. Replacing ÷F by a" 1 ÷F , we
concludeF (h0) = h, and thus our map is surjective.

Now we extablish (4.1): Note that for every (s!, I !) ! Gc(s, I ) we have

∑

#

|s!
# |2h0

=
∑

#

|s# |2h

where h = h(s!, I !). Thus there exists (s!, I !) ! Gc(s, I ) with the property
∑

# |s!
# |2h0

= a
if and only if there exists h ! Herm(L I ) with the property

∑

#

|s# |2h = a (4.3)
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Now for a Þxed (s, I ) ! H there is clearly a uniqueh satisfying (4.3), namely:

h = a á
h0∑

# |s# |2h0

Thus, by the mirror lemma, for a Þxed (s, I ) ! H there is, up to the action of G, a unique
(s!, I !) ! Gc(s, I ) such that (s!, I !) ! µa.

¤5. Moment maps: Uniqueness and existence of zeros.

Let G be a compact Lie group acting on a Kahler manifold (Z, " , I ). Let h be a invariant
inner product on Lie (G) (which always exists whenG is compact) and let %: Z # Lie (G)
be a moment map for the action ofG, where we identify Lie (G) with Lie (G)$ using h.

For z ! Z , let . z : Lie (G) # T Zz be the inÞnitesimal action: . z (! ) = d
dt |t =0 exp(t! ) áz.

Let I : TZ # T Z be the complex structure. Then to say that %is a moment map is to
say:

.d%(w), ! / Lie (G) = .w, I . z (! )/ T Z z (5.1)

for all w ! TZz and all ! ! Lie (G) . Replacing w by Iw , and using the fact that the
metric is invariant under I , we can restate (5.1) as follows:

d%' I = . $ (5.2)

Using the relation gij = " ik I k
j , we can rewrite (5.1) using indices as follows:

%#
j h#$ = . i

$ " ij (5.3)

Uniqueness of moment map zeros.

Let Lie (G)c = Lie (G) %C be the complexiÞed Lie algebra. LetGc be the associated com-
plexiÞed group. ThenLie (Gc) = Lie (G)C and G + Gc is a maximal compact subgroup.

If G is the set of real points of a linear algebraic group overR (i.e., a subgroup ofGL(n)
deÞned by polynomial equations with coe# cients in R ), then Gc is just the set of complex
points. For example,

U(n) = {
(

a b
c d

)
: a, b, c, d! M n (R ), a = d, b= " c, at a + bt b = I, bt a = at b}

where we identify u = a + bi ! U(n) with the 2 n ( 2n matrix
(

a b
" b a

)
. Thus

U(n)c = {
(

a b
c d

)
: a, b, c, d! M n (C), a = d, b= " c, at a + bt b = I, bt a = at b}
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whereM n (R ) ( resp. M n (R )) is the set of n ( n matrices with entries in R (resp. C). Note

that U(n)c ) GL(n, C) via the map
(

a b
" b a

)
1# a + bi. Similarly SU(n)c = SL(n, C).

The action of G on (Z, " ) extends to an action of Gc on Z (which no longer preserves" ).
To see this, we Þrst extend inÞnitsimally by deÞning

. z (! 1 + i ! 2) = . z (! 1) + I . z (! 2) (5.4)

and then the action of g = exp( ! 1 + i ! 2) is obtained by integrating (5.4).

Let z ! Z . We are interested in the solutions to the moment map equation:

%(gz) = 0

Note that by the equivariance of %, if %(z) = 0 then %(gz) = 0 for all g ! G.

The solution to the moment map equation may not always exist, but if it does, it is unique
modulo the action of G:

Lemma (uniqueness of moment map zero) Let z ! Z , and assume%(z) = 0 .

1. Assume that%(gz) = 0 , for some g ! Gc. Then we can factor g as follows:

g = g0 exp(i ! )

were g0 ! G, ! ! Lie (G) and exp(it ! ) áz = z for all t ! R .

2. If %(gz) = 0 , for some g ! Gc, then z = goz for some go ! G.

3. We have the following isomorphism of discrete groups:

zG

(zG )0 )
zGc

(zGc )0

where H 0 denotes the connected component of the identity of a topological groupH , and
zG = { g ! G : gz = z} .

Proof. We start with the proof of statement 1. DeÞne Qz, and endomorphism ofLie (G),
as follows:

Qz = . $
z . z = d%' I ' . z

Assume%(z) = %(gz) = 0 for some g ! Gc. Write g = go exp(i ! ) for somego ! G and some
! ! Lie (G). Then we have%(z) = %(go exp(i ! )z) = %(exp(i ! )z) = 0. Let z(t) = exp( it ! ) áz.
Then

z!(t) = I . z( t ) (! ) = . z( t ) (i ! ) (5.5)

DeÞne
f (t) = . ! , %(z(t)) /

13



Then
f !(t) = . ! , d%(I . z( t ) (! )/ = . ! , Qz(t ) ! / = . . z( t ) ! , . z( t ) ! / (5.6)

where in the Þrst equality weÕve made use of (5.2).

Now we are assumingf (0) = f (1) = 0. Equation (5.6) implies . z( t ) ! = 0 for all t. Thus,
by (5.5), we havez!(t) = 0 for all t, which shows that z(t) is constant, and this proves part
one. Parts two and three are immediate consequences of part one.

We can rephrase part two as follows: LetZ s + Z denote the set of stable elements, that
is, those elements whose complex orbits meet the set%(z) = 0. Then

Z//G =
{ z ! Z : %(z) = 0 }

G
=

Z s

Gc (5.7)

where, for the moment, we view (5.7) is a bijections of sets.

The gradient ßow and existence of moment map zero.

The solutions to the equation %(g áz) = 0, are the same as the solutons to' (g áz) = 0,
where ' (z) = |%(z)|2. We shall try to solve this equation by ßowing along the descending
gradient lines of ' .

First we compute the gradient of ' : Since ' : Z # R , we have gradz ' ! TzZ . We claim:

gradz ' = 2 I . z (%(z)) (5 .8)

To see this, we start with the deÞntion: ' (z) = .%(z), %(z)/ Lie ( G ) . Thus, for w ! TzZ ,

.gradz ' , w/T Z = d' (w) = 2 .d%, %/ Lie ( G ) (w) = 2 .d%(w), %/ Lie ( G ) = 2 .w, I . z (%(z)) /T Z

The Þrst equality is the deÞniton of gradz ' . Since this holds for all w, we obtain (5.8).

Remark: Equation (5.8) shows that if gradz ' = 0, then either %(z) = 0 or z has a non-
discrete stablizer group (that is, there is a one paramenter subgroup ofG Þxing z). Thus, if
we assume that all stabilizers are discrete, the critical points of' are in 1-1 correspondence
with the zeros of the moment map.

Using equation (5.8), we see that the descending gradient ßow equation is:

dz
dt

= " I . z (%(z)); z(0) = z0 . (5.9)

We also consider the lifted equation

d!
dt

= %(exp(i ! (t)) áz0); ! (0) = 0 . (5.10)

where ! : R # Lie (G) is an unknown fucntion.
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Lemma on the gradient ßow.
1. Equation (5.9) preserves theGc orbits, that is, z(t) ! %= Gcz0 for all t.
2. Equations (5.9) and (5.10) have solutionsz(t) and ! (t) which exists for all t ! R .
3. a) If the ßow ! (t) has an accumulation point ! 1 ! Lie (G), then z1 = exp( i ! 1) áz0 is a

critical point of ' .
b) Moreover, if the points of %have discrete stabilizers, thenz1 is the unique (modulo

G action) zero of the moment map andlimt &% ! (t) = ! 1, lim t &% z(t) = z1.
4. If V is compact, then the ßow lines converge to the critical set of' .

Proof. Part 1. follows from the simple equation: " I . z (%(z)) = . z (" i%(z)) which says
that the tangent line of the ßow stays inside the tangent space of theGc orbit.

More explicitly, letÕs consider the lifted equation

d!
dt

= %(exp(i ! (t)) áz0); ! (0) = 0 . (5.10)

where ! : R # Lie (G) is an unknown fucntion. Since %(exp(i ! ) ázo) is a smooth vector
Þeld onLie (G), equation (5.10) has a solution! which exists for t is some interval [0, T% ).
ChooseT% to be maximal. Thus T% ! (0, 3 ].

Let z(t) = exp( ! (t)) áz0. Then we clearly havez(t) ! Gcz0 for all t. We claim that z(t) is
a solution (and thus the unique solution) to (5.9). To see this, we di! erentiate:

dz
dt

= . z( t ) (!
! (t)) = . z( t )

(
" i%(z(t))

)
= " I . z( t ) (%(z(t))

which shows that z(t) is a solution to (5.9).

To Þnish the proof of part one and two of the lemma, we must show thatT% = 3 :
Since |%(z(t)| is a decreasing function, we see that|! !(t)| is a bounded function. Thus, if
T% < 3 , the curve ! : [0, T% ) has bounded lenth. Thus limt & T! ! (t) = ! 1 exists. But
now the gradient ßow (5.10) with initial condition ! (T% ) = ! 1 has a smooth solution on
some interval (T% " / , T% + / ) which patches together with the solution ! : [0, T% ) # V
to give a solution on [0, T% + / ), contradicting the maximality of T% .

Now we prove part three: If ! (tn ) converges to! 1 ! Lie (G), then we wish to show that
gradz1

' = 0, where z1 = exp( i ! 1). First observe that |%(t)| is decreasing, and thus has a
limit c 4 0. If c = 0, then %(z1) = 0, and thus z1 is a critical point of ' . Assume therefore
that c > 0, and Þx / > 0. Then |gradt n

| > / implies that |gradt | = |. z( t ) (%(z(t))) | > / / 2
on some interval [tn , tn + ) ], where ) depends only on/ (Reason: |grad' | = |. z (%(z)) |
is a uniformly conintuous function of z on compact sets. Since|%(z(t)) | is decreasing,
itÕs bounded above, which means that the velocity of! (t) is bounded above. So! (t) stays
close to! (tn ) for a bounded amount of time. For that time interval, . z( t ) is bounded above
which means that z!(t) is bounded above. Thusz(t) stays close toz(tn ) for a bounded
amount of time depending on/ ).
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Now observe that if z(t) is a solution to (5.9), then
∫ T

0

∣∣∣∣
dz
dt

∣∣∣∣
2

dt =
∫ T

0
|grad' |2 dt = "

∫ T

0

d
dt

|%(z(t)) |2 dt = %(z(0)) " %(z(T)) , %(z(0))

The Þrst equality follows from (5.9). The second from the fact that " |grad' | = d'
ds , where

s is the arc length parameter, and the fact that ds
dt = |z!(t)| = |grad' |.

Thus
∣∣ dz

dt

∣∣ is in L 2
(
[0, T% )

)
. But it might not be in L 1 (that is, z(t) need not have bounded

length).

Returning now to the proof of part three, the fact that |gradt ' | is bounded inL 2 says that
the set of n for which |gradt | = |. z( t ) (%(z(t))) | > / / 2 on some interval [tn , tn + ) ] is a Þnite
set. But this shows that gradt n

' # 0, which completes the proof of part 3a).

To prove 3b): We have already seen that if the stabilizers are discrete, then every critical
point of ' is a moment map zero. And the uniqueness ofz1 modulo G action has also been
proved. To prove lim ! (t) = ! 1, let A be an annulus cenetered at! with Þnite inner and
outer radius. Then ! " 1(A) is a disjoint union of bounded intervals. If this union is inÞnite
for every A, then every A contains an accumulation point ! A which, by uniqueness, must
satisfy exp(i ! A ) áz0 = gA exp(i ! 1) áz0 for somegA ! G. But the ! A # ! 1 as we take smaller
and smaller annuli. Thus, for every pair A, B we have

g" 1
A gB exp(i (! B " ! 1)) áz0 = exp( i (! A " ! 1)) áz0 (5)

Since G is compact, we can choose a family of pairs such thatg" 1
A gB # 1. But then (*)

together with the assumption that the stabilizer of z0 is discrete, implies that gA = gB and
! A = ! B = ! 1. But the ! A are in di! erent annuli, as A varies, so this is a contradiction.
Thus we conclude that for someA, ! " 1(A) is a Þnite union of intervals. This shows that
! (t) # ! 1 and the completes the proof of part 3.

The proof of part 4 is similar, and we omit it.

Next we prove Proposition 17, which guarantees the existence of a solution to the moment
map equation under the assumption that the operatorQz is bounded below.

Assume that the stabilizers of all points under the G action are discrete. This implies
that . z is injective for all z and thus Qz in invertible for all z ! Z . In otherwords, the
eigenvalues ofQ, which are all non-negative real numbers, are strictly positive. Let" z be
the operator norm of Q" 1

z : Lie (G) # Lie (G), deÞned using the metrich on Lie(G). Thus
" z , the inverse of the smallest eigenvalue ofQz, is a positive continuous function onZ .

Proposition 17. Let z0 ! Z and let ) > 0. Assume that " z , 1 for all z = exp( i ! ) with
|! | , ) . Suppose that|%(z0)| < ) . Then there is a point w = exp( i#) áz0 with |#| < ) and
%(w) = 0 .

Proof. Let ! (t) be the solution to (5.10). Let s : [0, 3 ) # R be the arc length function:
Thus s(T) =

∫ T
0 |! !(t)|dt. Sinces is an increasing function oft, there are two possibilities:

A) lim t &% s(t) < ) or B) lim t &% s(t) 4 ) .
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If A) holds, let # = lim t &% ! (t) and let w = exp( #) áz0. Then we must have%(w) = 0,
for otherwise, |! !(t)| = |%(exp(! (t) áz0)| # | %(w)| > 0 as t # 3 which implies that
lim t &% s(t) =

∫ %
0 |! !(t)|dt = 3 . This contradicts A), so we conclude that %(w) = 0.

Moreover, |#| < ) , so the proposition is proved if A occurs.

Thus we may assume that B) holds. Then, lettingz(t) = exp( ! (t)) áz0 and %(t) = %(z(t)),

d
ds

|%(t)| =
d
ds

.%(t), %(t)/
1
2 =

1
2

2.d%(. (" i%(t), %(t)/
|%(t)|

á
dt
ds

where we use (5.9) to establish the second equality. Nowds
dt = |%(t)|. Equation (5.2) yields:

"
d
ds

|%(t)| =
.Qz(! )%, %/

.%, %/
4 1 (5.11)

provided s , ) . Here we are using the assumption that the smallest eigenvalue ofQz is at
least one, inside the closed ball of radius) . But we are assuming that |%(0)| < ) . Hence
(5.11) shows that |%(t)| = 0 for some s = s(t) < ) , and this proves the proposition.

¤6. The symplectic quotients.

Whenever a Lie groupH acts on a symplectic manifold (W, " ), one can ask for the existence
of an equivariant moment map µ. If such a µ exists, and if the action is discrete, then one
can construct the symplectic quotient, W//H , which is deÞned byW//H = µ" 1(0)/H . It
turns out that W//H has a natural structure of symplectic manifold. If W has additional
structure (eg a line bundle compatible with " , or a complex structure compatible with
" ), then the symplectic quotient also has the same additional sturcture. We consturct the
symplectic quotient in this section, and we show how the additional structure descends to
the symplectic quotient.

The symplectic quotient of (W, " ).

We start with the simplest setting: Let H act on a symplectic manifold (W, " ). There may
not be a moment map for the action ofH on W , but if one exists, it is essentially unique:

Theorem (uniqueness of moment maps)
1. If µH is a moment map for the action ofH , then the set of all moment maps is the
set µH + c, where c ranges over all elements of[Lie (H ), Lie (H )]0 the set of elements in
Lie (H )$ which kills [Lie (H ), Lie (H )].
2. If H is semi-simple (by deÞntion, this means that we have[Lie (H ), Lie (H )] = Lie (H ))
then there exists a unique moment mapµH for the action of H .

Examples of semi-simple Lie groups areSU(n), SO(n), Sp(n), SL(n), for n 4 2, and any
product of such groups.

We are interested in the setsµ" 1(0), where µ ranges over the moment maps forH . By
the theorem above, this is equivalent to Þxing a moment mapµ, and considering the sets
µ" 1(c) where c ! [Lie (H ), Lie (H )]0. Let W//H = µ" 1(c)/H .
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If H acts freely, then it turns out that W//H has the structure of a smooth symplectic
manifold, known as the Òsymplectic quotientÓ ofW :

Theorem (Marsden-Weinstein-Meyer). Assume that H is compact and that it acts
freely on µ" 1(c).
1. The set µ" 1(c) + W is a smooth manifold.
2. The setW//H has the structure of a smooth manifold and the map+ : µ" 1(c) # W//H
is a smooth principal H bundle.
3. There is a symplectic form " red on W//H with the property +$" red = 0$" where 0 is
the inclusion map: 0: µ" 1(c) &# W.

Proof of parts one and three. Let w ! µ" 1(c). Then dµ : Tw W # Lie (H )$.

Claim: codim(Ker (dµ)) = dim(H ).

To see this, recall the moment map conditon:

dµ(! )(Y ) = " (X " , Y ) (6.2)

for all ! ! Lie (H ) and all Y ! Tw W . Thus Y ! Ker (dµ) if and only if 0 = dµ(! )(Y ) =
" (X " , Y ) for all ! ! Lie (H ). Since H acts freely the X " span a subspace ofTw W of
dimenson dimH . The claim now follows from the assumption that " is non-degenerate.
We now see thatdµ has maximal rank at all points of µ" 1(c) which implies that µ" 1(c) is
a smooth manifold, and completes the proof of part one.

Next we prove part three: Consider the linear maps

Lie (H ) &"# TsW
dµ

"# Lie (H )$

where. is the map! 1# X " . Sinceµ is constant on the orbit of w, we haveim (. ) + ker(dµ).

Claim: ker(dµ) = ann(im (. )) where

ann(im (. )) = { Y ! Tw W : " (X " , Y ) for all ! ! Lie (H ) } (6.2a)

is the annihilator of the image of . .

To prove the claim, observe Þrst that (6.2) implies that ker(dµ) + ann(im (. )). Further-
more, we have seen that codim(ker(dµ)) = dim( H ). On the other hand, since H acts
freely, dim(im (. )) = dim( H ). Since " is non-degenerate, codim [ann(im (. )] = dim( H ).

Now the claim implies that we have a non-degenerate pairing induced by" :

ker(dµ)
im (. )

(
ker(dµ)
im (. )

! red"# R

On the other hand, we have a canonical isomorphism

T[w] (W//H ) = T[w]
(
µ" 1(c)/H

)
=

ker(dµ)
im (. )

(6.3)
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where [w] = wH + µ" 1(c)/H . This proves part three.

Remark: We are assuming in the above thatH acts freely. If we only assume that the
stabilizers are Þnite, then the above proof shows thatµ" 1(c) is still a smooth manifold
and that W//H is a symplectic orbifold.

Example 1. The simplest example isH = U(1), W = CN +1 , " = " i
∑

dwj 6 d øwj .
Then Lie (U(1)) = iR so Lie (U(1))$ = iR where the pairing sends (ix, iy ) 1# xy. DeÞne
µ : CN +1 # iR to be the map µ(w) = i

∑
|wj |2. Then we claim µ is a moment map. To

see this, let ! = ix ! Lie (U(1)). We must show

dµ(! )(Y ) = " (X " , Y ) = ( 0X ! " )(Y )

for every tangent vector Y , whereX " is the inÞnitesimal action of ! , that is, identifying the
complexiÞcation of the tangent space ofCN +1 with CN +1 & CN +1 : X " (w) = ix áw" ix áøw.
Thus 0X ! " = x

∑
(wj d øwj + øwj dwj ). On the other hand, µ(! ) = x

∑
|wj |2. Thus we see

dµ(! ) = 0X ! " .

Now let c = i , so that

µ" 1(c) = { (w0, ..., wN ) ! CN +1 \{ 0} :
∑

|wi |2 = 1 }

and W//H = CPN , where " red is the Fubini-Study form.

Example 2. Let (V, h) be a hermitian vector space and let

W = { s = ( s0, ..., sN ) : the si form a basis ofV }

Then Ts(W ) = { . = ( . 0, ..., . N ) : . ! V } . DeÞne" (. , . !) =
∑

j Im . . j , . !
j / Then " is a

symplectic form on W , and U(h), the unitary group of h, acts on (W, " ).

DeÞneµ : W # u(N + 1) by

µ(s) =
1
2

i .s# , s$ / h

where we identify u(h) = u(N + 1) and u(h)$ = u(N + 1) $. The Þrst identiÞcation is via
the basis s, and the second via the invariant pairing on u(N + 1) given by the formula
.A, B /u(N +1) = T r (AB $) = " T r (AB ).

Then we claim µ is a moment map. To see this, let! = iA ! u(N + 1). Then

dµ(! )s(. ) = lim
t & 0

µ(! )(s + t. ) " µ(! )(s)
t

=
1
2

∑ (
. . # , s$ / + .s# , . $ /

) øA#$ =

∑

# ,$

Re. . # , A#$ s$ /

On the other hand, X " = i
∑

A#$ s$ so

" (X &, . ) =
∑

#

Im . iA #$ s$ , . # / =
∑

# ,$

Re. . # , A#$ s$ /
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Now the annihilator of [Lie (H ), Lie (H )] is the set of scalar diagonal elements. Letc = i ,
where , ! R . Now µ" 1(0) = 0, so the action of H is not free. So letÕs consider the case
c *= 0: µ" 1(2i ) is the set of bases which are orthonormal. Since any two orthonormal bases
are in the sameH orbit, we see that W//H is a single point in this case.

Symplectic quotient of (W, " ; L, h, A )

Assume, as above, that we are given an action of a compact Lie groupH on a symplectic
manifold (W, " ) and an equivariant moment map µ , such that H acts freely onW .

Assume as well that we are given a hermitian complex line bundle onW , with unitary
connection (L, h, A ), compatible with " , that is, assume that the property

FA = " i "

Then the action of H on (W, " ) extends to an action ofH on (L, h, A ), covering the action
on W (and preserving h and A).

To see this, let G0 = Aut (W, " ) and let G = Aut (L, h, " ). Then we proved in ¤3 that
Lie (G0) = C% (W )/ R and Lie (G) = C% (W ) We are given a homomorphismH # G0,
which, on the level of Lie algebras is the map! 1# H" , where H" is the unique element of
C% (W )/ R whose symplectic gradient is the vector Þeld. w (! ) (the iniÞnitesimal action).

Now deÞneLie (H ) # C% (W ) by the rule: ! # µ(w)( ! ), where µ : W # Lie (H )$ is the
moment map. This is clearly a lift of the map Lie (H ) # C% (W )/ R , and thus deÞnes a
lifted homorphism H # G.

Now L|µ $ 1 (0) is a line bundle on a smooth manifold together with anH action. Now let
U + W//H be an open subset and let+ : µ" 1(0) # W//H be the canonical quotient map.
Then we deÞne a line bundleL red on W//H as follows: Lets : U # µ" 1(0) be any section
of +, viewed as a principalH bundle (which exists, provided U is su# ciently small). Then
L red |U = s$L . Since there is a canonical isomorphisms$L = s!$L for any sectionss, s!,
this is well deÞned and patches together to deÞneL red . Thus we have

L red (U) = { s ! L (+" 1(U)) : s is H invariant }

in other words, s ! L red (U) is a section s : +" 1(U) # L satisfying s(hw) = 1(h)s(w)
where 1 is the canonical isomorphism1 : L # h$L . Sometimes we refer to1 as a Òfactor
of automorphyÓ.

The metric and the connection clearly descend as well. Thus (L red , hred , Ared ) is a hermi-
tian line bundle with connection on (W//H, " red ).

In example 1 of the previous section,H = U(1) , W = CN +1 , and " = " i
∑

dzj 6 døzj .
Let L be the trivial line bundle CN +1 ( C, with the metric: |(w, z)| = e" |w |2

|z|. The
curvature of the metric is " . Now U(1) acts on L : If exp(ix ) ! U(1) then exp(ix ) á(w, z) =
(exp(ix )w, exp(ix )z). The action clearly preserves the metric and the connection (which
we take to be the trivial connection).
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Now we compute the quotient: µ" 1(c) = S2n +1 = { w : |w| = 1 } . The sections ofL red

are the functions f on S2n +1 which transform by the rule: f (2w) = 2f (w) for 2 ! U(1).
The principal U(1) bundle S2n +1 # CPn = S2n is the standard Hopf bundle, and the line
bundle L red is the Hopf line bundle on complex projective space.

The linear maps f : CN +1 # C are all global sections ofL red . If f is such a linear map,
then ||f ([z])|| = |f (z) |

|z| where z ! CN +1 is any representative of [z] ! CPN .

Symplectic Quotient of a Kahler Manifold.

Let H be a compact Lie group acting freely (resp. with Þnite stabilizers) on a symplectic
manifold (W, " ) and Þx an equivariant moment map µ : W # Lie (H )$. Then we saw in
the previous section that

(W//H, " red )

is a symplectic manifold (resp. orbifold) where W//H = µ" 1(0)/H . Moreover, the map
µ" 1(0) # W//H is a principal H bundle.

Lemma on the Kahler quotient. Assume that(W, " , I ) is a Kahler manifold and that
H acts freely onW .
1. Then Z = W//H has a natural almost complex structureI red , compatible with " red .
2. If z = Hw ! Z for some w ! µ" 1(c), we have a canonical isomorphism of complex
vector spaces:

Tw W/T w (H cw) = TzZ (6.5)

(in fact, this is how I red is deÞned). This gives us a canonical isomorphism

TzZ = Tw (H cw)' + Tw W (6.6)

where the hermitian inner product onTw W is the one deÞned by" and I : For u, v ! Tw W ,

.u, v/ = " (u, Iv ) + i " (u, v) = g(u, v) + i " (u, v) (6.7)

(where g is the Riemannian metric). Moreover, the restriction of . , / to TzZ gives a
hermitian structure on TzZ whose imaginary part is " red .
3. Assume the action ofH extends to an action ofH c on W s via biholomorphic maps.
Then (Z, " red , I red ) is a Kahler manifold.

Proof. We start with the proof of statements one and two.

Claim:

T[w](W//H ) =
ker(dµ)
im (. )

= { u ! Tw W : .u, . (! )/ = 0 for all ! ! Lie (H c) } (6.8)

Proof of claim. The Þrst equality is (6.3). We thus have a canonical identiÞcation:

T[w](W//H ) = { u ! ker(dµ) : g(u, . (! )) = 0 for all ! ! Lie (H ) }
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This follows from the fact that g is a metric on the real vector spaceker(dµ). On the other
hand, (6.2a) implies

ker(dµ) = { u ! Tw W : " (u, . (! )) = 0 for all ! ! Lie (H ) }

Thus (6.7) implies (6.8), and the claim is proved. Since the right side of (6.8) is clearly
a complex subspace ofTw W , we have deÞned an almost complex structureI red on Tw W ,
which is clearly compatible with " red . This proves parts one and two.

Now we sketch the proof of part three: (which I donÕt fully understand): First observe that
H c has no continuous isotropy groups (since. (i ! ) = I . (! )). Thus (5.4a) implies that H c

acts freely onW . In particular, the orbits H cw are smooth complex manifolds (isomorphic
to H c).

Now for w ! µ" 1(0) relation (6.5) implies

T[w](W//H ) = ( Tw W )/T w (H cw) (6.9)

One way to prove statement 3 is to show directly (by showing that the Nijenhuis tensor
vanishes) that the complex structure induced by (6.9) is integrable.

Another way to prove 3 is to use the fact that was proved earlier:

W//H = W s/H c (6.10)

whereW s + W is the subset of pointsw ! W for which there is a zero of the moment map
in the orbit H cw. It turns out that W s is always open (IÕm not sure why). ThusW s/H c

has a natural complex structure (IÕm not sure why. I guess: IfU + W//H = W s/H c,
then a smooth function f : U # C is holomorphic if and only if + ' f is a holomorphic
function on U, where + : W s # W s/H c is the canonical quotient map. But itÕs not clear
that there exist non-constant holomorphic functions...).

Finally we prove 3b): Let ! ! Lie (H ), and z = H cw ! Z where µ(w) = 0. The . (i ! ) =
I . (! ) ! Tw W is the inÞnitesimal action of i ! on w. Statement 3b) says that

+(. (i ! )) = +(I . (! )) = I red . (! ) (5)

where
+ : Tw W # TzZ

is the projection map. But the projection map is a map of complex vector spaces (by
deÞnition of I red ). Thus +I = I red +. This proves (*).

In the example above, we giveW = CN +1 the usual complex structure. Then W s is the
set of non-zero points,H c = C# and everyH c orbit meets S2n +1 uniquely up to the action
of H . If z ! CN +1 \ 0, the tangent space at a point [z] ! CPN is z' and the Fubini-Study
metric is the euclidean metric onz' .
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The action of G ( H

Let G and H be Lie groups acting on a symplectic manifold (W, " ) which commute, in
other words, assume that we are given an action ofG ( H on W . Let µG and µH be
equivariant moment maps for the actions ofG and H .

Observe that if g ! G is a Þxed element, then thenµH (gw) is a moment map for the
action of H . Thus µH (gw) " µH (w) is a constant, depending ong ! G. We shall make
the following assumptions:

µH (gw) = µH (w) and µG (hw) = µG (w) for all g ! G, h ! H and w ! W (A)

For example, if G and H are semi-simple, then assumption (A) is automatic.

Let ZH = W//H and ZG = W//G . Then (A) implies that G acts symplectically on ZH

and H act symplectically on ZG . More precisely, if w ! µ" 1
H (0) so that z = Hw ! ZH , and

if go ! G, then
goz = go(Hw) = H (gow)

In other words:
+o(gow) = go(+ow)

where +o : µ" 1(0) # ZH is the canonical quotient map.

Moreover, µG deÞnes an equivariant moment map for the action ofG on ZH , and similarly
for µH .

Now assume that (W, " ) is K¬ahler. In order to simplify the discussion, assume as well that
every point in W is H stable and G stable. Then ZH = W/H c and ZG = W/G c.

Now G acts on W and Z = ZH , so Gc also acts onW and Z = ZH (whenever a compact
group acts on a Kahler manifold, then the action extends to an action ofGc which is given,
inÞnitesimally by the formula . (i ! ) = I . (! )). We wish to show that these two actions
are compatible:

Lemma on the action of Gc on ZH . Let + : W # ZH be the canoncial quotient map.
Then

+(gw) = g+(w)

for all w ! µ" 1(0) and g ! Gc.

Proof. It su# ces to prove this inÞnitesimally: Thus, we must show that for ! ! Lie (G),
the following formula holds:

+$(. w (i ! )) = I red . z (! )

where +$ : Tw W # TzZ , . w : Lie (G) # Tw W is the inÞnitesimal action of G on Tw W
and . z : Lie (G) # TzZ is the inÞnitesimal action of G on TzW , where z = +w.

The uniqueness of moment map zeros lemma says that+|µ $ 1 (0) = +o. Thus () implies

+$(. w (! )) = . z (! ) ()
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for all ! ! Lie (G). On the other hand, . w (i ! ) = I . (! ) (by deÞnition). Thus () follows
from () and the fact that +$I = I red + (this is the deÞntion of I red ). This proves the lemma,
and shows as well that () holds for all ! ! Lie (Gc).

¤7. Zeros of the moment map: The line bundle point of view.

Let K be a compact Lie group acting on a Kahler manifold (V," , I ). Then the complexiÞed
group satisÞesLie (K c) = Lie (K ) % C, and K c acts on (V, I ), preserving the complex
structure, but not the Kahler form or the metric.

Let %: V # Lie (H ) be an equivariant moment map, where we identifyLie (H ) with its
dual via an invariant metric on Lie (H ). Let ' (x) = |%(x)|2. Then gradx ' = 2 . (I %(x))
and the gradient ßow is:

dz
dt

= " . (I (%(x)) ; z(0) = z0 (7.1)

If ! (t) is a solution to

d!
dt

= " %(exp(i ! (t)) áz0) ; ! (0) = 0 (7 .2)

then z(t) = exp( i ! (t)) áz0 is a solution to (7.1).

Let %= H cz0. We have seen that the ßowz(t) stays inside %. If the stabilizers of points
in %are discrete, then eitherz(t) has a limit in %, and the limit is the unique (up to G
action) moment map zero, orz(t) has no accumulation point in %.

A very useful way of interpreting the zeros of the moment map is via the norm on the line
bundle L : Let (L, h, A ) be a complex hermitian line bundle with unitary connection on a
Kahler manifold ( V," , I ). Let L = ( L, I ) be the holomorphic line bundle determined byI .
Let %: V # Lie (K ) be an equivariant moment map. Then %allows us to lift the action
of K c to L as follows: If ! ! Lie (K ) then the inÞnitesimal action of K on L is given by

ö. (! ) = .̃ (! ) + %(! )t

where t is the inÞnitesimal action of U(1). This gives the inÞnitesimal action of K on L
which integrates to an action of K . We thus get as well an action ofK c on L :

ö. (&) = [ . (! 1) + I . (! 2)]÷ + [ %(! 1) + i%(! 2)] (7.3)

& = ! 1 + i ! 2 ! Lie (K c) (where ! 1, ! 2 ! Lie (K )).

Now let ÷%+ L be a Þxed orbit for K c acting on L . Then ÷%is a smooth manifold which
lies over an orbit %+ V (also a smooth manifold). DeÞne

h : ÷%# R

by
h($) = " log |$|2
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Let Q = K c/K and Þx $o ! ÷%. DeÞne

H : Q # R

by
H (g) = h(g á$o)

Thus ÷%= H (Q).

Theorem.

1. If $ ! ÷%, then $ is a critical point of h if and only if %(+($)) = 0 .

2. For ! ! Lie (K ) let H" (t) = H (exp(it ! )) . Then

H !
" (t) = 2 .%(exp(it ! ) áxo), ! / (7.4)

and
H !!

" (t) = 2 . . x (! ), . x (! )/ (7.5)

where x = x(t) = exp( it ! ) á$o.

3. The gradient ßow lines ofH on Q map to the gradient ßow lines of' on %.

Proof. If & ! Lie (K c) then ö. (&) is a smooth vector Þeld on÷%. We wish to compute the
lie derivative L ö&(! ) h.

Claim:
(L ö&(! ) h)($) = 2 .%(x), ! 2/ (7.6)

where x = +($) ! V (here + : L # V).

Proof. Clearly L ÷X h = 0 for any vector Þeld X on V (since |$|2 is inÞnitesimally constant
in the horizontal direction). Thus, (7.3) implies

(L ö&(! ) h)($) = "
d
dt

log

∣∣∣∣ exp(it [%(! 1) + i%(! 2)]$

∣∣∣∣
2

= "
d
dt

exp(" 2t%(! 2))

which yields (7.6). Taking & = i ! in (7.6) we get (7.4). Di! erentiating one more time we
get

H !!
" (t) = 2 .d%(. x (i ! )) , ! / = 2 . . $

x . x (! ), ! / = 2 . . x (! ), . (! )/

and this proves (7.5). Now (7.4) says that gradgH = %(g áxo). Thus the gradient ßow
equation of H is just given by (7.2), whose solutions, as we have seen, map to the gradient
ßow of ' . To prove statement one, observe thatL ö&(! ) h)($) = 0 for all & if and only if
%(x) = 0.

Now g is a critical point of H , if and only if g$o is a critical point of point of h. Thus a
moment map zero exists if and only ifH has a critical point. Moreover, (7.5) shows that
the critical points of H are all global minima, and that the global minima are all in the
isotropy group of the moment map zero. Thus, if the isotropy group is discrete,H can
have at most one critical point.
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1. Introduction

The theory of linear elliptic partial di ! erential equations is formally analogous to the theory of
linear maps between Þnite dimensional vector spaces. To describe the analogy, we need some
notation: Let x, x ! ! Rn . We view x, x ! asn " 1 matrices. DeÞne#x, x !$= txx !. Let L : Rn % Rm

is a linear map. Then L(x) = Ax for somem " n matrix A. Note that

|L (x)| &' A' HS á |x|

where ' A' 2
HS = tr( tAA ). In particular, this shows that linear maps are (Lipshitz) continuous.

Let L " : Rm % Rn be the adjoint map: Ly = tAy. Then we have the basic formula:

#Lx, y $ = #x, L " y$

for all x ! Rn and y ! Rm . This implies Im( L) ( ker(L " )# .

Theorem 1. Im( L) = ker( L " )# .



Discussion: If we Þxy0 ! Rm , the equation Lx = y0 may not have a solution: in order for a
solution to exist, y0 must satisfy the following obvious necessary condition:y0 ! ker(L " )# . The
theorem says that the obvious necessary condition is also su" cient.

Discussion: Even ify0 does not satisfy the obvious necessary condition, Im(L) ( Rm is a linear
subspace so there is a uniqueL(x0) ! Im( L) such that

(1.1) |L (x0) ) y0| &| L (x) ) y0| for all x ! Rn

Proof of Theorem. Let y0 ! ker(L " )# . Let E : Rn % R be the function E(x) = |Lx ) y0|2. Then
(1.1) implies that E achieves its minimum at some pointx0 ! Rn . In particular, if v ! Rn is
arbitrary, and f (t) = E(x0 + tv) for t ! R, then f achieves its minimum at t = 0 so f !(0) = 0.
Thus

f (t) = #L(x0 + tv) ) y0, L (x0 + tv) ) y0$= f (0) + 2 t#L(v), L (x0) ) y0$+ O(t2)

so
0 = f !(0) = 2 #L(v), L (x0) ) y0$ = 2#v, L" (L (x0) ) y0)$

for all v ! Rn . We conclude L(x0) ) y0 ! ker(L " ). But L (x0) ! Im( L) ( ker(L " )# and
y0 ! ker(L " )# (by assumption) so

L(x0) ) y0 ! ker(L " ) * ker(L " )# = 0 .

An linear elliptic PDE is an equation of the form

(1.2) Lu = f

Here L is a linear Òelliptic operatorÓ (e.g., the Laplacian),f is given, and u is the unknown.
The domain and range ofL will be vector spaces, but unlike the linear algebra theory described
above, these vector spaces will be inÞnite dimensional, so the very simple techniques that work
in Rn do not directly apply. Part of the PDE ÒartÓ is choosing well adapted domains and ranges
(preferably Hilbert or Banach spaces).

The fundamental questions are:

(1) Existence: Under what conditions does a solutionu to (1.2) exist?
(2) Regularity/Estimates: Suppose Lu = f and assumef is smooth. Is u smooth? Is the

inverse ofL (viewed as a map from Im(L) % ker(L )# ) continuous?

The rough answers to these questions are as follows.

(1) Existence: equation (1.2) has a solution iff satisÞes the Òobvious necessary conditionsÓ.
For example, if M is a compact Riemannian manifold, andf is a C0 function on M , and
L = # , the Laplacian, then (1.2) has a solutionu if and only if

!
M f = 0. The solution

is unique if we require
!

M u = 0. In general, Im(L) = ker( L " )# .
(2) Regularity: The regularity is Òthe best one could hope forÓ. For example, iff ! Ck,! and

# u = f then u ! Ck+2 ,! . Moreover, if we normalize so that
!

M u = 0, then u satisÞes
the apriori estimate ' u' Ck +2 ,! & C' f ' Ck, ! , where C > 0 is a constant, independent of
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f . If f ! H k (the kth Sobolev space) thenu ! H k+2 and u satisÞes the apriori estimate
' u' H k +2 & C' f ' H k . In general, L $ 1 is a continuous functional ker(L " )# * H k % H k+ l

where

Equation (1.2) will be studied in two basic settings. The Þrst is that of compact manifoldsM
without boundary (i.e., ! M = +) and the second is compact manifolds with boundary. The
second setting includes, as a very important special case, bounded domains inRn with smooth
boundary.

We now make precise the Òobvious necessary conditionsÓ mentioned above: First assume! M = +.
If Lu = f then for every " ! C% (M ) integration by parts implies

(1.3) #f, " $= #Lu, " $= #u, L " " $

where #g, h$ is the L 2 inner product and L " is the dual of L (which will be another elliptic
operator). In the caseL = # we have# " = # ). Thus Lu = f implies f is orthogonal to kerL "

(which, as we shall see, is a Þnite dimensional vector space). It turns out that this necessary
condition is also su" cient: we will see that if f is orthogonal to kerL " , then Lu = f has a unique
solution u with the property: u is orthogonal to kerL .

If ! M ,= +, then the situation is similar (although the proofs are more complicated). Equation
(1.3) still holds if we require that " vanishes on the boundary (since, when one integrates by parts,
the boundary terms will then vanish ). The main theorem says that if we Þx a smooth function
g on ! M , then the there is a unique solution to Lu = f on M satisfying u|" M = g provided f
satisÞes the necessary condtion:f is orthogonal to the elements of kerL " which vanish on the
boundary. In the caseL = # , this last condition is vacuous (there are no non-zero harmonic
functions which vanish on the boundary).

The goal of these notes is to prove the existence and regularity/estimates results described above.
Our treatment will be as follows: First we will prove the regularity theorems in the caseM =
Rn / Zn (the so called Òperiodic caseÓ). Second, we will apply the results from the periodic case
to treat the Òlocal caseÓ, that is, the case whereM = U ( Rn is a bounded open subset. In
particular, we will prove the local apriori estimates for bounded open subsets ofRn . Finally, we
will prove the regularity theorems for arbitrary compact manifolds without boundary.

After proving the regularity results, we turn our attention to the existence results. The main
theorem gives necessary and su" cient conditions for the existence of a solution to the equation
Lu = f where L is an elliptic operator between smooth vector bundles over a Þxed compact
Riemannian manifold M .
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2. Estimates and Regularity for the torus

2.1. L 2 and C0.

We deÞne the two basic spacesL 2(M ) and C0(M ). The Þrst is a Hilbert space. The second is
a Banach space. Each of these spaces Þts into a natural family: We will introduce the Banach
casesCk for k ! N (and C0 will be the special casek = 0). We shall also introduce Hilbert
spacesH s, known as Sobolev spaces. The spaceL 2 will then be (canonically isomorphic to) the
special caseH 0. First some notation.

For # = ( #1, ..., #n) ! Zn and x ! Rn we let e#(x) = ei #áx . If " : Rn % Cm is a smooth function

and $ ! Nn we let D ! " =
" 1

i

#|! | " | ! | $
" x ! 1

1 ááá" x! n
n

so that D ! e# = #! e#.

Let M = Rn / (2%Z)n and dV = 1
(2%)n dx1 á á ádxn. Let

L 2(M, Cm ) = { " : M % Cm | " measurable and' " ' 2
L 2 =

$

M
|" |2 dV < - }

Then L 2 is a Hilbert space. The Hilbert space inner product in L 2 is given by the formula:
#" , &$=

!
M

t" ø&dV and the topology induced by ' á' L 2 is called the L 2-topology. Let

C0(M, Cm ) = { " : M % Cm | " is continuous }

Then C0 is a Banach space with norm' " ' C0 = supM |" |. Note that the inclusion

C0(M, Cm ) '% L 2(M, Cm )

is continuous. In fact, for " ! C0 we have' " ' L 2 & ' " ' C0 .

For k > 0 we deÞne, inductively,

Ck(M, Cm ) = { " ! Ck$ 1(M, Cm ) : D ! " exists and is continuous for all$ with |$| = 1 }

Then Ck is a Banach space with norm' " ' Ck =
%

|! |& k supM |D ! " |.

2.2. Fourier series. Let " ! L 2(M, C). DeÞne the Fourier transform ö" : Zn % C as follows:

ö" (#) = #" , e#$L 2 =
$

M
" øe# dV

More generally, let " ! L 2(M, Cm ). Then " = t(" 1, ..., " m ) where " µ ! L 2(M, C). DeÞne the
Fourier transform u = ö" : Zn % Cm as follows: uµ(#) = &" µ(#) for 1 & µ & m.

Theorem 2. Let " ! L 2(M, Cm ) and let u : Zn % Cm be its Fourier transform. Then

(1) We haveu ! (2(Zn ,Cm ) that is,
%

#' Zn |u(#)|2 < - .

(2) The map " .% ö" deÞnes an isomorphism of Hilbert spacesL 2(M, Cm ) .%(2(Zn ,Cm ).
(3) We have" =

%
#' Zn

ö" (#)e# where the convergence is inL 2.

(4) If " ! C% (M, Cm ) then " =
%

#' Zn
ö" (#)e# where the convergence is inCk for all k / 0.
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2.3. Elementary estimates for Sobolev norms. If " ! Ck(M ) then D ! " ! L 2 if |$| & k so
%

#(1 + |#|2)s|u#|2 < - if s & k. In particular, if " ! C% (M, Cm ) then
%

#(1 + |#|2)s|u#|2 < -
for all s ! R.

This motivates the deÞnition the Sobolev spaces: Lets ! R. DeÞne

(2.4) Hs = { u : Zn % Cm : ' u' 2
H s

=
'

#' Zn

(1 + |#|2)s|u#|2 < - } = L 2(Zn ,Cm ; dµs)

Here µs is the discrete measure onZn deÞned byµs(#) = (1 + |#|2)s.

We have a natural hermitian pairing Hs " Ht % C deÞned as follows. Letu ! Hs, v ! Ht . Then

#u, v$=
'

#

(1 + |#|2)
s+ t

2 u(#)v(#) so that |#u, v$| & ' u' H s á' v' H t

Then Hs is a Hilbert space with respect to this inner product (in the cases = t). The collection
{ e#} #' Zn is an orthogonal basis ofHs. The map f .% öf gives a Hilbert space isomorphism
L 2(M ) % H0 and, for all k / 0, continuous dense imbeddingsCk(M ) '% Hk. Moreover, H s and
H $ s are dual with respect to this pairing.

If t & s then ' u' t & ' u' s and

C% (M, Cm ) ( H% ( Hs ( Ht ( H$%

where H% = * sHs and H$% = 0sHs. Moreover Hs and H$ s are dual.

For |$| = k we deÞne the mapD ! : Hs % Hs$ k by (D ! u)(#) = #! u(#).

Theorem 3.

(1) Let u ! Hk for k / 0. Then D ! u ! L 2 for all |$| & k. Moreover we have the following
Hk-norm-equivalence

(2.5) c(n, k)' u' H k & ' u' L 2 +
'

|! |= k

' D ! u' L 2 &
'

|! |& k

' D ! u' L 2 & c(n, k)$ 1' u' H k

(2) Let t ! R, ), a, b > 0 and u ! Ht+ a. Then ' u' t & ' u' t+ a. The Peter-Paul inequality says

(2.6) ' u' 2
t & )a|u' 2

t+ a +
1
)b' u' 2

t$ b

(3) If & ! C% (M, C) and " ! C% (M, Cm ) then

(2.7) ' "& ' s & 4|s| ' " ' |s| ' &' s

Thus, we can extend, by continuity, to a continuous bilinear mapH|s| " Hs .%Hs which
we write (u, v) .%uv. We also have the following reÞned estimate:

(2.8) ' &" ' s & c1(s) á' &' 0 á' " ' s + c2(s) á' &' |s|+1 á' " ' s$ 1
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Proof. These all follow directly from the deÞnitions. For example, (2.6) follows from the inequality

1 & )a(1 + |#|2)a +
1
)b(1 + |#|2)$ b

To prove (2.7) note that ( "& )# =
%

& " (* )&(# ) * ) so |("& )#|2 &
%

& |" (* )|2|&(# ) * )|2 and

' "& ' 2
s =

'

#,&

(1 + |#|2)s|" (* )|2|&(# ) * )|2 =
'

#,&

(1 + |# + * |2)s|" (* )|2|&(#|2

The rest follows from the inequality: (1 + |# + * |2) & 4(1 + |#|2)(1 + |* |2) in the case s / 0. If
s < 0 then (1 + |# + * |2)$ |s| & (1 + |#|2)|s|(1 + |* |2)$ |s| since (1 + |* ) #|2) & (1 + |#|2)(1 + |* |2)

Remark: If u ! H0 then u is an L 2 function on M . If u ! H$ k with k > 0 then u is no longer
a function on M - it is, in the old language, a Ògeneralized functionÓ and, in modern language,
a ÒdistributionÓ. More precisely, it is a distribution of orderk meaning that if " j , " ! C% (M )
and D ! " j % D ! " uniformly for all |$| & k, then #u, " j $H 0 % #u, " $H 0 .

2.4. SobolevÕs lemma. We have already noted the continuous dense inclusionCk(M ) '% Hk.
SobolevÕs theorem is a kind of converse:

Theorem 4. Let s > k + n
2 . Then Hs '% Ck(M ) is a continuous inclusion.

Proof. It su" ces to treat the casek = 0. Let u ! Hs. If su" ces to show that the Fourier series
of u converges absolutely (and hence uniformly). But

'

#

|u#| =
'

#

(1 + |#|2)s/ 2|u#| á(1 + |#|2)$ s/ 2 & ' u#' s á

(

)
'

#

1
(1 + |#|2)s

*

+

1/ 2

= C(s)' u' H s

and the last sum is Þnite sinces > n
2 . Thus u ! C0 and Hs % C0(M ) is a continuous map.

In the previous proof we made use of the following convergence criterion:

(2.9)
'

#' Zn

1
(1 + |#|2)p < - 12 p >

n
2

To see this, we compare the sum to the integral
!
Rn

1
(1+ |x|2)p dx = cn

! %
0

1
(1+ r 2)p r n$ 1 dr .

2.5. Newton quotients. Let h ! Rn with h ,= 0. DeÞne the translation map Th : Hs % Hs by
(Thu)(#)# = eih á#u(#). DeÞne the Newton quotient mapNh : Hs % Hs by and let

Nh(u) =
Thu ) u

|h|
, that is Nh(u)(#) =

Thu ) u
|h|

(#) =
eih á# ) 1

|h|
u# =

2 sin(há#
2 )

|h|
u#

If u : Zn % C we deÞne the derivative in the direction ofh as follows: (3 hu)# = há#
|h| u#. Thus we

have, for each# ! Zn , the following: lim t( 0 Nth (u)(#) = 3 hu(#)
6



Remark: If " ! C% (M ) then

" (x) =
'

#

u#ei #áx =2
" (x + h) ) " (x)

|h|
=

'

#

Nh(u)(#)ei #áx

and 3 h" = d
dt

,
,

t =0
" (x + t h

|h| ).

Supposeu ! Hs. Then
%

#(1 + |#|2)s|#|2|u#|2 < - if and only if 3 hu ! Hs for all h. Moreover,
in this case we have

lim
t( 0

Nth (u) = 3 hu (where the limit takes place in Hs)

(2.10) sup
h

' Nh(u)' s & ' Du ' 2
s & n ásup

h
' Nh(u)' 2

s

where ' Du ' 2
s =

%
|! |=1 ' D ! ' 2

s. The Þrst statement follows from the dominated convergence
theorem and Þrst inequality follows from|uh

#| & |#|á|u#| for all h and the limit from the dominated
convergence theorem.

Thus we see that in order to bound the derivative Du, is su" ces to bound all the Newton
quotients Nhu.
We summarize this discussion as follows:

Proposition 1. Let s ! R. Then ' u' s+1 4 ' u' s + suph ' uh' s.

2.6. Rellich Compactness.

Theorem 5. Let s > t . Then the map Hs % Ht is compact, that is, if uj ! Hs is a bounded
sequence, then there existsu% ! Hs such that, after passing to a subsequence,uj % u% in Ht .

Proof. By assumption there is aC > 0 such that for all j > 0 we have
'

#

(1 + |#|2)s|uj
#|2 & C

Fix # ! Zn . Then we have (1 + |#|2)s|uj
#|2 & C so there existsu%

# such that, after passing

to a subsequence,uj
# % u%

# . Using the diagonalization procedure, we may assume that the
subsequence does not depend on#. From now on, we replace the original sequence by this
subsequence.

Note that u%
# ! Hs: For each N > 0 we have

%
|#|& N (1 + |#|2)s|uj

#|2 & C. Passing to the limit
we conclude

%
|#|& N (1 + |#|2)s|u%

# |2 & C. Taking N % - we conclude

'

#

(1 + |#|2)s|u%
# |2 & C

Fix N > 0. We estimate

' uj ) u% ' 2
H t

=
'

|#|<N

(1 + |#|2)t |uj
# ) u%

# |2 +
'

|#|) N

(1 + |#|2)t$ s(1 + |#|2)s|uj
# ) u%

# |2
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The second term is bounded byN $ (s$ t) ' uj ) u% ' 2
H s

& N $ (s$ t) (2C)2. The Þrst term is less than
1
N for j su" ciently large (its a Þnite sum of terms which approach zero pointwise). Thus, forj
su" ciently large, we have

' uj ) u% ' 2
H t

&
1
N

+
(2C)2

N s$ t

This shows that ' uj ) u% ' H t % 0 as j % - .

2.7. Elliptic estimates. A homogeneous di! erential operator P(D) on M = Rn / Zn of order
l and rank one is a formal sumP(D) =

%
|! |= l a! (x)D ! where a! (x) ! C% (M, C). Then

P(D) : C% (M, C) % C% (M, C): If " ! C% (M, C) then P(D)" =
%

|! |= l a! (x)D ! " . More
generally, if u ! Hs then L = P(D)u ! Hs$ l is deÞned byP(D)u =

%
|! |= l a! (x)D ! u. The map

P(D) : Hs % Hs$ l is continuous (by (3) of Theorem 3). In fact,

(2.11) ' Lu ' s$ l & c á' u' s

where c depends only on an upper bound for theH|s|+1 norms of the coe" cients of L .

If # ! Rn we deÞneP(#) =
%

! a! (x)#! . Thus P(#) is a smooth function on M .

A homogeneous di! erential operator P(D) on M = Rn / Zn of order l and rank m is a matrix
P(D) = ( Pµ

' (D ))1& µ, ' & m whereP '
µ (D ) is a homogeneous di! erential operator of order l and rank

one. The operator P(D) deÞnes a mapP(D) : C% (M, Cm ) % C% (M, Cm ) in the usual way:
(P(D)" )µ = Pµ

' (D )" ' . More generally, P(D) : Hs % Hs$ l .

If # ! Rn then P(#) is a smooth function on M with values in End(Cm ). We say that that P is
elliptic if P(#) takes values in Aut(Cm ).

A di ! erential operator L (D) on M of order l and rank m is a sumL(D) =
%

0& j & l Pj (D ) where
Pj (D ) is homogeneous of orderj . We say that L (D) is an elliptic if Pl (D ) is elliptic.

Theorem 6. Let L be an elliptic order of order l and rank m on M . Let s, t ! R with s / t.
There exists C > 0 with the following property. If u ! Hs+ l then Lu ! Hs then we have the
apriori estimate

(2.12) ' u' s+ l & C(' Lu ' H s + ' u' H t ) for all u ! Hs+ l

Remark 1. The reverse inequality holds trivially: ' u' s+ l / C!(' Lu ' H s + ' u' H t ) .

Remark 2. We shall see that ifu ! ker(L )# than we can drop the ' u' t term in (2.12).

Proof of theorem. It su" ces to prove (2.12) for all" ! C% (M ). First assume that L is homoge-
neous and that L = Pl has constant coe" cients. Thus, for all # ! Rn we haveP(#) ! GL n(C).
Moreover, for all " ! C% (M, Cm ) we have

(P(D)" )# = P(#)" # ! Cm

8



We claim that there exists c1 > 0 satisfying the following. Let # ! Rn and u ! Cm . Then
|P(#)u|2 / c1|#|2l |u|2 for some 0< c 1 < 1. Indeed, this follows by from the compactness of the
unit sphere when|#| = |u| = 1, and by homogeneity in general.

Now we estimate:

' L " ' 2
s =

'

#

|P(#)" #|2(1 + |#|2)s / c1

'

#

|" #|2|#|2l (1 + |#|2)s

' " ' 2
t / c1

'

#

|" #|2(1 + |#|2)t

|#|2l (1 + |#|2)s + (1 + |#|2)t / c2(1 + |#|2)s+ l

We thus obtain (2.12) with C = 1
c1c2

.

Now we treat the general case. LetL =
%

1& j & l Pl be an elliptic operator on M and let p ! M .
Let L 0 = Pl (p). Then L 0 is a homogeneous elliptic operator of orderl and degreem with constant
coe" cients. Let U be an open neighborhood ofp and let " be a smooth function on M with
support in U. Then

' " ' s+ l & C(' L 0" ' s + ' " ' t ) & C(' L " ' s + ' (L ) L 0)( " )' s + ' " ' t )

The leading term in L ) L 0 vanishes at p. Thus, shrinking U if necessary, we can make the
coe" cients of the leading term in L ) L 0 as small as we like on the open setU. In particular,
we can guarantee that

C' (L ) L 0)( " )' s &
1
4

' " ' s+ l + C1' " ' s+ l$ 1 &
1
2

' " ' s+ l + C2' " ' t

where, in the last inequality, weÕve made us of Peter-Paul. This proves (2.12) in the case where
" has support in U.

For the general case, we coverM by a Þnite collection open setsUj as above and let+j be a
partition of unity subordinate to the Uj . Then

' " ' s+ l = '
'

j

+j " ' s+ l &
'

j

' +j " ' s+ l &
'

j

C(' L (+j " )' s + ' +j " ' t )

Let L j (" ) = L(+j " ) ) +j L (" ). Then L j is an operator of orderl ) 1 and

' L (+j " )' s & ' +j L (" )' s + ' L j " ' s & 4|s| ' +j ' |s| ' L (" )' s + C1' " ' s+ l$ 1

' " ' s+ l$ 1 & )' " ' s+ l +
1
)

' " ' t

' +j " ' t & 4|t | ' +j ' |t | ' " ' t

This completes the proof.
9



2.8. Elliptic Regularity.

Theorem 7. Let L be an elliptic operator on M of order l . Assume that u ! H$% and the
Lu ! Ht for some t. Then u ! Ht+ l .

Proof. Claim: Let u ! Hs. AssumeLu ! Hs$ l+1 . Then u ! Hs+1 .

Assume the claim for the moment and letÕs try to prove the theorem. Choosek & l ! Z
maximal with the property u ! Ht+ k . If k < l let s = t + k so Lu ! Hs$ l+1 = Ht+ k$ l+1 (since
t / t + k ) l + 1). The claim implies that u ! Hs+1 = Ht+ k+1 , a contradiction.

Now we prove the claim. Sinceu ! Hs we have uh ! Hs for all h ,= 0. We must show that
' uh' s is bounded, independent ofh. To do this, it su" ces to bound' L (uh)' s$ l and ' uh' s$ 1.
But ' uh' s$ 1 & ' u' s. Also, ' (Lu )h' s$ l & ' Lu ' s$ l+1 so it su" ces to bound' L (uh) ) (Lu )h' s$ l

by a constant which is independent ofh.

Lemma 1. Let u ! H$% and let L be a periodic operator with smooth coe! cients. Then

(2.13) (Lu )h ) L (uh) = L h(Thu)

where L h is the periodic smooth operator which is obtained fromL by replacing each coe! cient
by its di" erence quotient.

Note that the lemma implies the theorem: Proposition 1 implies that the coe" cients of L h are
uniformly bounded in Hs for h ,= 0. Thus are constants c1, c2, independent ofh such that

' L h(Thu)' s$ l & c1' Thu' s & c1c2' u' s

Finally we prove the lemma: First we treat the caseu = " ! C% (M ). Then

|h|(L " )h = ( L" )(x + h) ) (L " )(x) = a! (x + h)D ! " (x + h) ) a! (x)D ! " (x)

= [ a! (x + h) ) a! (x)]D ! " (x + h) + a! (x)[D ! " (x + h) ) D ! " (x)]

This proves (2.13) in the case whereu is smooth. Now let u H r and choose" j % u in Hr with
" j smooth. Apply (2.13) to " j . Sinceu .%uh and u .%Thu is continuous in Hs for all s, we can
take the limit as j % - in Hr $ l and the lemma is proved.
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3. Estimates and Interior Regularity for domains in Rn

3.1. Apriori estimates. Let K ( M be a compact subset and deÞneH s(K ) ( H s(M ) as
follows. If u ! H s(M ) then u ! H s(K ) if and only if , u = u for for every , ! C% (M ) such that
, = 1 on K . This is equivalent to requiring that , !u = 0 for every , ! C% (M ) such that , = 0
on K .

Let U ( M be an open set. and letC%
c (U) be the space of smooth functions onU with compact

support. DeÞne H s
0(U) to be the closure of C%

c (U) inside H s(M ) so H s
0(U) ( H s(M ) is a

sub-Hilbert space. ThusH t
o(U) ( H s

o(U) if t & s and H s
o(U) ( H s

o(U!) if U ( U!.

Proposition 2.

(1) Let K ( U. Then H s(K ) ( H s
o(U) ( H s( øU).

(2) Let t & s. Then H t
o( øU) * H s(M ) ( H s( øU).

Proof. Let u ! H s(K ) and let , ! C%
c (U) such that , = 1 on K . Choose" j ! C% (M ) such

that " j % u in H s(M ). Then ," j % , u in H s(M ). But ," j ! C%
c (U) and , u = u. Similarly,

if u ! H s
o(U), choose" j ! Ci

c(U) such that " j % u in H s(M ). Then, if , = 1 on øU, we have
," j = " j and ," j % , u so , u = u and u ! H s( øU). This proves (1).

To prove (2), let u ! H t
o( øU) * H s(M ) and let , = 1 on øU. Then &u = u and u ! H s(M ) so, by

deÞnition, u ! H s( øU). This proves (2).

Now let K, U ( Rn be bounded sets, withU open and K closed. We assume thatK, U are
contained in the open unit cube. Then we may viewK, U as subsets ofM so H s

o(U) ( H s(M )
and H s(K ) ( H s(M ) are well deÞned.

Many of the results for H s(M ) treated in the previous sections can be applied in a straightforward
manner to obtain corresponding results forH s

o(U).

For example, D ! : C% (M ) % C% (M ) has the property ' D ! " ' s$ l & ' " ' s when |$| = l . Since
D ! : C%

c (U) % C%
c (U), taking closures we conclude thatD ! : H s

o(U) % H s
o(U).

Theorem 3 holds word for word, with H s(M ) replaced by H s
o(U). For example, if & ! C% (M )

let M ( : C% (M ) % C% (M ) be the map " .%&" . Then ' M ( (" )' s & c(s,&)' " ' s so M ( extends
to a continuous map M ( : H s(M ) % H s(M ). Since M ( : C%

c (U) % C%
c (U) we conclude that

M ( : H s
o(U) % H s

o(U).

In particular, M ( : H s
o(U) % H s

o(U) is a well deÞned continuous linear map for& ! C% ( øU). To
see this, let & ! H s

o( øU), that is & ! C% (U!) for some øU ( U! ( M . Choose, ! C%
c (U!) such

that , = 1 on øU. Then ÷& = ,& ! C% (M ) and it agrees with & on øU (that is, ÷& is an extension
of & from øU to M ). Now M ÷( : C% (M ) % C% (M ) is continuous. We claim M ÷( |H s

o (M ) = M ( .

To see this, let u ! H s
o(U). Then M ÷( (u) = ÷&u = &, u = &u since, u = u.

Combining these remarks, letL = ( Pµ
' ) satisfy the following: For each 1 & µ, - & m we have

Pµ
' =

%
|! |& l a! (x)D ! with a! ! C% ( øU). Then L : H s

o(U) % H s$ l
o (U) is continuous, that
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is, ' Lu ' s$ l & c' u' s for some c = c(s, L). Such an operator is elliptic if it satisÞes the usual
condition: (Pµ

' (x, #))1& µ, ' & m is an invertible m " m matrix for all x ! øU and all 0 ,= # ! Rn .

Theorem 4, when applied toU, takes the following form: H s
o(U) ( Ck

o (U) if s > k + n
2 , where

Ck
0 (U) is the set of smooth functions onRn which vanish on the complement onU.

To see this, note that for s > k + n
2 that H s

o(U) ( H s(M ) ( Ck(M ). Now let " ! C% (M ) be
any function such that " = 0 on øU. Let u ! H s

o(U). Then " u = lim k "& k for some&k ! C%
c (U).

On the other hand, "& k = 0 since " and &k have disjoint supports. This implies the " u = 0 for
all " which vanish on U. Henceu vanishes on the complement ofU.

Theorem 5 becomes the following: Ifs < t and uj ! H s
o(U) is bounded, then there exists

u% ! H t
o(U) * H s(M ) ( H s( øU) . Note: we canÕt ensure the that (the slightly stronger condition)

u ! H s
o(U) holds.

To see this, we apply Theorem 5 to conclude that, after passing to a subsequence,uj % u% in
H t (M ), with u% ! H s(M ). Now choose&j ! C%

c (U) such that ' &j ) uj ' s < 2$ j . Since the
uj are bounded inH s(M ), so are the&j , so after passing to a subsequence, the&j converge in
H t (M ) to an element &% ! H s(M ). Since the&j are in C%

c (U), we conclude that &% ! H t (U).
Since&j % u% in H t (M ), we conclude that &% = u% and thus u% ! H t (U). The rest follows
from Proposition 2.

Theorem 8. Let L be an elliptic operator of order l and rank m on øU. Let s, t ! R with s / t.
Then there existsC > 0 with the following property. If u ! H s+ l

o (U) then Lu ! H s
o(U) and

(3.14) ' u' H s+ l
o (U) & C(' Lu ' H s

o (U) + ' u' H t
o(U) )

Proof. For every p ! øU choose small open setsVp, Up containing p with øVp ( Up. Let " p ! C%
c (Up)

be a cut-o! function (i.e., 0 & " p & 1) such that " p = 1 on Vp. Let ÷L p = " pL +(1 ) " p)L (p). Then
for Up su" ciently small, ÷L p is an elliptic operator on M . Choose an open coverU ( Vp1 0 á á á0 VpN

and let &j be a partition of unity subordinate to the Vj so &j ÷L pj = &j L . Then

' u' H s+ l
o (U) = '

'

j

&j u' H s+ l (M ) &
'

j

' &j u' H s+ l (M )

On the other hand,

' &j u' H s+ l (M ) & C(' ÷L j &j u' H s (M ) + ' u' H t (M ) ) & C(' &j ÷L j u' H s (M ) + ' M j u' H s (M ) + ' &j u' H t (M ) )

where M j = ÷L j &j ) &j ÷L j is an operator onM of order l ) 1.

Since&j ÷L j = &j L we see&j ÷L j u = &j Lu ! H s
o(U). Thus

' &j ÷L j u' H s (M ) = ' &j Lu ' H s (M ) & cj ' Lu ' H s (M ) = cj ' Lu ' H s
o (U)

We also have

' &j u' H t (M ) & cj ' u' H t (M ) = cj ' u' H t (U)
12



Now we treat the M j term: Since M j is of order l ) 1, the continuity estimate give us

' M j u' H s (M ) & cj ' u' H s+ l ! 1 (M ) & )' u' H s+ l (M ) + Cj ' u' H t (M ) = )' u' H s+ l
o (U) + Cj ' u' H t

o(U)

Combining we obtain (3.14).

3.2. Interior regularity. We prove the following:

Theorem 9. Let u ! H t
o(U) and L and elliptic operator of order l on øU and let t < s + l.

Assume thatLu ! H s
o(U). Then " u ! H s+ l

o (U) for every " ! C%
c (U).

Remark: The theorem shows that " u ! H s+ l
o (U). One might guess that in fact we have (the

stronger conclusion)u ! H s+ l
o (U), but this is only true if the boundary of U has some regularity

(C% would su" ce). This boundary regularity theorem will not be proved in these notes (the
proof is quite intricate).

Proof. As in the proof of Theorem 7, it su" ces to prove the theorem in the caset = s+ l ) 1. We
shall show that for every p ! U there is an open setVp with p ! Vp ( U such that the theorem
holds for all " ! C%

c (Vp). This implies the general case: Let" ! C%
c (U) and let K be the

support of " . Choosep1, ..., pN such that K ( 0 j Vpj . Let &j ! C%
c (Vj ) be such that

%
j &j = 1

on K . Then &j " has support in Vj so &j " u ! H s+ l
o (U). On the other hand,

%
j &j " = " so we

conclude" u ! H s+ l
o (U).

Fix p ! U and chooseV0 open, p ! V0 ( U so that there exists a periodic elliptic operator ÷L
on M which agrees with L on V0. Thus " ÷L = " L if " ! C%

c (V0). Let V be open such that
p ! V ( øV ( V0 and Þx " ! C%

c (V ). Let & ! C%
c (V0) be such that & = 1 on øV . Then

Lu ! H s
o(U) implies

" ÷L(&u) = " L (&u) = " Lu ! H s
o(U)

But " ÷L(&u) = ÷L(" u) + M (&u) where M = " ÷L ) ÷L" has order l ) 1. Sinceu ! H s+ l$ 1
o (U) we

have &u ! H s+ l$ 1
o (U) and henceM (&u) ! H s

o(U). We conclude ÷L(" u) ! H s
o(U) and hence, by

the periodic regularity theorem, we see" u ! H s+ l (M ). But " u has compact support in U so
" u ! H s+ l

o (U).

Corollary 1. Let u ! H t
o(U) and f ! C%

o (U). Assume that Lu = f . Then u ! C% (U).

Remark: The boundary regularity theorem would imply u ! C%
o (U), but again, this conclusion

is only true with some additional regularity assumption on the boundary of U.
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4. Estimates and Regularity for compact manifolds

Let M be a smooth manifold of dimensionn. This means that we can write M = 0! V! with
V! ( M open, and" ! : V! % U! ( Rn a homeomorphism with the following property. The map
" )! = " $ 1

) 5" ! : " $ 1
! (V! * V) ) % " $ 1

! (V! * V) ) is a di! eomorphism. TheV! are called coordinate
neighborhoods onM .

If V! is a coordinate neighborhood, andp ! V! , and " ! (p) = ( x1(p), ..., xm (p)), then xj : V! % R
are called the local coordinates onV! . If yj : U) % R are local coordinates onV) , then
" )! (x1(p), ..., xm (p)) = ( y1(p), ..., ym (p)). Sometimes we simply writey = " )! (x).

If % : N % M is a smooth map between manifolds, andV ( M an open set. We say that
s : V % N is a section of%over U if %5 s(p) = p for all p ! U. If V = M we says is a global
section.

Let %: E % M a smooth complex vector bundle of rankm. This means that E is a smooth
manifold and %is a smooth map with the following properties.

(1) For every p0 ! M , Ep0 = %$ 1(p0) is an m dimension vector space overC.
(2) For every p0 ! M there exists and open setp0 ! V ( M and smooth sectionse1, ..., em

of %over V such that { e1(p), ..., em (p)} ( Ep is a basis ofEp for all p ! V .

The set e1, ..., em is called a local frame ofE . Let $(V ) be the space of local sections over
V and u ! $(V ). Then we can write u(p) =

%
uj (p)ej (p). If " (p) = x then u(" $ 1(x)) =

%
j uj (" $ 1(x)ej (" $ 1(x)). Let uj (x) = uj (" $ 1(x)). Then u = ( u1, ..., um ) ! C% (U,Cm ) and we

have an isomorphism$(V ) 6 C% (U,Cm ) and $c(V ) 6 C%
c (U,Cm ), where $c(V ) ( $(V ) consists

of those sections ofE over V which vanish outside a compact subset ofV .

Let $(M ) = { s : M % E : %5 s = Id } , the space of global sections onM . If V ( M is and open
subset, thens|V ! $(V ). Let M be compact andM = 0! V! be a covering by small coordinate
neighborhoods and choose a frame forE over eachV! . Let &! be a partition of unity subordinate
to { V! } . If u ! $(E) then u =

%
! &! u and &! u ! $c(V! ) 6 C%

c (U! ,Cm ). Thus we have an
imbedding

$(M, E ) '%
-

!

C%
c (U! ,Cm ) (

-
H s

o(U! ,Cm )

If u ! $(M, E ) we deÞne

' u' H s (M,E ) =
'

!

' &! u' H s
o (U! ,Cm )

and deÞneH s(M, E ) to be the completion of $(M, E ) with respect to this norm. In particular,
we have

H s(M, E ) (
-

!

H s
o(U! ,Cm )

Note that if u ! $c(U! ,Cm ) 6 $c(V! , E ) then we extend by zero to all of M and view u !
$(M, E ). Thus $c(U! ,Cm ) '% $(M, E ), which implies, upon taking completions,
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H s
o(U! ,Cm ) '% H s(M, E )

Proposition 3. Let E % M be a smooth vector bundle ands ! R.

(1) The norms ' u' H s (M,E ) deÞned by di" erent open coverings and local frames are equivalent.
(2) The inclusion map H s

o(U! ) % H s(M, E ) is continuous.
(3) The inclusion

H s(M, E ) '%
-

!

H s
o(U! ,Cm )

is a homeomorphism onto its image.

In this section we shall prove all the basic theorems for the spaceH s(M, E ).

Note Þrst that the multiplication estimate holds (part three of Theorem 3). To see this, let
& ! C% (M, E ) and u ! $(M, E ). Then

' &u' H s (M,E ) =
'

j

' &j &u' H s
o (Uj ,Cm ) &

'

j

c(&j , s)' u' H s
o (Uj ,Cm ) & (

'

j

c(&j , s)c(Uj , s)) ' u' H s (M,E )

In particular, if u ! H s(M, E ) and & ! C% (M, E ) then we can deÞneM ( (u) = &u ! H s(M, E )
and M ( : H s(M, E ) % H s(M, E ) is continuous. Similarly, one shows that Peter-Paul holds for
the spaceH s(M, E ).

Let u ! H s(M, E ). Then we have &! u ! H s
o(U! ,Cm ) for all $. We say u ! Ck(M, E ) if

&! u ! Ck
o (U! ,Cm ) for all $.

Next we observe that the Sobolev lemma holds forH s(M, E ): Assume s > k + n
2 . We want

to show that u ! Ck(M, E ). To do this, let u ! H s(M, E ). Then u =
%

! &! u and &! u !
H s

o(U! ,Cm ) ( Ck
o (U! ,Cm ) and henceu ! Ck(M, E ) (by deÞnition).

Next we prove the Rellich compactness theorem: Letuk ! H s(M, E ) with ' uk ' H s (M,E ) & C.
Then we want to prove the existence ofu ! H s(M, E ) such that after passing to a subsequence,
we haveuk % u in H t (M, E ) for all t < s . To do this, choose an open subsetU!

! ( U! with the
property supp(&! ) ( U!

! ( øU!
! ( U! , and useU!

! instead ofU! to deÞne the open cover ofM and
the norm H s(M, E ). Then ' &! uk ' H s

o (U"
! ,Cm & ' uk ' H s (M,E ) & C so by local version of Rellich

compactness, we have&! uk converges inH t
o(U! ,Cm ) for all $ (after passing to a subsequence)

and thus uk converges inH t (M, E ) for all t < s . Let u be the limit of uk so that u ! H t (M, E ).
Th u ! H s(M, E ) since &! uk % &! u in H t

o(U! ,Cm ) and the local version of Rellich says that
&! u ! H s

o(U! ,Cm ) for all $.

Theorem 10. Let E1, E2 be vector bundles of rankm, equipped with smooth metrics, and let
L : $(M, E 1) % $(M, E 2) be an elliptic operator of order l . Let u ! H t (M, E 1) and assume
Lu ! H s(M, E 2). Then u ! H s+ l (M, E 1) and

(4.15) ' u' H s+ l & C á(' Lu ' H s + ' u' H t )
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Moreover, the kernel ofL : H s+ l (M, E 1) % H s(M, E 2) is Þnite dimensional, independent ofs,
and contained in $(M, E 1). Finally, if u ! H s+ l * (ker L )# , then

(4.16) ' u' H s+ l & C á' Lu ' H s

Corollary 2. Let u ! H t (M, E ) and supposeLu ! C% (M, E ). Then u ! C% (M, E ).

Proof. The estimate (4.15) follows from the analysis onRn : Let u ! H s+ l . Then

' u' H s+ l (M,E ) =
'

!

' &! u' H s+ l
o (U! ,Cm ) & C

'

!

(' L (&! u)' H s
o (U! ,Cm ) + ' &! u' H t

o(U! ,Cm ) )

Now the deÞnition of the H t (M, E ) norm tells us that
%

! ' &! u' H t
o(U! ,Cm ) = ' u' H t (M,E ) . More-

over,

' L (&! u)' H s
o (U! ,Cm ) & C! ' L (&! u)' H s (M,E ) & C! ' &! L (u)' H s (M,E ) + C! ' M (u)' H s (M,E )

where M = &! L ) L&! has order l ) 1. SinceM is also continuous we obtain

' M (u)' H s (M,E ) & C' u' H s+ l ! 1 (M,E ) & )' u' H s+ l (M,E ) + C!' u' H t (M,E )

Since

'

!

' L (&! u)' H s (M,E ) & C
'

!

' L (&! u)' H s
o (U! ,Cm ) = C' L (u)' H s (M,E )

we obtain (4.15).

Now let u ! H t . If Lu = 0 then u is smooth, since it is in H k for every k. If ker(L ) is inÞnite
dimensional, then there exists a sequenceup ! ker(L ) which is orthonormal in H s+ l . Applying
(4.15), with s replaced by s + 1 and t = s + l, the sequenceup is bounded in H s+ l+1 . RellichÕs
theorem implies that, after passing to a subsequence,up converges inH s+ l . But this contradicts
the fact that up is orthonormal in H k. Thus ker(L ) is Þnite dimensional.

Assume now that (4.16) fails. Then there exists a sequenceup ! H s+ l * (ker L )# with ' up' H k = 1
and ' Lu p' H s % 0. Rellich implies that after passing to a subsequence, there existsu% ! H s+ l

such that up % u% in H s+ l$ 1. Then Lu p % Lu % in H s$ 1. On the other hand, ' Lu p' H s! 1 % 0
so Lu % = 0, that is, u% ! kerL .

Now let vp = up) u% ! H s+ l . Then ' Lvp' H s % 0 and ' vp' H s! 1 % 0. This implies ' vp' H s+ l % 0,
that is, up % u% in H s+ l . But up 7 u% . Thus u% = 0. So up % 0 in H s+ l which contradicts
' up' H k = 1. This proves (4.16).

5. Existence Theorems for compact manifolds

If V is a vector space overR then a metric on V is a positive deÞnite inner producth : V " V % R.

Now let E be a vector bundle of rank m over M . For each p ! M , let h(p) be a metric on
Ep. We say h is a smooth metric on the vector bundleE if for each s, t ! $(M, E ), the map

16



p .% h(p)(s(p), t(p)) = #s, t$h is smooth on M . If V ( M is open ande1, ..., em a local frame
for E , let hij = h(ei , ej ). Then for each i, j we havehij (p) is a smooth function of p. Moreover,
(hij (p))1& i,j & m is a positive deÞnite matrix for all p ! V .

Now let L : $(E1) % $(E2) be a di! erential operator of order l between two vector bundles of
rank m and let h1, h2 be metrics onE1 and E2. Let dV be a Þxed volume form onM . Then the
adjoint of L is the di! erential operator L : $(E2) % $(E1) which is characterized by

$

M
#L. , / $h2 dV =

$

M
#. , L " / $h1 dV

for all . ! $(E1) and / ! $(E2). Thus, Im( L) ( ker(L " )# . If L is elliptic one easily sees thatL "

is elliptic.

Theorem 11. Let L be an elliptic operator from V1 to V2 and L and elliptic operator. Assume
that V1, V2 are equipped with metrics. ThenkerL, kerL " are Þnite dimensional and Im( L) =
(ker L " )#

Proof. Let f ! (ker L " )# * $(V1) and chooseuj ! H l (V1) * ker(L )# such that

' Lu j ) f ' H 0 % µ = inf
u' H l (V1)

' Lu ) f ' H 0

We claim that uj is a cauchy sequence inH l . To see this, we use the parallelogram identity:

' Lu j ) Lu k ' 2
H 0 + 4 ' L (

uj + uk

2
) ) f ' 2

H 0 = 2 ' Lu j ) f ' 2
H 0 + 2 ' Lu k ) f ' 2

H 0

so
' Lu j ) Lu k ' 2

H 0 & 2 ' Lu j ) f ' 2
H 0 + 2 ' Lu k ) f ' 2

H 0 ) 4µ

Taking the limit we see that Lu j is cauchy in H 0. Thus the uj are cauchy in H l so there exist
u% ! H l (V1) * ker(L )# such that uj % u% in H l . In particular, ' Lu % ) f ' H 0 = µ.

Now let " ! $(V1) be arbitrary. Then

0 =
d
dt

,
,
,
,
t=0

' L (u% + t" ) ) f ' 2 = #Lu % ) f, L " $

Since this holds for all" , we see thatLu % ) f ! ker(L " ). On the other hand, Lu % ) f ! ker(L " )# .
This showsLu % = f . Sincef is smooth, then elliptic regularity imples u% is smooth as well.
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6. The Hodge Theorem

Let M be a smooth manifold and letp ! M . If f, g ! C% (M ) we say f 4 g if there is an open
set p ! V ( M such that f |V = g|V . Let C%

p = C% (M )/ 4 . We call C%
p (M ) the ring of smooth

germs at p. Note that C%
p (V ) = C%

p (M ) for every open setp ! V ( M .

If F : M % N is a smooth map andF (p) = q, then the map F " : C%
q (N ) % C%

p (M ) is a ring
homomorphism.

A derivation is a map X : C%
p (M ) % C satisfying: X (f + g) = Xf + Xg for all f, g ! C%

p and
X (fg ) = f (p)Xg + g(p)Xf . The set Tp(M ) of derivations of C%

p (M ) is a vector space overR.

If F : M % N is a smooth map andF (p) = q then DF : Tp(M ) % Tq(N ) is a linear map, where

DF (X )(g) = X (F " g)

If F is a di! eomorphism thenDF is an vector space isomorphism.

Proposition 4. Let U be an open set inRn and let p ! U. Let ! j,,p : C%
p % R be the map

! j,p f = " f
" x j (p). Then ! j,p ! Tp(U). Moreover, ! 1,p, ..., ! n,p is a basis ofC%

p (U) over R.

Proof. Let f ! C%
p . Then f = f (p) +

%
j ! j,p f á(xj ) pj ) + sj,k ajk (x)(xi ) pi )(xj ) ph). Let

X ! TpM and let X j = X (xj ). Then Xf = X j ! j,p f so X = X j ! j,p .

Let p ! M and p ! V ( M a coordinate neighborhood and" : V % U ( Rn a coordinate map.

Example: Let 0 : () ), )) % M be smooth with 0(0) = p. DeÞneX = 0!(0) ! Tp(M ) as follows:
Xf = ( f 5 0)!(0). Every element X ! TpM is of the form X = 0!(0) for some 0.

18



Flows: I

We start with the simplest geometric ßow: That of a curve ßowing by its curvature (also known as the curve
shrinking ßow since in this ßow, the length of the curve is a decreasing function of time).

If ( x(s), y(s)) is a smooth curve ! , parametrized by arc length, let

T =
!

! x/! s
! y/! s

"
and a =

!
! 2x/! s2

! 2y/! s2

"
.

Di" erentiating the identity
#

! x
! s

$2
+

#! y
! s

$2
= 1 with respect to s we obtain 2T áa = 0. Thus the acceleration

vector a is normal to the curve.

Assume that ! is closed and oriented in the counter-clockwise direction. Forp ! ! let N (p) = ( " ! y/! s, ! x/! s)
be the inward pointing unit normal vector at p. DeÞnek = k(p) by the formula

a = k áN

Now let ! t be a smooth family of simple closed curves inR 2. This means that we are given smooth surface
Z # R 2 $ (0, " ) with the following property: For every Þxed t ! (0, " ) the plane { (x, y, t) : x, y ! R }
intersects Z transversally and the intesection ! t is a closed curve (necessarily smooth).

We shall consider two vector Þelds onZ: The Þrst, denoted by ! /! s, assigns to each pointp = ( x, y, t) ! Z
the vector (! x/! s, ! y/! s, 0).

The second, denoted by! /! t, assigns to each pointp = ( x, y, t) ! Z the vector which is characterized as
follows: ! /! t " ! /! t! is normal to the curve ! t at the point p, where ! /! t! is the vector Þeld onR 3 which
assigns to each point the vector (0, 0, 1).

Sincex and y are functions on Z, we can apply ! /! t and ! /! s to x and y: Thus ! x/! t, ! x/! s, ! 2y/! s2,
etc. are all well deÞned functions onZ.

We say that ! t is ßowing by its curvature if

! P

! t
= k áN (1)

where P =
#x

y

$
. Equation (1) is equivalent to requiring: ! /! t = ! /! t! + kN . Rewriting in terms of

coordinates, (1) becomes:
%! x/! t

! y/! t

&
=

%! 2x/! s2

! 2y/! s2

&
(2)

Example. Let ! 0 be a circle, centered at the origin, of radiusr0. Then by symmetry the curve ! t is again
a circle. ItÕs radiusr satisÞes the equation:

dr

dt
=

" 1
r

The solution is:
r =

'
r2

0 " 2t

In particular we see that ! 0 shrinks to a point in a Þnite amount of time.

Next we compute the commutator of the vector Þelds! /! t and ! /! s:

Lemma 1. Let Z be a curvature ßow, and let! /! t and ! /! s be the vector Þelds deÞned above. Then

( !
! t

,
!
! s

)
= k2 !

! s
(3)

1



In order to prove this lemma, we Þrst introduce local coordinates (r, t) on Z as follows: The coordinatet is
the usual time coorinate and the coordinater is chosen in such a way that for Þxedr, the path (x(r, t), y(r, t))
moves in the normal direction to ! t .

In the example where ! t is a circle of radius #(t) =
*

#2
0 " 2t, we havex(r, t) = #(t)cos(r) and y(r, t) =

#(t)sin(r).

We note the following formulas: Sincer and t are Òhonest coordinatesÓ we have

( !
! t

,
!
! r

)
= 0 .

Moreover, since (! x/! s, ! y/! s) is a unit vector, we obtain

! s

! r
=

+ %! x

! r

&2
+

%! y

! r

&2
(4)

where ! s
! r is deÞned to be

#
! r
! s

$" 1
. In other words

!
! r

=
! s

! r
á

!
! s

Lemma 2.
!
! t

%! s

! r

&
= " k2 á

! s

! r

Proof. Di" erentiating the right side of (4) we obtain

!
! t

%! s

! r

&
=

1
2

á
%! s

! r

&" 1
á2

,
! x

! r
á

!
! t

%! x

! r

&
+

! y

! r
á

!
! t

%! y

! r

&
-

(5)

Applying (2) we get:

!
! t

%! x

! r

&
=

!
! r

%! x

! t

&
=

!
! r

%! 2x

! s2

&
=

! s

! r
á

!
! s

%! 2x

! s2

&
=

! s

! r
á

! 3x

! s3

and we get a similar identity for !
! t

#
! x
! r

$
. Plugging into (5) we obtain:

!
! t

%! s

! r

&
=

! x

! r
á

! 3x

! s3 +
! y

! r
á

! 3y

! s3 =
! s

! r
á

.
! x

! s
á

! 3x

! s3 +
! y

! s
á

! 3y

! s3

/

(6)

Di" erentiating the identity ( ! x
! s )2 + ( ! y

! s )2 = 1 twice with respect to s we get:
.

! x

! s
á

! 3x

! s3 +
! y

! s
á

! 3y

! s3

/

+
%! 2x

! s2

&2
+

%! 2y

! s2

&2
=

.
! x

! s
á

! 3x

! s3 +
! y

! s
á

! 3y

! s3

/

+ k2 = 0

Plugging in to (6) we obtain Lemma 2.

Proof of Lemma 1. Since! /! t and ! /! r commute we have

! s

! r
á

!
! s

!
! t

=
!
! t

%! s

! r
á

!
! s

&
= " k2 á

%! s

! r
á

!
! s

&
+

! s

! r
á

!
! t

!
! s

where we use Lemma 2 to justify the second equality. Cancelling a factor of! s
! r from both sides we obtain

Lemma 1.
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If we apply Lemma 1 and (2) to the functions x and y, we get the evolution equation for the tangent vector
components:

!
! t

%! x

! s

&
=

! 2

! s2

%! x

! s

&
+ k2 á

%! x

! s

&

!
! t

%! y

! s

&
=

! 2

! s2

%! y

! s

&
+ k2 á

%! y

! s

&
(7)

Next we derive the evolution of the curvature. To do this, we use the formula:k = !"
! s , where $ is the angle

between the tangent line an thex axis.

Lemma 3.
!$
! t

=
! 2$
! s2

Proof. We start with the deÞnition of $:

$ = arctan

.
! y/! s

! x/! s

/

Di" erentiating, and using the identity x2
s + y2

s = 1, we obtain:

!$
! t

=
%! x

! s

&%!
! t

! y

! s

&
"

%! y

! s

&%!
! t

! x

! s

&
=

%! x

! s

&%! 3y

! s3

&
"

%! y

! s

&%! 3x

! s3

&

where in the second equality we make use of (7). Now di" erentiating $ with respect to s:

k =
!$
! s

=
%! x

! s

&%! 2y

! s2

&
"

%! y

! s

&%! 2x

! s2

&
(8)

Di" erentiating once more with respect tos, we obtain Lemma 3.

Lemma 4.
! k

! t
=

! 2k

! s2 + k3

Proof.
! k

! t
=

!
! t

!$
! s

=
!
! s

%!$
! t

&
+ k2 á

!$
! s

=
!
! s

%! 2$
! s2

&
+ k2 á

!$
! s

These equalities follow from the identity k = !$ /! s, Lemma 1 and Lemma 3. Substituting k = !$ /! s we
obtain Lemma 4.

Remark . If we apply the maximum principle to the equation in Lemma 4, we obtain the following: If ! t

is a curvature ßow for t ! [0, " ], and if the curvature of ! 0 is bounded below by some positive constantm,
then the curvature of ! t is also bounded below bym for all t ! [0, " ]. In particular, if ! 0 is convex, then! t

is convex and! t shrinks to a point (not to a line segment). This lower bound is not enough to guarantee
that ! t eventually becomes round as it shrinks to a point: For example, the ellipse with minor axisa and
major axis

%
a has curvature bounded below by a positive constant the ellipse does not become round when

a approaches zero.

Our goal in the next few lectures is to prove the following theorem:

Theorem 1 (Gage and Hamilton). A convex plane curve moving by its curvature, stays convex and
becomes round in the limit.

We also mention the following theorem:

Theorem (Grayson). Any smooth embedded curve in the plane, moving by its curvature, continues to be
a smooth embedded curve and it eventually becomes convex.
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In order to prove the Þrst theorem, we start with the following result:

Theorem 2 (K.S. Tso) Assume! t moves by its curvature for0 & t & " as a smooth convex curve. Assume
as well that there are positive real numbersr, R,K such that
1. ! 0 # BR .
2. B2r # ! # .
3. k & K at t = 0 .

Then for all t in the interval [0, " ] we have

k & (R " r) max
#K

r
,

2
r2

$

Proof. The proof makes use of the support function: Let! be a convex curve inR 2 and assume that the
origin is contained inside the domain bounded by! . For p ! ! we let S(p) = p áN , where N is the outward
pointing normal vector: N = ( ! y/! s, " ! x/! s). We observe the following:

a) S(p) > 0 for all p ! ! .
b) If Br # ! # BR then r & S & R.

Lemma 5.
! S

! t
=

! 2S

! s2 " 2k + k2S

Proof.
! S

! t
=

!
! t

%
x

! y

! s
" y

! x

! s

&
= x

!
! t

! y

! s
" y

!
! t

! x

! s
+

! x

! t

! y

! s
"

! y

! t

! x

! s
=

x

.
! 2

! s2

%! y

! s

&
+ k2 á

%! y

! s

&
/

" y

.
! 2

! s2

%! x

! s

&
+ k2 á

%! x

! s

&
/

+
! x

! t

! y

! s
"

! y

! t

! x

! s
=

x
%! 3y

! s3

&
" y

%! 3x

! s3

&
+ k2 áS +

! 2x

! s2

! y

! s
"

! 2y

! s2

! x

! s
(9)

On the other hand,
! S

! s
= x

! 2y

! s2 " y
! 2x

! s2

and, di" erentiating again:

! 2S

! s2 = x
! 3y

! s3 " y
! 3x

! s3 +
! x

! s

! 2y

! s2 "
! y

! s

! 2x

! s2 (10)

Comparing (9) and (10), and making use of (8), we prove Lemma 5.

Lemma 6. Let

W =
k

S " r

Then
! W

! t
=

! 2W

! s2 + 2 á
1

S " r
á

! S

! s
á

! W

! s
+

k2(2 " rk)
(S " r)2

Proof. Using and Lemma 4, Lemma 5 and the deÞnition ofW we calculate:

! W

! t
=

1
S " r

! k

! t
"

k

(S " r)2

! S

! t
=

1
(S " r)

.
! 2k

! s2 + k3

/

"
k

(S " r)2

.
! 2S

! s2 " 2k + k2S

/

=
1

(S " r)
! 2k

! s2 "
k

(S " r)2

! 2S

! s2 +
k2(2 " rk)
(S " r)2 (11)
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Next we compute the Þrst and second derivative with respect tos:

! W

! s
=

1
S " r

á
! k

! s
"

k

(S " r)2 á
! S

! s
=

1
S " r

á
! k

! s
"

W

S " r
á

! S

! s
(12)

! 2W

! s2 =
1

S " r

! 2k

! s2 "
k

(S " r)2

! 2S

! s2 "
1

S " r

! S

! s

! W

! s
"

1
S " r

! S

! s

.
1

S " r

! k

! s
"

W

S " r

! S

! s

/

Combining this last equation with (11) and (12) we obtain Lemma 6.

Proof of TsoÕs theorem.Combining hypotheses one and two of TsoÕs theorem, with observation a) (following
the statement of the theorem), we obtain:

k

R " r
& W &

k

r

Hence it su# ces to prove that

W & max
%K

r
,

2
r2

&
(13)

SinceW & k/r and sincek & K at t = 0, we see that (13) is true whent = 0.

Now assume that (13) is false, and lett0 < " be the largest t for which it is true on the interval [0 , t0]. Let
p ! ! t o be a point where W achieves its maximum. Then ! W

! s (p) = 0 and ! 2 W
! s2 (p) & 0. SinceW (p) ' 2

r 2

and sinceW & k
r we conclude that rk(p) ' 2. But then Lemma 6 implies that ! W

! t (p) & 0, which is a
contradiction. This proves Theorem 2.

In addition to TsoÕs theorem, which allows us to bound the curvaturek, we shall need to obtain bounds on
the derivatives of k as well. The next result shows how this can be done for the Þrst derivative, that is, for
! k
! s :

Proposition. Suppose! t is the ßow of a curve ßowing by its curvature on an interval[0, " ]. Assume that
|k| & K for t ! [0, " ]. Then the following estimate holds fort ! (0, " ):

0
0
0
! k

! s

0
0
0 & 4K

.
1

%
t

+ 3K

/

Proof. Let
M = (7 K2 + k2)k2

s

We wish to compute the evolution of M : First we compute the evolution of ks:

!
! t

%! k

! s

&
=

!
! s

%! k

! t

&
+ k2 ! k

! s
=

!
! s

%! 2k

! s2 + k3
&

+ k2 ! k

! s
= ksss + 4k2ks (14)

where weÕve used Lemma 1 to obtain the Þrst equality and Lemma 4 to obtain the second.

Now apply Lemma 4 and (14) to compute:

! M

! t
= 2k á

#
kss + k3$

ks
2 + (7 K2 + k2) á2ks á

#
ksss + 4k2ks

$

! M

! s
= 2kk3

s + (7 K2 + k2) á2kskss

! 2M

! s2 = 2ks
4 + 2k á3k2

skss + 2k áks á2kskss + (7 K2 + k2) á2kss
2 + (7 K2 + k2) á2ksksss
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Rewriting we get:

! M

! t
" (7K2 + k2) á2ksksss = 2kk2

skss + 8(7K2 + k2)k2k2
s + 2k4k2

s

! 2M

! s2 " (7K2 + k2) á2ksksss = 2(7K2 + k2)kss
2 + 10kk2

skss + 2k4
s

Hence:

! M

! t
=

! 2M

! s2 "

.

2(7K2 + k2)k2
ss + 8kk2

skss + k4
s

/

" k4
s + 8(7K2 + k2)k2k2

s + 2k4k2
s

Since k & K we have 2(7K2 + k2) ' 16k2, and 2k4k2
s & 2K2k2k2

s and we also have 8(7K2 + k2)k2k2
s &

64K2k2k2
s . Hence

! M

! t
&

! 2M

! s2 "
#
4kkss + k2

s )2 " k4
s + 66K2k2k2

s

From the deÞnition of M it follows that:

M

8K2 & k2
s &

M

8k2

Thus
! M

! t
&

! 2M

! s2 "
% M

8K2

&2
+ 9K2M (15)

Now let X = 64K4( 1
t + 9K2). We claim that

! X

! t
'

! 2X

! s2 "
% X

8K2

&2
+ 9K2X (16)

This is an easy computation:

% X

8K2

&2
=

%
8K2(

1
t

+ 9K2)
&2

' 64K4 á
1
t2 + 64K4 á9K2(

1
t

+ 9K2) = "
! X

! t
+ 9K2X

SinceM is bounded ast approaches zero, we haveM (t) & X(t) for t su# ciently small. Comparing (15) and
(16) and applying the comparison principle, we see thatM (t) & X(t) for all t. Thus

7K2k2
s & (7K2 + k2)k2

s = M & 64K4
%1

t
+ 9K2

&

Dividing by 7K2, and using the fact that for a, b > 0 we have
%

a + b &
%

a +
%

b, we obtain our proposition.

Remark. The proposition shows that |k| & K implies that for all su# ciently small %> 0, that |ks| is
bounded for t ' %with a bound that depends only on K and %. One can use the same technique to prove
that kss is also bounded fort ' %with a bound that depends only on K and %, and similiarly for ksss , kssss ,
and so on.

Once we establish bounds on all the higher order derivatives ofk, we also get bounds on all the higher order
derivatives of x and y: Since xs and ys are components of a unit vector, they are always bounded. Since
(xss , yss ) = k(" ys, xs), we see thatxss and yss are bounded ifk is bounded. Di" erentiating xss = " kys, we
see that xsss is bounded,xssss is bounded, and so on.
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Flows II

We start with a lemma which shows how integrals evolve over a curve shrinking ßow:

Lemma 1. Let ! t be the ßow of a curve by its curvature and letf (x, y, t ) be a smooth function onR 3. Then

d
dt

!

C
f ds =

!

C

" ! f
! t

! k2f
#

ds =
!

C

" ! f
! t ! + kD N f ! k2f

#
ds

Proof. Choose local coordinates (r, t ) as in Lecture 1: For Þxed r , the path (x(r, t ), y(r, t )) moves in a
direction which is normal to ! t . Then

d
dt

!

C
f ds =

d
dt

!

C
f (r, t ) á

! s
! r

dr =
!

C

!
! t

"
f (r, t ) á

! s
! r

#
dr =

!

C

" ! f
! t

! k2f
#

á
! s
! r

dr

where in the last equality we make use of Lemma 1.1 (Lemma 1 of lecture 1).

Corollary. Let ! t be the ßow of a curve by its curvature and letA(t) be the area of region bounded by! t .
Let A = A(0) and let T = A/ (2" ). Then

A(t) = 2 " (T ! t)

Proof. It su" ces to show that
dA
dt

= !
!

C
k ds = ! 2"

The second equality follows immediately from the formulak = d!
ds .

The Þrst equality has a simple geometric proof: If we allow a small time# t to elapse, the point (x, y) moves
in the normal direction by an amount k# t. The curve ! t + ! t is inside ! t and the change in area is give by
the area of the ribbon bounded by the two curves. Now subdivide the ribbon into small rectangles, each
of width # s. Each small rectangle has areak# t# s. Thus ! # A/ # t is the sum of the k# s contributions.
Taking the limit, we see that ! dA/dt =

$
C k ds .

We can prove the Þrst equality analytically as well: StokesÕ theorem implies that

A(t) =
!

C
x dy =

!

C
xys áds

Lemma 1 implies:

dA
dt

=
!

C

%
xt ys + x

! ys

! t
! k2xys

&
ds =

!

C

%
xssys + x(ysss + k2ys) ! k2xys

&
ds =

!

C

%
xssys ! xsyss +

!
! s

(xyss)
&

ds = !
!

C
k ds +

!

C

!
! s

(xyss) ds

where the last equality follows from (1.8). The last integral in the above equation vanishes, and thus the
corollary is proved.

Theorem 1. Let ! 0 be a smooth convex curve, and letA be the area of! 0. The the curve shrinking ßow,
which starts with initial curve ! 0, has a smooth convex solution! t on the interval [0, A/ 2" ). As t approaches
A/ 2" , the curve ! t shrinks to a point.

Proof. The Corollary shows that if ! t is a smooth solution on [0, #) for # < A/ 2" , then A(t) is bounded
below by a positive constant. TsoÕs theorem then shows that the curvaturek remains uniformly bounded
on the interval [0, #). Moreover, the Proposition proved at the end of Lecture 1 shows thatks remains

1



bounded as well. As indicated in the remark following that proposition, the same technique shows that all
the derivatives of k, x and y remain bounded.

Now we use standard PDE arguments (the Òmethod of continuityÓ) to show that the smooth solution! t ,
t " [0, #), can be extended to the interval [0, # + $) for some $> 0. This proves that the solution extends to
all of [0, A/ " ). The fact that ! t shrinks to a point, and not to a line segment, was proved in Lecture 1 (see
the remark following Lemma 1.4).

In order to Þnish the proof of theorem 1.1, we must show that! t becomes round in the limit. This argument
will consist of several steps:

1. The Harnack estimate
2. The entropy estimate
3. The eccentricity estimate.
4. The Huisken monotinicity formula
5. The Abrash-Langer ODE estimate.

We start with

Theorem (The Harnack Estimate.) Given a convex solution of the ßow of a curve by its curvature for
t " [0, #], we have, for all t " (0, #], the following estimate:

kt +
1
2t

ák #
1
k

ák2
s (1)

This theorem is analogous to the result of Li and Yau, which says that iff is a positive solution to the heat
equation on the real line, that is, if f (x, t ) satisÞes the equationf t = f xx , then

f t +
1
2t

ák #
1
f

áf 2
x

One easily sees that the inequality becomes an equality iff a solution which concentrates all the heat at one
point when t = 0, that is, if

f (x, t ) =
1

$
t
e" (x " a)2 / 4t

where a is a Þxed real number.

Similarly one can show that (1) is an equality if ! t is a curve which concentrates all the curvature at one
point when t = 0, that is, if ! 0 is the union of two rays meeting at a point. Such a solution is called a
ÒBrakke wedgeÓ. ItÕs properties were studied by Brakke (1977) and McMullen ( a material scientist) in the
1950Õs.

By integrating along a good space-time path, Li and Yau prove the following comparison theorem for a
positive heat equation solution f (x, t ):

f (x2, t2) #

'
t1

t2
áe" (x 2 " x 1 )2 / 4( t 2 " t 1 ) (2)

where x1, x2, t1, t2 " R with t2 > t 1 > 0. This inequality is optimal in the sense that it becomes an equality
if f is a fundamental solution.

Open question: Is there an analogue of (2) for curve ßows which is optimal in the sense that it becomes an
equality of k is the curvature of a Brakke wedge?

Proof of Harnack estimate. Let

H = kt !
1
k

ák2
s = kss + k3 !

1
k

k2
s

2



We claim that

Ht = Hss +
2
k

áH 2 + k2H (3)

To prove (3), we start by evaluating the left side:

Ht = ksst + 3k2kss +
1
k2 kt k2

s !
1
k

2kskst (4)

Moreover

ksst = ksts + k2kss = ( ksss + 4k2ks)s + kskss = kssss + 8kk2
s + 5k2kss

Plugging this into (4) we get

Ht = kssss + 8kk2
s + 5k2kss + ( kss + k3)(3k2 +

1
k2 k2

s ) ! 2
1
k

ks(ksss + 4k2ks) =

kssss + kk2
s + 8k2kss + 3k5 ! 2

1
k

ksksss +
1
k2 k2

s kss (5)

Now we compute the derivatives with respect tos:

Hs = ksss + 3k2ks +
1
k2 k3

s !
1
k

2kskss

Hss = kssss + 6kk2
s + 3k2kss !

2
k3 k4

s +
5
k2 k2

s kss !
2
k

k2
ss !

2
k

ksksss (6)

Subtracting (6) from (4):

Ht ! Hss = 5k2kss + 3k5 ! 5kk2
s +

2
k3 k4

s !
4
k2 k2

s kss +
2
k

k2
ss (7)

On the other hand, we have

2
k

H 2 =
2
k

k2
ss + 2k5 +

2
k3 k4

s + 4k2kss !
4
k2 k2

s kss ! 4kk2
s (8)

k2H = k2kss + k5 ! kk2
s (9)

Now we see that if we add (8) to (9) we get (7), and this proves the claim.

Returning to the proof of the Harnack estimate, we let

÷H = H +
1
2t

ák

Then
÷Ht = Ht +

1
2t

kt !
1

2t2 k = Hss +
2
k

H 2 + k2H +
1
2t

(kss + k3) !
1

2t2 k =

÷Hss +
2
k

( ÷H !
1
2t

k)2 + k2( ÷H !
1
2t

k) +
1
2t

k3 !
1

2t2 k

and thus
÷Ht = ÷Hss +

2
k

÷H 2 !
2
t

÷H + k2 ÷H (10)

Now we claim that ÷H # 0. This is clearly true for t small and positive, sinceH is bounded for t small. On
the other hand, if ÷H (s, t) ever reaches zero, lett0 be the smallest value oft for which this happens. Then,
at any point where ÷H (s, t0) = 0 we have ÷Hss # 0. Thus, by (10), we have ÷Ht # 0 so that ÷H stays positive.
This proves the Harnack estimate.
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Theorem (Entropy Estimate). If ! t is a solution to the ßow of a curve by its curvature on an interval
0 % t % T, we let

E (t) =
!

" t

k álog
%
k(T ! t)1/ 2&

ds

Then E is a decreasing function on the interval[0, T].

Proof. Using Lemma 1 we calculate:

d
dt

!
k álog(k) ds =

! "
(log(k) + 1)

! k
! t

! k2 ák log(k)
#

ds =

! "
(log(k) + 1)( kss + k3) ! k3 log(k)

#
ds =

! "
kss !

1
k

ksks + k3
#

ds

where in the last integral, we have integrated by parts. Recall thatH = kt ! (1/k )k2
s = kss + k3 ! (1/k )k2

s .
Thus we obtain:

d
dt

!
k álog(k) ds =

!
H ds

Applying Lemma 1 and (3):

d
dt

" !
H ds

#
=

!
(Ht ! k2H ) ds =

! %
Hss +

2
k

H 2&
ds = 2

!
H 2

k
ds

Applying the Cauchy-Schwartz inequality to the last integral:

d
dt

" !
H ds

#
# 2 á

%$
H ds

&2

(
$

k ds)
=

1
"

" !
H ds

#2

In other words, if X =
$

H ds, then

X t #
X 2

"
(11)

on the interval 0 % t % T.

We claim that
X %

"
T ! t

(12)

as t approachesT. To see this, assume that (12) were false. Then we would have

X #
"

T ! t ! $
= Y (13)

for somet = t0 and some$> 0. Note that Yt = Y 2

" . Thus the comparison principle shows that (13) holds
for all t " (t0, T ! $) which impies that X blows up ast approachesT ! $, a contradiction.

We can now complete the proof of the entropy estimate:

d
dt

!
k log

%
k
$

T ! t
&

ds =
d
dt

!
k logk ds !

1
2

á
1

T ! t
á
!

k ds = X !
"

T ! t
% 0

where we have used the identity
$

k ds = 2 " as well as equation (12). This completes the proof of the
entropy estimate.

Theorem (Eccentricity Estimate). If ! t is a solution to the ßow of a curve by its curvature on an interval
0 % t % T, we let W (t) be the length of the projection of! t onto the x axis and we letA(t) be the area
enclosed by! t . Then W (t) # C

(
A(t) for some positive constantC.
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Proof. For p " ! t we let %be the angle betwee the tangent line atp and the x axis. Since

dx
d%

=
dx
ds

) d%
ds

=
cos%

k

we have

W =
! " / 2

" " / 2

cos%
k

d% =
1
2

á
! 2"

0

| cos%|
k

d%

JensenÕs inequality implies:

log

* $2"
0

| cos ! |
k d%

$2"
0 1 d%

+

#

$2"
0 log

"
| cos ! |

k

#
d%

$2"
0 1 d%

In other words,

2" álog
,

W
"

-
# !

! 2"

0
logk d% ! C1 = !

!

" t

k logk ds ! C1 (14)

where C1 =
$2"

0 log(|sec(%)| d%.

Now the entropy estimate implies that
$

k log
%
k
$

T ! t
&

ds is bounded:
!

" t

k logk ds % 2" álog
,

1
$

T ! t

-
+ C0 (15)

Combining (14) and (15) we get:
W # C2

$
T ! t = C3

$
A

This proves the eccentricity estimate.

Corollary (Diameter Bound). Let D = D(t) be the length of the diameterdt of the convex regionRt

bounded by! t . Then D % C!
$

A for some C! > 0.

Proof. Rotate ! t in such a way that dt is vertical. Let [a, b] be the projection of ! t onto the x axis and let
c " [a, b] be such that the line x = c contains dt . Let A be a point of intersection of the line x = a and the
region Rt , and let B be a point of intersection of the line x = b and the region Rt . By convexity, the region
Rt contains the triangle with vertex A and opposite sidedt . Likewise, Rt contains the triangle with vertex
is B and opposite sidedt . Since these triangle are disjoint, the sum of their areas is bounded byA:

WD
2

=
(c ! a)D

2
+

(b! c)D
2

% A

The eccentricity estimate says W # C
$

A. Thus D % 2
C

$
A, and the corollary is proved.

Corollary (Length Bound). Let L (t) be the lenth of ! t . Then L(t) % C!!
$

T ! t for someC!! > 0.

Proof. Let po be the point to which ! t shrinks ast approachesT. Then ! t is contained in the circle centered
at po with radius D = D(t). Since ! t is convex, we haveL % 2" D . Thus the length bound follows from the
diameter bound.

Corollary (Curvature Bound). For some C > 0 the following estimate holds:

k %
C

$
T ! t

Proof. We make use of the entropy bound:
! "

k
$

T ! t
#

álog
"

k
$

T ! t
#

ds % C
$

T ! t

5



Since the function x logx is bounded below by 1
e we obtain:

!

" +
t

"
k
$

T ! t
#

álog
"

k
$

T ! t
#

ds % C
$

T ! t +
1
e

!
1 ds % C!

$
T ! t (16)

where ! +
t = { p " ! t : k(p)

$
T ! t # 1} , and where the last inequality follows from the Length Bound.

Now let M (t) = sup p# " t
k(p)

$
T ! t. We wish to prove that M (t) is bounded on [0, T). Thus we wish to

prove that for some C!! > 0, that
|M (t)| % C!! (17)

for all t " [0, T).

Assume that (17) is false. Then we can choose a positive increasing sequencetn with the following properties:

1. limn $% tn = T .

2. M (tn ) = sup [0,t n ] M (t).

3. limn $% M (tn ) = & .

Recall that if k % K on [0, #] then for every t " [0, #] we have

|ks| % 4K
,

1
$

t
+ 3K

-
(18)

Now if t " [0, tn ] we have

k %
M (t)

$
T ! t

%
M n$
T ! t

%
M n$
T ! tn

= K n (19)

Thus if t " [t1, tn ] then (18) implies
|ks| % 16K 2

n (20)

for n su" ciently large.

Now we Þxn and consider the curve! t n . By assumption, the curvature k achieves its maximal valueK n at
some point pn " ! t n . Then (20) implies k # K n / 2 on a section of! t n whose length is as least 1/ (32K n ).
Applying (16) we get:

1
32K n

á
M n

2
álog

,
M n

2

-
% C!

(
T ! tn

Dividing both sides by
$

T ! tn and using (19), we get

log
,

M n

2

-
% 64C!

But this is a contradiction, since M n ' & , and thus the curvature bound is proved.
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Flows-III

We are in the midst of proving that the limit of the curve shrinking ßow is a round circle. The next step is
HuiskenÕs monotinicity formula: Letn be a positive integer and letx denote a variable in R n . Fix T > 0
and deÞne

! n (x, t ) =
1

(T ! t)n/ 2
exp

!
!

|x|2

4(T ! t)

"
(1)

Theorem (Huisken). Let Z = ! t be a curve shrinking ßow on the interval[0, T], where T = Ao/ 2" is the
time to blow up, and let

EZ (t) = E(t) =
"

T ! t
#

! t

! ds

where ! = ! 2. Then E !(t) # 0 on interval [0, T]. Moreover E ! = 0 if and only if ! t is shrinking homotheti-
cally.

Remark: We say that ! t is shrinking homothetically if and only if we can choose the origin so that: For
every t $ 0 there is a# # 1 such that ! t = #! o. The value of # is uniquely determined by t: Since the area
function is given by A(t) = 2 " (T ! t) we have 2" (T ! t) = #22" T, that is, #(t) =

$
1 ! t/T . This proves

that ! t shrinking homothetically implies E ! = 0.

Proof of HuiskenÕs Theorem. Using Lemma 2.1 we calculate:

d
dt

#

! t

! ds =
#

! t

!
$!
$t! + kD N ! ! k2!

"
ds (2)

Now we easily see that! solves the backwards heat equation, that is,

$!
$t! = ! " ! = ! D 2

T (! ) ! D 2
N (! ) (3)

where " is the Euclidean Laplacian and whereT and N are vector Þelds which are characterized as follows:
Let Do % R 2 be the domain bounded by! o. For every p & Do there is a uniquet & [0, T) such that p & ! t .
Then T is the unit tangent vector at p & ! t and N is the unit inward normal vector at p & ! t . The operators
DT and D 2

T are deÞned byDT (f ) = T i D i (f ) and D 2
T = T i T j D i D j (f ) (here f is a smooth function on

Do), and similarly for DN , D 2
N . Thus the second equality of (3) follows from the fact that T and N are

orthogonal vectors of length one.

Now !
! s2 (f ) = DT (DT f ) = T i D i (T j D j f ) = D 2

T (f ) + DT (T j )D j f = D 2
T f + kN j Dj f , so

$2!
$s2

= D 2
T (! ) + kD N (! ) (4)

Equation (2) yields:
d
dt

#

! t

! ds =
#

! t

!
!

$2!
$s2

+ 2kD N ! ! D 2
N (! ) ! k2!

"
ds (5)

To calculate DN (! ) we Þrst take the log of both sides of (1):

log ! n = !
n
2

log(T ! t) !
|x|2

4(T ! t)

Thus

Di (! ) = !
xi

2(T ! t)
=

Di !
!

D i D j log(! ) = !
I ij

2(T ! t)
=

Di D j !
!

!
D i ! D j !

! 2
(6)

1



Multiplying both sides of (6) by ! N i N j and contracting:

D 2
N ! =

(DN ! )2

!
!

!
2(T ! t)

Plugging into (5):

d
dt

#

! t

! ds =
#

! t

!
!

$2!
$s2

+ 2kD N ! !
(DN ! )2

!
+

!
2(T ! t)

! k2!
"

ds =

#

! t

!
1
!

(DN ! ! k! )2 +
!

2(T ! t)
ds (7)

Hence

E !(t) =
d
dt

! "
T ! t

#

! t

! ds
"

=
"

T ! t
d
dt

#

! t

! ds !
1

2
"

T ! t

#

! t

! ds =

!
"

T ! t
#

! t

(DN ! ! k! )2 ds

This proves E !(t) # 0. Moreover, E ! = 0 if and only if DN ! ! k! = 0 that is, if and only if

DN log ! = k (8)

To complete the proof of HuiskenÕs theorem we must show that condition (8) implies that the curve is
shrinking homothetically. Now the Þrst part of (6) implies

DN log ! = ( Di log ! )N i = !
xi N i

2(T ! t)
= !

P áN
2(T ! t)

But then condition (8) implies that ! o satisÞes:

ko = k(Po) = !
Po áN

2T
(9)

for all Po & ! o.

On the other hand, if ! o satisÞes condition (9) then one easily sees that! t = (
$

1 ! t/T )! o is a curve
shrinking ßow with initial curve ! o: Indeed, let P(t) = (

$
1 ! t/T )Po where Po & ! o. Then

$P
$t

áN =
1

2T
$

1 ! t/T
Po áN =

! 2Tko

2T
$

1 ! t/T
= ! k

where in the second equality we make use of (9) and in the last we use the fact thatk scales like 1/s . Thus
condition (9) implies that ! t shrinks homothetically, which completes the proof of HuiskenÕs theorem.

Now we return to the proof of our theorem: We wish to show that the limit of the curve shrinking ßow is a
round circle. In order to make this precise, we introduce the concept of rescaling:

Let Z % R 2 ' [0, %) be a curve shrinking ßow (as deÞned in lecture 1), and let$/ $t and $/ $s be the standard
vector Þelds onZ . Let x and y be the coordinate functions onR 2. Then (x, y) satisÞes the equation:

!
$x/ $t
$y/ $t

"
=

!
$2x/ $s2

$2y/ $s2

"
(10)

For a Þxed# > 0, let ÷% = #2%and let

Z (#) = { (#x, #y, #2t) & R 2 ' [0, ÷%) : (x, y, t ) & Z }

2



Then the map (x, y, t ) ( (÷x, ÷y, ÷t), given by ÷x = #x, ÷y = #y, ÷t = #2t, is a di#eormorphism $ : Z ( Z (#).

Let $/ $÷t and $/ $÷s be the standard vector Þelds onZ (#). Then $/ $÷t = #" 2($/ $t) and $/ $÷s = #" 1($/ $s)
(More precisely, $/ $÷t = $ #(#" 2$/ $t) and $/ $÷s = $ #(#" 1$/ $s). Thus

!
$÷x/ $÷t
$÷y/ $÷t

"
=

1
#

á
!

$x/ $t
$y/ $t

"
and

!
$2÷x/ $÷s2

$2÷y/ $÷s2

"
=

1
#

á
!

$2x/ $s2

$2y/ $s2

"

Hence (10) holds withx, y, t replaced by ÷x, ÷y, ÷t. This means that if Z is a curve shrinking ßow, thenZ (#) is
also a curve shrinking ßow.

With this notion of scaling, we are able to make precise the notion that Òthe limit of the curve shrinking
ßow is a round circleÓ: LetZ = ! t be a curve shrinking ßow on [0, T], where T is the time to blow up, let
E (t) = EZ (t) be the entropy function of Z on [0, T], and let tn & [0, T] be an increasing sequence converging
to T. We want to restrict ! t to the interval [ tn , T ], and look at it under a microscope in slow motion: This
means we rescale in such a way that the area enclosed by the curve! t n is roughly one, and that the time it
takes for the rescaled curve to shrink to a point isT: Let #n = (1 ! tn /T )" 1/ 2, and considerZn = Z (#n )
which is a curve shrinking ßow on [0, #2

n T] = [0 , T/ (1! tn /T )]. The interval [ tn , T ] corresponds to the interval
[! T + T/ (1 ! tn /T ), T/ (1 ! tn /T )], which is an interval of length T. Note that EZ n (t) = E(t/ #2

n ).

Let ÷Zn be the ßowZn with t replaced by t + T tn / (T ! tn ). Then ÷Zn is a ßow on the interval [! T tn / (T !
tn ), T ] = [ ! An , T]. The original time interval [ tn , T ] for the Z ßow corresponds to [0, T] in the ÷Zn ßow.
Note that An ( ) as n approaches inÞnity. Note as well thatEn (t) = EZ̃ n

(t) = E( t
" 2

n
+ tn ). Now En is

a decreasing function (HuiskenÕs theorem) with the propertyEn (T) = E(T). Thus E$ (t) = lim n %$ En is
the constant function with constant value E(T) (here the limit is uniform on compact subsets of (!) , T ]).

If K % (!) , T) is any compact subset, then forn su%ciently large K % (! An , T) and the curvature bound
proved in lecture 2 shows that the curvature kn of the ßow ÷Zn remains bounded onK . Moreover, as we
have seen, the higher derivatives ofkn (with respect to s), as well as the coordinate functionsxn , yn and
their higher derivatvives, stay bounded on K as well. The Arzela-Ascoli theorem now shows that we can
choose a subsequence of thetn in such a way that the ÷Zn approach a limit ßow ÷Z on the interval ( !) , T ].
Moreover, EZ̃ = lim EZ̃ n

= E$ which is constant. HuiskenÕs theorem now tells us that÷Z is a ßow which is
homothetic.

It remains to prove that ÷Z is the Òround ßowÓ (see the example of lecture 1). To do this, we analyze
condition (9) and show that the only simple closed curves which statisfy this condition are circles centered
at the origin.

Theorem (Abresh-Langer). There are inÞnitely many smooth closed curves satisfying

k = ! P áN (11)

but only one of those curves is simple, namely the circle of radius one centered at the origin.

Remark: In fact Abresh-Langer show that there are inÞnitely many equivalence classes of closed curves
satisfying (11), where the equivalence is given by rotation.

In order to prove the theorem, we Þrst establish two lemmas:

Lemma 1. Assumek satisÞes (11). Thenk also satisÞes:

k## + k =
1
k

(12)

where the derivatives are respect to&, the angle between the tangent line and the horizontal.

Proof. Condition (11) is equivalent to
yxs ! xys = &s (13)
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Moreover, we havey#/x # = tan( &). Combining with (14) we get: ! xx # tan(&) + yx# = 1 and now, solving
for y: y = x tan(&) ! 1/x #, so y# = x# tan(&) + x sec2(&) + x##/x 2

#. Using again the equationy# = x# tan(&)
we get

x## = ! xx 2
# sec2(&) (14)

Now k = &s = &x xs = cos(&)/x #. Thus

k# =
! sin(&)

x#
!

cos(&)x##

x2
#

=
! sin(&)

x#
+ x sec(&)

where in the last equality we use (14). Di#erentiating again:

k## =
! cos(&)

x#
+

sin(&)x##

x2
#

+ x sec(&) tan( &) +
x#

cos(&)

The middle two terms cancel, by (14), and thus weÕve proved (12).

If we multiply both sides of (12) by k# and then integrate both sides with respect to&, we get

k2
# + k2 = log( k2) + C (15)

where C is a real number. Note that (12) shows that k(&) = 1 for some & (otherwise, k!! is of constant sign,
which contradicts the fact that k is a periodic function of &). Plugging k = 1 into (15) we see that C $ 1.

Now let C > 1 and let p < q be the two positive roots of C + log( k2) ! k2 = 0.

Lemma 2.
# q

p

dk
$

C + log( k2) ! k2
>

"
2

(16)

Remark: Once Lemma 2 is proved, then we can conclude that a simple closed curve satisfying (11) is a circle
of radius one centered at the origin: If C = 1, then p = q = 1 which means that the curve has constant
curvature k = 1 and is thus a circle of radius one.

On the other hand, if C > 1, then (16) implies that k can have at most three extrema on the interval [0, 2" ].
This contradicts the four corners theorem which says that the curvature of a simple closed curve must have
at least two minima and two maxima.
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¤1 Geometric Invariant Theory .

In these notes we wish to discuss DonaldsonÕs approach to stability. We Þrst review the
deÞnition and main properties of the Hilbert polynomial.

We denote by S = C[Z0, ..., ZN ] the polynomial ring in the variables Z0, ..., ZN and we
write

S =
!

m ! 0

Sm

whereSm = C[Z0, ..., ZN ]m denotes the vector space of homogeneous polynomials of degree
m. One easily shows that

dim(Sm ) =
"

m + N
N

#
= PN (m)

where PN (m) = 1
N ! m

N + á á áis a polynomial of degreem.

Let X ! P N be a projective variety (not necessarily smooth, not necessarily irreducible).
Let I (X ) ! S be the ideal of polynomials vanishing onX . Let

S(X ) = S/I (X )

be the homogeneous coordinate ring ofX and let I (X )m = I (X ) " Sm . Thus I (X )m is
the space of hypersurfaces of degreem which contain X . For example, I (X )1 = 0 unless
X is contained in a hyperplane. Let

Sm (X ) = Sm /I (X )m

and let
hX (m) = dim( Sm (X ))

Theorem. Let X ! P N be a variety. Then there exists a polynomialpX (m) with ra-
tional coe! cients such that hX (m) = pX (m) for m su! ciently large. Moreover we have
dim(X ) = deg(p).

Remark. This theorem works for schemes as well: LetI ! S = C[Z0, ..., Zn ] be any
homogeneous ideal (that is, and ideal generated by homogeneous polynomials). DeÞne÷I ,
the saturation of I , and

#
I , the radical of I , as follows:

÷I = { F $ S : F áSn ! I for somen > 0} ,
#

I = { F $ S : F k $ I for somek > 0 }

Then I ! ÷I !
#

I . We say I is saturated if I = ÷I and that I is radical if I =
#

I . Then
if I is radical, it is saturated. Observe that if X ! P N is a closed subvariety ofP N , that
I (X ) is radical (and hence saturated as well).

Now there is a 1-1 correspondence between closed subvarieties ofP N and radical homoge-
neous idealsI . We have stated the above theorem for closed subvarieties ofP N . But the
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exact theorem holds as well for closed subschemes ofP N . What is a closed subscheme of
P N ? For our purposes, a closed subscheme ofP N is just a saturated ideal I ! S. If I ! S
is a saturated ideal corresponding to a closed subchemeX ! P N , then X 0, the zero set
of I (or, equivalently, the zero set of

#
I ), is called the Òunderlying varietyÓ. There is a

natural map X 0 % X (called the ÒthickeningÓ map). It corresponds to the natural ring
homomorphism S/I % S/

#
I . The schemeX is called a ÒthickeningÓ of the varietyX 0.

Another formulation of the theorem is the following: Let L % X be a line bundle on
a variety X . Assume L is ample (that is, some power ofL embeddsX into projective
space). Let hX,L (m) = dim( H 0(X, L m ). Then there exists a polynomial pX,L such that
hX,L (m) = pX,L (m) for m >> 0. In fact,

pX,L (m) = ! (L m ) =
$

(&1)r dim(H r (L m ))

for all m > 0. Thus, for m >> 0, we haveH r (L m ) = 0 if r > 0 so the two deÞnitions
coincide.

Example. Let X be three pointsp1, p2, p3 in the plane P 2. Then hX (1) = 2 if the 3 points
are colinear andhX (1) = 3 otherwise. But hX (m) = 3 for all m ' 3, independent of the
position of the points. In this case, the hilbert polynomial is a constant, and thus has
degee zero (as it should, sinceX has dimension zero). In general, ifX is a set ofd points,
then pX (m) = d is a polynomial of degree zero.

Example. Let X ! P N be a smooth curve. Then the hilbert polynomial of X is a linear
function p(x) = ax + b. We wish to calculate a and b. We Þrst sketch the idea, and
then give the justiÞcation: Assume (without loss of generality) than Z0 = 0 intersects
X transversally at d points p1, ..., pd. Then to any homogeneous polynomialF (Z ) of
degreem we may associate the meromorphic functionF (Z )/Z m

0 on X , which deÞnes a
map Sm (X ) % OX (m áp1 + á á á+ m ápd), the space of functions holomorphic away from
pj with with poles of order at most m at the pj . Then for m large, this becomes an
isomorphism. Moreover, for m large, the Riemann-Roch formula gives us the dimension
of OX (m áp1 + á á á+ m ápd). The result is:

pX (m) = d ám + (1 & g)

This is indeed a linear function of m, which we expect sinceX is of dimension one. The
coe! cients give us the main numerical invariants ofX : The degree and the genus.

Here is a justiÞcation of the argument above: LetO(1) be the hyperplane bundle onP N

and L the restriction of O(1) to X . Then we have an exact sequence of sheaves onP N

given by
0 % I X % O % O/I X % 0

where O is the structure sheaf onP N , and I X is the sheaf of functions which vanish on
X . Then we haveO/I X = OX , the structure sheaf ofX . The long exact sequence gives

0 % H 0(P N , I X ( O(m)) % H 0(P N , O ( O(m)) % H 0(P N , OX ( O(m))
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% H 1(P N , I X ( O(m))

Since I X is coherent, SerreÕs theorem saysH 1(P N , I X ( L m ) = 0 for m >> 0. Thus we
have, for m >> 0, an exact sequence

0 % H 0(P N , I X ( O(m)) % H 0(P N , O ( O(m)) % H 0(P N , O/I X ( O(m)) % 0

Identifying H 0(P N , O ( O(m)) = C[Z0, ..., ZN ]m and H 0(P N , I X ( O(m)) = I (X )m and
H 0(P N , O/I X ( O(m)) = H 0(X, L m ) we have, for m >> 0,

Sm (X ) ) H 0(X, L m )

Note that thus far, we have not assumed dim(X ) = 1. The above isomorphism is quite
general. Now the Riemann-Roch theorem says

! (L m ) = dim( H 0(X, L m )) & dim(H 1(X, L m )) = dm + (1 & g)

Moreover, H 1(X, L m ) = H 0(X, K ( L " m ) and the latter group vanishes for m >> 0.

Example. Let X ! P 2 be a curve, given byF = 0, where F is an irreducible homogeneous
polynomial of degreed. Here we do not assumeX is smooth. Then I (X )m consists of
those polynomials which are divisible byF , that is, I (X )m = C[Z0, ..., ZN ]m " dF . Thus,
for m ' d, we have

dim(I (X )m ) =
"

m & d + 2
2

#

and, again for m ' d, we have

hX (m) =
"

m + 2
2

#
&

"
m & d + 2

2

#
= d ám &

d(d & 3)
2

Comparing this with the previous formula we conclude: If X ! P 2 is a smooth projective
curve, then g & 1 = d(d" 3)

2 that is

g =
(d & 1)(d & 2)

2

Thus, for most g, smooth curves of genusg can not be embedded inP 2. For example,
there is no curve of genus 2 inP 2.

Proof of theorem. We sketch the proof of the Theorem: LetX ! P N be of dimensionk
and let " be a generaln & k plane in P N so that " intersects X transversally and " " X
is a collection of d points (where d is the degree ofX ). Let L 1, ..., L k be linear forms on
P N which generate the ideal of" . DeÞne the ideals

I (X ) = I 0 ! á á á! I k ! C[Z0, ..., ZN ]
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given by
I ! = ( I (X ), L 1, ..., L ! )

Let Y ! be the zero set ofI ! . Then, since " is in general position, the Y ! are smooth
and dim Y ! = k & " . Let S! = C[Z0, ..., ZN ]/I ! and S!

m = C[Z0, ..., ZN ]m /I !
m and

h! (m) = dim( S!
m ). Now multiplication by L ! +1 mapsC[Z0, ..., ZN ]m to C[Z0, ..., ZN ]m +1

and I !
m to I !

m +1 and soáL ! +1 : S! % S! and

áL ! +1 : S!
m % S!

m +1

We claim that the above map in injective. If not, then f áL ! +1 = 0 for some f $ S!
m , f *= 0.

But this means that Y ! is the union of two hypersurfaces, namely{ L ! +1 = 0 } " Y ! (ie
Y ! +1 ) and f = 0. But Y ! is irreducible, and dim(Y ! +1 ) < dim(Y ! ). Thus Y ! = { f = 0 } .
But this contradicts the fact that f *= 0.

We thus have an exact sequence:

0 % S!
m % S!

m +1 % S! +1
m +1 % 0

so h! +1 (m + 1) = h! (m + 1) & h! (m), so h! +1 is the succesive di#erence function ofh! .
Since thekth succesive di#erence is a constant (equal tod) we see thathX (m) = h0(m) is
a polynomial of degreek in m whose leading coe! cient is k! ád.

Coe! cients of the Hilbert polynomial: Earlier we computed the Hilbert polynomial of a
smooth curve. More generally, one can show (using the Riemann-Roch theorem) that

pX,L (x) = a0xn + a1xn " 1 + á á á

where a0 = 1
n !

%
X c1(L )n and a1 = 1

2(n " 1)!

%
X c1(X )c1(L )n " 1.

¤2. Flatness.

Key example of a ßat family: Suppose# : X % B is a map between smooth connected
algebraic varieties, and that dim#" 1b is independent ofb $ B . Then # : X % B is ßat.
This is a useful criterion, but in many cases of interest, the varietyX will not be smooth.
Thus we need a more general way for deciding if a family is ßat.

More generally: Let B be a reduced connected scheme andX ! P N + B = P N
B be a

closed subscheme. What does it mean to say that# : X % B is ßat? Although the
general deÞntion of ßatness is rather obscure, in this setting, the answer is provided by the
following simple criterion:

Theorem. # : X % B is ßat if and only if all the Þbers of # have the same Hilbert
polynomial.

As simple as this theorem is, we must provide the following caution: The Þbers of# are
not simply the set theoretic Þbers#" 1b for b $ B . Rather, the Þber X b is the scheme
theoretic Þber. Even if B is a nice algebraic variety (which is the case of interest to us)
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X b may not be a variety - it might be a scheme. LetÕs explain this by giving a precise
deÞnition of X b ! P N , the scheme theoretic Þber.

For the sake of simplicity (and without loss of generality), we shall assume thatB ! Cr

is an a! ne scheme (variety), deÞned by some (radical) idealI B ! C[x1, ..., xr ], and let
SB = C[x1, ..., xr ]/I B . Then SB is the coordinate ring of B , and X ! P N

B is deÞned by
some saturated idealI X ! SB [Z0, ..., ZN ]. Thus elements of I X are polynomials of the
form f (Z ) =

&
s! Z ! with s! $ SB . Then I X b = I X (b), that is, I X b is the ideal generated

by all polynomials
&

s! (b)Z ! $ C[Z0, ..., Zb] with
&

s! Z ! $ I X .

Example: Let B = C so I B = 0 and SB = C[x]. Let I X ! C[x][Z0, Z1] be the ideal
generated byZ 2

0 & xZ 2
1 . Then X ! P 1 + C is the variety deÞned byZ 2

0 & xZ 2
1 = 0 and it is

a nice smooth variety. We wish to prove that the map # : X % C is ßat (of course this is
guaranteed by the key example, since in this case the varietyX is smooth. But letÕs verify
using the Hilbert polynomial criterion). Let b $ C. Then X b ! P 1 is the scheme deÞned
by the ideal Z 2

0 & bZ2
1 . For b *= 0, it is a nice smooth variety, deÞned by the equation

Z 2
0 & bZ2

1 = 0, which is a union of two points. But if b = 0, then it is the scheme deÞned
by the ideal Z 2

0 . The equation Z 2
0 = 0 deÞnes the same variety as the equationZ0 = 0.

Thus the uderlying variety is the point Z0 = 0. But the Þber X 0 is not a point - rather, it
is a thickened point, i.e. a point with ÒmultiplicityÓ two.

The Hilbert polynomial of X b for b *= 0 was already computed. It is just the constant
polynomial pb = 2 (more generally, d distinct points have Hilbert polynomial p = d).
What about the Hilbert polynomial of X 0? If we computed X 0 set theoretically (instead
of scheme theoretically) we would get the wrong answer, since set theoretically,X 0 is just
a single point, whose Hilbert polynomial is the constantp = 1. Rather, we must compute
the Hilbert polynomial of S = C[Z0, Z1]/ (Z 2

0 ). The mth graded piece is generated byZ m
1

and Z m " 1
1 Z0 (the other monomials of degreem are all zero, sinceZ 2

0 = 0 in the ring S).
This vector space has dimenson two, sop = 2.

Example: This time, let I X ! C[x, y][Z0, Z1] be the ideal generated byxZ 0& yZ1. Again X
is a nice smooth variety. Then forb = ( b0, b1) *= 0, I X b = b0Z0 & b1Z1, and the Þber is just
a single point whose Hilbert polynomial isp(x) = 1. However, the Þber X 0 corresponding
to (b0, b1) = (0 , 0) is deÞned by the idealI 0 = 0, in other words, the Þber I 0 is all of P 1

whose Hilbert polynomial is p(x) = x. Thus this family is not ßat. In fact, the Þbers donÕt
even have the same dimension (note thatX is just C2 blown up at the origin).

¤3 The Hilbert Scheme.

SupposeX ! P N
B and X % B is a ßat family. Let P be the Hilbert polynomial of a Þber

and f : B # % B is a morphism. Let X # = f $X . Then X # % B # is a family and it is easy to
see that X # % B # is also ßat and its Þbers have Hilbert polynomialP. It is natural then
to ask if there is a universal family:

Theorem. Fix a polynomial P of one variable and an integerN > 0. There exists
a unique (up to isomorphism) schemeH = H P and a family U ! P N

H % H with the
following property: For every ßat family X ! P N

B % B with Hilbert polynomial P, there
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exists a uniquef : B % H such that X = f $U. Moreover, there is a grassmannianG such
that H ! G is a closed subscheme. In particularH is a projective scheme.

Proof. We give only a very sketchy outline of this rather amazing theorem. LetG(q, r)
be the grassmannian of allq planes in r dimensional space. LetSP be the collection of
all closed subschemesX ! P N with Hilbert polynomial P and let X $ SP . This means
that for some m0 > 0, we havehX (m) = P(m) for all m ' m0. Fix such an m. Then
I (X )m ! Sm has codimensionp(m). Thus, it has dimension q(m) = N (m) & p(m) where

N (m) = dim( Sm ) =
'

m + N
N

(
. Hence we have associated toX a point in h(X ) $ G =

G(q(m), N (m)). It turns out that m0 depends only onP and not on X . Thus we have
deÞned a maph : SP % G. Let H # = h(SP ) ! G. It turns out that H # is a closed
subvariety of G.

Thus if X % B is any ßat family of closed subschemes ofP N , we get a mapB % H #. But
here arises a subtely: this map is not, in general, an algebraic map. One the other hand,
one proves that there does exist a schemeH, whose underlying variety isH #, (i.e., H # % H
is an inÞnitesimal thickening) so that for every ßat projective family X % B , the map
B % H, obtained by composing with H # % H, is algebraic. Of course, such anH is not
unique: if H % H 1 is a further thickening, then H 1 will also work. One the other hand,
it turns out that there is a unique minimal H , and this is the Hilbert scheme. Finally, it
turns out that H ! G is closed.

Remark: Here H ! G(q(m), N (m)). If we change m, then we get H # ! G(q(m#), N (m#))
but one can prove that H = H # (canonical isomorphism). Thus H is well deÞned, and
depends only on the polynomialP and the integer N .

Remark: The Hilbert scheme isnot a variety. This fact is inescapable: There is an example
of Mumford that shows the Hilbert scheme can be non-reduced (ie, there are nilpotent
elements in the local ring), even at points corresponding to smooth irreducible projective
varieties (the nicest possible points). Perhaps this fact alone justiÞes the study of schemes.

¤4 GIT Stability

We review the deÞniton of semi-stable, polystable and stable. We start with the basic
setting: Let m, N > 0 and let $ : SL(m) % GL(N + 1) be a homomorphism (sinceSL
is semi-simple, det($) = 1, we actually have $ : SL(m) % SL(N + 1). Fix v $ P N and
choose öv $ CN +1 such that öv $ v. Let Stab(öv) ! SL(m) be the stabilizer of öv, that is

Stab(öv) = { %$ SL(m) : $(%)öv = öv}

Consider the function
&öv : SL/Stab (öv) % CN +1

Then we make the following deÞnitions:
1. v is semi-stable if the image of&öv does not contain 0 in its closure.
2. v is poly-stable if &öv is proper.
3. v is stable if &öv is proper and if Stab(öv) is discrete.

6



Remark: First note that the deÞnitions do not depend on the choice of öv representing v.
Also, if v and v# are in the same SL orbit, then v is semi-stable if and only if v# is semi-
stable (and similarly for poly-stable and stable). Thus, we have the notion of a semi-stable
(poly-stable, stable) orbit.

Let us prove that stable =, poly-stable =, semi-stable. The Þrst implication is clear.
Now assumev is poly-stable. Let K be a compact neighborhood of the origin inCN +1 .
Then Im (&) " K = &(&" 1(K )) ! CN +1 \{ 0} . Since & is proper, &" 1(K ) ! SL/Stab (öv)
is compact so&(&" 1(K )) ! CN +1 \{ 0} is closed. This proves the image of& is closed in
CN +1 \{ 0} and thus v is semi-stable.

There is another characterization of semi-stable which is important: v is semi-stable if
there exists an SL invariant homogenous polynomial F on CN +1 such that F (öv) *= 0.
Since the ring of SL invariant polynomials is Þnitely generated, this gives a map

$ : Uss % P M

for someM > 0, whereUss is the set of semi-stable points. Clearly$ is constant on SL
orbits. Restricting to Us we get a mapUs % P M which has the property: Us/SL % P M

is injective.

There is a slightly more general setting for which we deÞne semi-stable, poly-stable and
stable points which is useful:

Let V be a projective variety or scheme andSL(m) % Aut (V ) a homomorphism. Let
L % V be a very ample line bundle and letSL(m) % Aut (V, L) be an action covering the
given action on V . Let v $ V . What does it mean to say that v $ V is L semi-stable or
L -poly-stable or L -stable ? To deÞne this, choose a basiss of H 0(L ) and use that basis to
imbedd V into P N via ' s : V (% P N . Since SL acts on (V,L ), it also acts on H 0(L ), and
thus, after choosing the basis, we get a homorphismSL % GL(N + 1). Then we say that
v is L -semi-stable if ' s(v) $ P N is semi-stable (in the sense deÞned earlier). One checks
that this does not depend on the choice of basiss. We deÞneL-poly-stable and L -stable
in a similar fashion. Note that di#erent choice of very ample line bundleL give rise to
di#erent notions of stability. For example, replacing L by L k will, in general, change the
set of stable points.

The Hilbert-Mumford criterion. A one parameter subgroup$ of SL is an algebraic ho-
morphism $ : C% % SL(m). Any such homomorphism can be diagonalized, that is, there
exists A $ SL(m) such that A$(t)A" 1 = diag( ta1 , ..., tam ) with aj $ Z and

&
j aj = 0.

Now suppose thatSL(m) % GL(N + 1) is a homomorphism and that 0 *= v $ P N . Let
v0 = lim t & 0 $(t) áv and let öv0 $ CN +1 be any non-zero point onv0. Then the Mumford
weight of v is the integer µ(v, $) deÞned by

$(t) áöv0 = tµ öv0
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Theorem (Hilbert-Mumford criterion)

1. v $ P N is semi-stable if µ(v, $) - 0 for all $.
2. v $ P N is stable if µ(v, $) < 0 for all $.
3. v $ P N is poly-stable if for all $, either µ(v, $) < 0 or $(C%) ! Stab(v) (in which case

µ(v, $) = 0 ).

We shall also deÞne the Mumford weight in the more general setting: LetV be a projective
variety or scheme,SL(m) % Aut (V ) a homomorphism. andL % V be a very ample line
bundle. Let SL(m) % Aut (V,L ) be an action covering the given action onV and let v $ V
and $ a one parameter subgroup ofSL(m). Then we deÞneµ(v, $, L ) = µ(' sv, $), where s
is a basis ofH 0(L ).

¤4 Hilbert and Chow stability .

Fix ( X, L ) a polarized projective variety or scheme. ThusX is a variety, and L % X is
an ample line bundle. Fix r > 0 so that L r gives a projective imbedding ofX and let
pr (n) = ! (L rn ) be the Hilbert polynomial of X (% P N , where N = Nr = dim H 0(L r ).
Let H = H r be the Hilbert scheme which parametrizes all closed subschemes ofP N with
Hilbert polynomial pr . Let v = v(X, r ) $ H r be the point on H r associated toX . Now
SL(N + 1) acts naturally on H r and thus we can consider the orbit ofv in H r under this
action. In order to inquire about the stability of this orbit, we Þrst must choose a line
bundle L %H r on the Hilbert scheme. In other words, we must choose an imbedding of
H r into some projective space. Di#erent choices of line bundle (i.e. imbedding) will lead
to di#erent notions of stability.

Chow stability. The Chow imbedding ofH r is deÞned as follows: For everyv $ H r we may
consider the closed subschemeX v ! P N corresponding tov. To this we associate the chow
point of X v in PH 0(Gr (N & n, N + 1) , O(d)). This association deÞnes an embedding' r :
H r (% PH 0(Gr (N & n, N +1) , O(d)) and L is the pullback, with respect to this imbedding,
of the hyperplane bundle onPH 0(Gr (N & n, N + 1) , O(d)). Let Chow r = ' r (vr ).We say
that ( X, L ) is Chowr stable if Chowr is stable with respect to the SL(N + 1) action. If )
is a 1-paramter subgroup ofSL(N + 1), we call µ() , Chowr ) the Chowr weight of X (with
respect to ) ). If r is Þxed, then we simply call it the Chow weight.

Another characterization of the line bundle L may be given in terms of the Delgine pairing.
Recall the universal ßat family Ur ! P N + H r % H r . Then L may be identiÞed with the
Chow line bundle L = .O(1), .., O(1)/ , the Deligne pairing of O(1) with itself n + 1 times.
This interpretation requires some care, since the formalism of Deligne pairings is deÞned
in the setting where Ur % H r is a ßat map between projective integral schemes. Now the
map is projective and ßat, by construction, but the Hilbert schemeH r may not be integral
(according to MumfordÕs example).

Hilbert stability. For each su! ciently large m, the construction of H r gives an imbedding
H r ! G(qr (m), Nr (m)) where Nr (m) =

'
m + N r

N r

(
and qr (m) = Nr (m) & pr (m). The

Pl¬ucker imbedding gives a mapG(qr (m), Nr (m)) (% P M for someM = M (qr (m), Nr (m)).
Composing we get an imbedding' r,m : H r (% P M . Let Hr,m = ' r,m (vr ). We say (X, L )
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is Hilbert r,m stable if Hr,m is stable and (X, L ) is Hilbert r stable if Hr,m is stable for all
su! ciently large m. If ) is a 1-paramter subgroup ofSL(N + 1), we call µ() , Hr,m ) the
Hilbert r,m weight of X (with respect to ) ). If r is Þxed, then we simply call it the Hilbertm

weight.

Relationship between Hilbert and Chow stability.

Let X ! P N be a projective scheme of dimensionn and ) (t) a 1-parameter subgroup
of SL(N + 1). Let e = e" be the Chow weight of X and ÷w(K ) = ÷w" (K ) the Hilbert K

weight of X . Thus X is chow stable (semi-stable) if and only ife" < 0 (e" - 0) for all one
parameter ) and X is Hilbert K stable (semi-stable) if and only if ÷w" (K ) < 0 ( ÷w" (K ) - 0).
X is Hilbert stable (Hlibert semi-stable) if and only if ÷w" (K ) < 0 ( ÷w" (K ) - 0) for K >> 0
(here we use the notation ÷w to emphasize that ) has determinant one. Later we will use
the notation w when ) is a 1-parameter subgroup ofGL(N + 1)).

Let X 0 = lim t & 0 ) (t)(X ) be the scheme theoretic limit ofX . Then ) (t) acts on (X 0, M 0),
where M 0 = O(1)|X 0 and thus, for each K , ) (t) deÞnes an automorphism*K (t) of the
vector spaceH 0(X 0, M K

0 ). It is easy to see (from the deÞnition of the Hilbert scheme)
that

t ÷w(K ) = det( H 0(X 0, M K
0 ))

Mumford has proved that ÷w(M 0; K ) = ÷w(K ) is a polynomial in K of degree at mostn + 1
provided K >> 0. Moreover,

÷w(M 0; K ) =
e"

(n + 1)!
K n +1 + O(K n )

Thus we see that

Chow stable =, Hilbert stable =, Hilbert semi-stable =, Chow semi-stable

In the discussion above, we have Þxed anX ! P N . This determines a line bundleM on
X obtained by restricting O(1) from P N to X . We could equally we have Þxed (X, M ),
a projective varariety and a very ample line bundle. For then choosing a basis ofH 0(M )
deÞnes an embedding ofX into P N with the property that O(1) pull backs to M . Of
course the choice of basis changes the imbedding in projective space, but that choice does
not a#ect the property of being chow or hilbert stable, since those are properties of the
SL orbit, and not the point itself. Thus we shall shall say that ( X, M ) is chow or hilbert
stable if the corresponding imbedded variety has that property.

Test conÞgurations.

The Mumford criterion for stability is expressed in terms of one-parameter subgroups
of SL. It is convenient to rephrase this criterion using DonaldsonÕs notion of a Òtest
conÞgurationÓ. Although this point of view is completely equivalent, translating form one
setting to the other is not always easy.
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DeÞnition. Let (X, L ) be a polarized scheme with Hilbert polynomialp. A test conÞgu-
ration T = ( X , #, M , $) of exponent r consists of

i) A ßat family # : X % C of schemes.
ii) An action $ of C% on X covering the usual action ofC% on C.
iii) A $ equivariant line bunde M on X such that

¥ The Þber (Xt , M t ) is isomorphic to (X, L r ) form all t $ C%

¥ M is very ample with Ri #$M = 0 for i > 0, and so#$M is free of rank p(r ).

DeÞnition. A C% polarized scheme is a quadruple" = ( X 0, #0, L 0, u0) where X 0 is a
projective scheme,#0 : L 0 % X 0 is an ample Q line bundle (ie, some power ofL 0 is an
ample line bundle on X 0), u0 : C% & & > Aut( X 0, L 0) is an algebraic homomorphism.
This means that u' r

0 : C% % Aut( X 0, L r
0) is a compatible family of automorphisms where

r ranges over all integers such thatL r
0 is very ample. We letp(r ) be the Hilbert polynomial

of (X 0, L 0), that is, p(r ) = dim H 0(X 0, L r
0) for r >> 0.

We say T restricts to " = ( X 0, #0, L 0, u0) if T restricted to X 0, the central Þber of X , is
isomorphic to " ' r . We shall also say that" is a degeneration of (X, L ). The exponent set
E(" ) of " is the set of all r such that " ' r is the restriction of some special degenerationT .
Clearly E(" ) ! N is closed under addition and thus there existsr 0 such that E(" ) ! N ár 0

and (N ár0)\ E (" ) is Þnite.

Now we deÞne the weight of" as follows: Chooser > 0 so that L r
0 is a line bundle. Then,

for k a multiple of r , u0(t) induces an automorphism ofH 0(X 0, L k
0). For such k, we deÞne

tw(k ) = det( H 0(X 0, L k
0))

Note that we use the notation w(k) rather than ÷w(k) since we are not assuming that the
action is normalized so that w(r ) = 1.

Condition (iii) needs some explanation: It essentially means that there is a vector bundle
E on C whose sections over any openU ! C have the property E(U) = M (#" 1(U)). In
particular, for every t $ C, the Þber Et of E satisÞesEt = H 0(Xt , M t ), which is a vector
space of dimensionp(r ). It also means that H i (C, #$M ) = H i (X , M ) for all i ' 0.

Test conÞgurations and one parameter subgroups ofSL. There is a 1-1 correspondence
between test conÞgurations of determinant one, and one parameter subgroups ofSL(p(r )),
where p is the Hilbert polynomial of ( X0, L 0). To see this, we Þrst deÞne the operation of
scaling, base change and exponentiation:

There are three basic ways of making new test conÞgurations and newC% polarized
schemes) out of old ones:

1. Scaling. If a $ Z is any integer, we can modifyT as follows: T(a) = ( X , #, M , $a) where
$a(t)(µ) = t" a$(t)(µ) for every µ $ M . We shall call T(a) a scaling ofT by the integer a.
Similarly, " (a) is the scaling of" by a.
2. Base change.If d $ Z is positive, we can perform a di#erent kind of modiÞcation, called
a base change, which is denoted byT (d) . The deÞniton of T (d) = ( X (d) , #(d) , M (d) , $(d) )
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is as follows: #(d) : X (d) % C is the pull back of X % C by the map C % C given by
t % td. Similarly, " (d) = ( X 0, L 0, #0, (u0)(d) ) where (u0)(d) (t) = u0(td).
3. Exponentiation. If K > 0 is a positive integer, then T ' K is the test conÞguraton of
exponent rK deÞned by the following: T ' K = ( X , #' K , M ' K , $' K ). Here M ' K is the
K th tensor power ofM with itself, and $' K is the action induced by $. Note that T and
T ' K have the same type. Similarly," ' K = ( X 0, L ' K

0 , #' K
0 , (u0)' K ) where (u0)' K is the

action induced by u0.

Note that these three operations are commute with the restriction functor taking test
conÞguarations toC% schemes.

We can associate to test conÞgurationT of exponentr (or a C% scheme" = ( X 0, #0, L 0, u0)
and an integer r ) a one parameter subgroup ofSL(p(r )) as follows: DeÞne" ' r by the
formula " ' r = ( X 0, #' r

0 , L ' r
0 , u' r

0 ). Here ur
0 = u' r

0 is the action of C% induced by u0

on (X 0, L r
0). Then u' r

0 induces an automorphismu' r
0 (t) of the vector spaceH 0(X 0, L r

0),
which has dimensionp(r ). If we Þx a basis ofH 0(X 0, L r

0), then u' r
0 : C% % GL(p(r )) is

a one parameter subgroup. Lettw(r ) be the determinant of the matrix u' r
0 (t). We would

like to multiply this matrix by a scalar matrix whose diagonal entries are t" w(r ) /p ( r ) , which
would then produce an element ofSL(p(r )) instead of GL(p(r )), but we canÕt quite do
that, since w(r )/p (r ) may not be an integer. Thus we Þrst perform a base change, and
then we scale: Letw! (r ) = w(r ) $ Z be such that

det(T ) = det( " ' r ) = det( u' r
0 (t)) = det H 0(X 0, L r

0) = tw(r )

Then det(( " ' r )(d) ) = tw(r )d. Let d = p(r ) = dim( H 0(X 0, L r
0)). Then ( " ' r )p( r )

w (r ) has the

property det( " ' r )p( r )
w (r ) = 1, that is, ( ur

0)p(r )
w (r ) is a one-parameter subgroup ofSL(p(r )).

Conversely, if (X, L ) is a polarized variety with L r very ample, we can associate to a one
parameter subgroup) (t) of SL(p(r )) a test conÞguration T of exponentr and determinant
one as follows: Choose a basis ofH 0(X, L r ) and imbedd ' : X (% P p(r ) " 1. Then X $ =
{ (x, t ) : x $ P p(r ) " 1, t $ C%, x $ %t (' X )} is a ßat family over C% which has a unique ßat
extention to X % C. Let M be the pullback of the hyperplane line bundle onP p(r ) " 1.
Then $ also extends toX , M and this deÞnes the test conÞguarationT .

Conclusion: There is a 1-1 correspondence between test conÞgurationsT of exponent r
with det( T ) = 1, and one parameter subgroups ofSL(p(r )).

Thus we can translate the Hilbert-Mumford criterion as follows: Let (X, L ) be a polarized
scheme, and let" = ( X 0, #0, L 0, u0) be a degeneration of (X, L ). Fix r $ E(" ). Then
÷) = ( ur

0)p(r )
w (r ) is a one-parameter subgroup ofSL(p(r )) . DeÞne, as in the previous pargraph,

t ÷wr (M 0 ,K ) = det ÷" (H 0(X 0, M K
0 )) =

e(r )
(n + 1)!

K n +1 + O(K n )

On the other hand, sinceM K
0 = L rK

0 , setting k = rK ,

det(÷) ) = det(( ur
0)p(r )

w (r ) ) = tw(k )p( r ) " w (r )p(k )
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Thus we conclude

÷wr (M 0, K ) = w! (k)p(r ) & w! (r )p(k) = e! (r )kn +1 + O(kn )

We also see thate! (r ) is a polynomial in r of degreen.

Fix r such that L r is very ample. Then (X, L ) is Chowr stable if for every degenera-
tion " with r $ E(" ), we have e! (r ) < 0 and (X, L ) is Hilbert r stable if for every such
degeneration" we have ÷w! (k)p(r ) & w! (r )p(k) < 0 for k >> 0.

Thus (X, L ) is asymptotically Chow stable if there exists r 0 > 0 such that e! (r ) < 0 for
all pairs (r, " ) with r $ E(" ) and r ' r 0.

Let " be a degeneration of (X, L ). Write

e! (r ) = e! ár n + O(r n " 1)

Then we say that (X, L ) is K-stable if e! < 0 for all degenerations" and K semi-stable if
e! - 0 for all " .

Suppose (X, L ) is K unstable. That means we havee! > 0 for some" and thus e! (r ) > 0
for r >> 0. In particular, e! (r ) > 0 for all but Þnitely many elements of E(" ). Thus
(X, L ) is not Chow semi-stable, that is, (X, L ) is Chow unstable.

On the other hand assume (X, L ) is K stable: Since e! > 0 for all " , we havee! (r ) > 0
for r > r ! , where r ! is a constant depending on" . If there are inÞnitely many " , then we
canÕt be guaranteed thatr ! is bounded above, that is, we canÕt be guaranteed that (X, L )
is asymptotically Chow stable.

Open question: Fix (X, L ) a polarized variety. Does (X, L ) have only Þnitely many de-
generations" ? If so, then K-stability implies asympotic Chow stability.

Open question: Fix (X, L ). Then are the coe! cients of 1
e!

e! (r ) uniformly bounded in " ?
Is so, then K stability implies asymptotic Chow stability.

Asymptotic Hilbert and Chow stability.

L r is very ample, and thus we can discuss the chow and hilbert stability of (X, L r ) for each
r >> 0. It seems however that is notion is not as important as the asymptotic notion: We
say (X, L ) is asymptotically chow stable if (X, L r ) is chow stable for r >> 0. We deÞne
asymptotic hilbert stable and semi-stable in a similar fashion. Then the discussion in the
previous paragraph shows that

Asymtotic Chow stable =, Asymtotic Hilbert stable = ,

Asymtotic Hilbert semi-stable = , Asymtotic Chow semi-stable

since the same implications are true for each Þxedr .
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Fix ( X, L ) a polarized scheme and Þxr > 0 such that L r is very ample. Thus L r imbeds
X into P p(r ) " 1 where p is the Hilbert polynomial if ( X, L ). Let H r be the Hilbert scheme
of parametrizing ßat projective families with Hilbert polynomial pr (K ) = p(rK ) (thus pr

is the Hilbert polynomial of ( X, L r )). Then for K su! ciently large, the construction of

Hr gives an imbeddingH r ! G(qr (K ), Nr (K )) where Nr (K ) =
'

K + N r
N r

(
and qr (K ) =

Nr (m) & pr (K ). The Pl¬ucker imbedding gives a mapG(qr (K ), Nr (K )) (% P M for some
M = M (qr (K ), Nr (K )). Composing we get an imbedding' r,K : H r (% P M . Let xr,K =
' r,K (vr ) where vr $ H r is the point corresponding to ' r (X ) ! P p(r ) " 1. We say (X, L )
is Hilbert r,K stable if xr,K is stable and (X, L ) is Hilbert r stable if xr,K is stable for all
su! ciently large K .

Now let ) (t) be a one parameter subgroup ofSL(p(r )). Then we can associate the integer
w() ; r, K ), the Mumford weight of xr,K .
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1 Introduction

In these notes we summarize LempertÕs papers:

1. ÒLa m«etrique de Kobayashi et la repr«esentation des domaines sur la bouleÓ, Bulletin
de la S.M.F., tome 109, (1981), 427-474

2. ÒIntrinsic distances and holomorphic retractsÓ, Complex analysis and applications,
SoÞa, 1984

3. ÒSolving the degenerate complex Monge-Ampère equation with one concentrated
singularityÓ, Math. Ann. 263, (1983) 515-532

One of the main problems considered in these papers is solving the homogeneous Monge-
Ampère (HMA) equation:

det(! i ! øj u) = 0 in D ; u = 0 on ! D, ! ø! u ! 0

where D " Cn is a smoothly bounded convex domain (later we will allow more general
boundary values). Thus the Hessian ofu has non-negative eienvalues, and at each point
z # D, at least one of the eigenvalues vanishes. The maximum principle tells that the only
smooth solution to the HMA equation isu = 0, so, in order to get a non-trivial solution,
we must allowu to be singular.

For example, if D = U = { " # C : |" | < 1} , then u = log |" | is the solution to the HMA
with logarithmic singularity at the origin. More generally, if "0 # U is arbitrary, then

u(" ) = log
|" $ "0|
|1 $ " ø"0|

(1.1)

is the solution to the HMA with a log singularity at "0, that is, u(" ) $ log|" $ "0| is
bounded.

Now let D " Cn be an arbitrary convex domain. Lempert shows that for any pointz0 # D,
there is a unique solutionu, smooth onD\{ z0} , with the property: u(z) $ log|z $ z0| is
bounded onD. In fact, LempertÕs solution has the following properties: rank(! ø! u) = n$ 1
on D\{ z0} and u vanishes on! D to Þrst order. In otherwords,u = pr wherep is a positive
function in a neighborhood of! D and r is a deÞning function forD, that is, D = { r < 0}
and ! D = { r = 0} . Moreover, for LempertÕs solution, the function#(z) = u(z)$ log|z$ z0|
is not only bounded, but it becomes smooth onB, the blow up of D at the point z0. In
otherwords, if v # Cn is a non-zero, vector then the limit#(z, v) = lim t! 0,t " C #(z + tv)
always exists, and if ifz = z0, it depends (in general) on the direction [v] # Pn# 1. Moreover,
#(z, v) is a smooth function of (z, v) # B = { (z, [v]) : z # D, [v] # Pn# 1, (z $ z0) # [v]} .
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To do describe LempertÕs solution, we Þrst rewrite the explicit formula given by (1.1) in
the caseD = U in a slightly di! erent fashion: Let$("1, "2) be the hyperbolic distance in
U . Thus, $(0, " ) = log 1+ |! |

1# |! | . Then we can solve for|" | and we get|" | = e! # 1
e! +1 so

u(" ) = log

!
e" (! 0 ,! ) $ 1
e" (! 0 ,! ) + 1

"

(1.2)

Note that u vanishes on the boundary since$("0, " ) % & as " % ! U .

To write down LempertÕs solution, we Þrst need to generalize$ in (1.2): Let D " Cn be an
arbitrary bounded domain. ThenD carries a natural metric, called the Kobayashi metric,
which generalizes$ on U : Let z1, z2 # D and deÞne

KD (z1, z2) = inf { $("1, "2) : f ("1) = z1, f ("2) = z2 for some holomorphicf : U % D}
(1.3)

and let

÷KD (z1, z2) = inf {
k#

j =1

K(wj # 1, wj ) : wj # D, w0 = z1, wk = z2}

Then ÷KD is a metric onD, called the Kobayashi metric. Lempert shows that÷KD = KD

if D is convex. Moreover, the inf which appears in (1.3) is realized by some unique
f : U % D, depending only onz1, z2 (such anf is called ÒextremalÓ).

LempertÕs solution to the HMA is then given by the following formula:

u(z) = log

!
eK D (z0,z) $ 1
eK D (z0,z) + 1

"

Why does this work, that is, why is the Kobayashi metric the right generalization of$?
To understand this, letÕs start from the beginning, and try to Þnd a functionu satisfying
the HMA. The Þrst observation is that rank(! ø! u) = n $ 1 implies that ker(! ø! u) is one
dimensional. Thus, ker(! ø! u) gives us a distribution in the tangent bundle which is of
real rank two. A theorem of Bedford-Kalka (1977) says that the Frobenius condition is
satisÞed for this distribution, and hence, there exists a foliatationF of D, whose leaves
are one-dimensional complex maniolds, and with the property thatu is harmonic on each
leaf of F . If u is plurisubharmonic, this implies that ! u = ( ! 1u, ..., ! nu) is holomorphic
on each leaf (if a hermitian matrixH is positive semi-deÞnite, and ifH[X] = 0 for some
vector X, then HX = 0). In other words, if U " C is the unit disk and if f : U % D is
holomorphic function, parametrizing a leaf ofF , then ! u ' f : U % Cn is holomorphic.
LetÕs write this condition down a little more explicitly:

Choose a smooth functionr : Cn % R so that D = { r < 0} . Then u|#D = 0 =( u = pr
for some positive (replacingu by $ u if necessary) functionp : ! D % R. Let U " C be
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the unit disk, and f : U % D be a leaf of the foliationF , chosen so thatf (0) = z0. Thus
f is holomorphic and! u ' f is also holomorphic, that is,q(! r ' f ) : U % D is holomorphic
where q = p ' f is a positive function onU . Note that ø! r(z) is an outward pointing
normal vector. Thus, in order to Þndu, we are led to the search for smooth functions
f : ( øU, ! U ) % ( øD, ! D) such that f : U % D is holomorphic, and such that the function
! U % Cn, given by " )% q1(" )(ø%1(f (" )) , ..., ø%n(f (" )) extends to a holomorphic function
÷f : U % Cn. Here %(z) is the outward pointing unit normal vector at the point z # ! D
and q1 : ! U % R is some unknown positive function. Lempert calls suchf ÒextremalÓ.
The bulk of LempertÕs paper is the proof of the following theorem: for each unit vector
v # Cn there is a unique extremalf such that f$(0)/|f$(0)| = v.

A second (slightly di! erent) way to think about the results in these papers is as an attempt
to generalize the Riemann mapping theorem and the construction of the GreenÕs function
for the Laplacian to higher dimensions:

Let U = { " # C : |" | < 1} . Let D " C be a simply connected bounded domain with
smooth boundary,z # D and v # C with |v| = 1. Then the Riemann mapping theorem
says that there is a unique di! eomorphism& = &z,v : øD % øU such that &|D : D % U is
biholomorphic, &(z) = 0 and &$(0) = ' v from some' > 0.

Let uz(w) = log |&z(w)| and let G(z, w) = uz(w) (which is independent of the choice ofv).
Then G is the GreenÕs function forD, that is,

1. ! w
ø! wG(z0, w) = 0

2. G(z, w) = 0 if w # ! D

3. c. G(z, w) $ log|w| is bounded in a neighborhood ofz, and ! w
ø! wG(z, w) = 0.

Now supposeD " Cn is a bounded convex domain with smooth boundary and letB(n) be
the unit ball in Cn centered at the origin. Letz # D. We want to Þnd a homeomorphism
" : øD % øB(n) which generalizes& above. We canÕt expect" to be biholomorphic. But
LempertÕs theorem provides us with the next best thing: It says that there exists a ,
Lipshitz homeomorphism" z0 = " : øD % øB(n) with " (z0) = 0 and " : øD\{ z0} % B(n) \{ 0}
a di! eomorphism, satisfying the following:

1. det(! i ! øj u(w)) = 0 where u = log |" z0 (w)|

2. u(w) = 0 if w # ! D

3. u(w) $ log|w| is bounded in a neighborhood ofz0.

In other words, u is a smooth solution to the Dirichlet problem onD with an isolated
logarithmic singularity at z.
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How does Lempert construct such a" ? To explain this, we Þrst construct the canonical
foliation of B(n) by holomorphic disks: Let [v] # Pn# 1. Choose a representativev # Cn

of [v] such that |v| = 1 (so that v is uniquely determined up to an element ofS1). Now
consider the mapf = f0,v : U % B(n) given by f (" ) = " v. The image,U[v], is a disk in
B(n) passing through the origin. Moreover, if [v] *= [ v$], then U[v] + U[v! ] = { 0} and the
intersection is transversal.

Now let D " Cn be any convex bounded domain with smooth boundary, and Þxz # D.
Lempert constructs a canonical foliationF of D by holomorphic disks ÷fz,v : U % ÷U[v] " D
which all pass throughz: In fact, The ÷f each extend to smooth maps÷fz,v : øU % øD with
the following properties: ÷f (! U ) " ! D, ÷fz,v(0) = z and ÷f$

z,v(0) = ' v for some' > 0. These
disks have the property that [v] *= [ v$] implies ÷U[v] + ÷U[v! ] = { z} and the intersection is
transversal.

Now we can deÞne" : D % B(n) . It will not, in general, be holomorphic (although it turns
out that " : D % B(n) is biholomorphic if and only if there existssomebiholomorphic
map D % B(n) ). But it will restrict to a biholomorphic map from ÷U[v] to U[v] for each
[v] # Pn# 1: the restriction is given by the obvious formula:" | ÷U[v ]

= ÷f# 1
z,v ' f0,v : ÷U[v] % U[v].

In particular, |" ( ÷f (" )) | = |" | for any extremal mapf : U % D.

Lempert shows as well thatu is pluri-subharmonic, that is, the hessianH = ( ! i ! øj u) is
non-negative. On the other hand, ifp # D and if X # Tp is tangent to the foliation, then
H[X] = 0, that is, X is a null vector ofH. This shows that (! ø! u)n = 0.

In order to completely specify" , we must explain how the mapsfz,v are deÞned. One
way to specify these maps is via the following extremal characterization: Fixz, v as above.
Assumeg : øU % øB(n) is a smooth imbedding with such thatg|U : U % B(n) holomorphic,
g(! U ) " ! B(n) , g(0) = z and g$(0) = ( v for some( > 0. Then |g$(0)| , | ÷f$

z,v(0)| with
equality if and only if g = ÷fz,v.

Thus, to prove LempertÕs theorem, one must Þrst prove that for a givenz, v, that there
exists a unique extremal÷fz,v. This is done using the method of continuity: After scaling
and translating, we may assume 0# D " D0 = B(n) . Let Dt = (1 $ t)B(n) + tD. When
t = 0, we have already constructed the canonical foliation, given by the mapsf0,v(" ) = " v.
To use the method of continuity, we must show that the set oft # [0, 1] for which there
exists an extremal map÷f0,v is both open and closed. As usual, the openness is proved via
the implicit function theorem and the closedness via apriori estimates on the÷f0,z. The
apriori estimates are proved by a simple application of the Schwartz lemma. Openess is
more di# cult, and requires solving the ÒRiemann-HilbertÓ problem.

One nice feature of LempertÕs approach is that one stays within the category of holomorphic
functions. Thus, for example, one only needs rather weak apriori estimates onft : It su# ces
to have C$ estimates for any) > 0 in order to extract a subsequence which converges
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uniformly in the C% topology to a holomorphic limit. In LempertÕs paper, he obtainsC$

apriori estimates with ) = 1
2. On the other hand, these estimates rely quite heavily on the

convexity of D.

It turns out that the ÷fz,v which Lempert constructs have a number of amazing properties
which allow one to derive all sorts of interesting consequences in complex analysis. For
example, Lempert proves that the Kobayashi metric equals the Caratheodory metric for
convex domains. He also uses these techniques to give a new proof of Fe! ermanÕs theorem
on the existence of aC% extension for biholomorphic maps between strictly pseudoconvex
domains.

2 The class E

Let D " Cn be bounded and convex with smooth boundary.

Supposef : U % D is such that f (0) = z and f$(0) = ' v for some' > 0. Then, for
any ( , ' we can deÞneg : U % D via the formula g(" ) = f (a" ) where a = ( /' . Then
g(0) = z and g$(0) = ( v. Thus, we can always make' smaller by this simple procedure.

Similarly, if f : U % D is such that f (0) = z1 and f (*) = z2, with * # (0, 1), and and
if 0 < * , *$ < 1, then we can deÞneg : U % D via the formula g(" ) = f (a" ) with
a = */*$. Then g(0) = z1 and g(*$) = z2. Thus we can always make* bigger by this simple
procedure.

Thus we are led to two (aparently di! erent, but, as we shall soon see, if fact equivalent)
existence problems for extremal maps:

DeÞnition: Let " # U , let z # D and 0 *= v # Cn. We that f : U % D is extremal with
respect to (" , z, v) if f (" ) = z, f$(" ) = ' v for some' > 0, and if for any other holomorphic
map g : U % D such that g(" ) = z, g$(" ) = ( v for some( > 0 we have( , ' .

DeÞnition: Supposez1, z2 # D with z1 *= z2. We sayf : U % D is extremal with respect to
(z1, z2) if there exists "1, "2 # U such that f ("j ) = zj and if for any other holomorphic map
g : U % D such that g(" $

j ) = zj for some" $
1, " $

2 # U , we have$(" $
1, " $

2) ! $("1, "2) , where $
is the hyperbolic distance function on the unit disk (normalized so that$(0, *) = log 1+ %

1# %
for * # (0, 1)).

The following theorem shows that the extremal problems associated with the two deÞnitons
are, in fact, the same, as the following uniqueness theorem shows:

Theorem 1 . Fix z1, z2 # D distinct. Then there exists a uniquef : U % D which is
extremal with respect toz1, z2. Moreover, f is extremal with respect to any distinct pair
z$

1, z
$
2 # f (U ). Moreover, f is extremal with respect to any triple(" , z, v) wherez # f (D)
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is arbitrary, and f (" ) = z and f$(" ) = v. Similarly, if we Þx " , z, v, then there exists a
uniquef : U % D which is extremal with respect to" , z, v, and this f is also extremal with
respect to any distinct pairz1, z2 # f (U ).

In order to prove this uniqueness theorem, as well as the existence theorem, we give
a characterization of extremal maps which is more useful than those provided by the
deÞnitions. To motivate this characterization, we begin with a simple discussion of the
geometry of convex domains inCn:

Let H " Cn be a smooth real hypersurface (so dimR (H) = 2 n$ 1). Let p = ( p1, ..., pn) # H
and let %= ( %1, ..., %n) be a vector in Cn which is normal to H at the point p. Then the
tangent plane ofH at the point p is given as follows:

Tp(H) = { (z1, ..., zn) # Cn : Re
$ n#

j =0

ø%j (zj $ pj )
%

= 0}

This is a vector space overR of dimension 2n$ 1. We deÞneT C
p (H) = Tp(H)+

-
$ 1Tp(H).

This is a vector space overC of dimensionn $ 1:

T C
p (H) = { (z1, ..., zn) # Cn :

n#

j =0

ø%j (zj $ pj ) = 0 }

Thus T C
p (H) # Pn# 1 has homogeneous coordinates [ø%1 : á á á: ø%n].

Now let D " Cn be a bounded convex domain with smooth boundaryH = ! D. Consider
the map

$ : ! D % Cn . Pn# 1 given by p )%(p, T C
p (! D))

Explicitly:

$ (p) = ( p, [ø%1(p) : á á áø%n(p)])

For example, if D = B(n) then $ (p) = ( p1, ..., pn , [øp1 : á á á: øpn ]). Note that $ does not
extend to a holomorphic mapD % Cn . Pn# 1, but that its restriction to ! U[v] does extend
to a holomorphic map onU . To see this, Þxv. Then for p # ! U[v], we have$ (p) = ( p, [øv])
and this formula clearly gives the extension to all ofU[v] (in fact, this extension is essentially
the identity map, since the second term, [øv], is a constant, independent ofp). Thus, if $
did extend to D the extension would be given by the formula$ (p) = ( p, [øp]). But this is
not holomorphic in p. Moreover, itÕs not even deÞned whenp = 0.

This simple example shows that if the plan outlined in the introduction is to succeed, that
is, if we will be able to construct" : D % B(n) taking the foliation by extremal disks to
the canonical foliation in B(n) , then the restriction of $ to the boundary of the extremal
disks ÷U[v] must extend to a holomorphic function on all of÷U[v]. This extension property
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gives a necessary condition for a holomorphic diskg : U % D (sending! U % ! D) to be
extremal. It turns out that this condition is essentially su# cient as well. To make this
precice, we introduce the notion of anE-disk:

Let D " Cn be a smoothly bounded convex domain, and let%: ! D % Cn be the outward
pointing normal vector. Supposef : U % D is a holomorphic map. We say thatf # E if

1. f extends to aC1/ 2 map f : øU % øD such that f (! U ) " ! D.

2. There exists a positiveC1/ 2 function p : ! U % R such that the mapping! U % Cn

" )% " p(" )
$

ø%1(f (" )) , ..., ø%n(f (" ))
%

extends to a holomorphic function÷f : øU % øD.

3. The winding number of the function&(" ) = ø%(f (" )) á(z $ f (" )) is zero for some (and
hence all)z # D (here z áw =

&
zj wj and the function & maps! U % C).

The second condition implies (but is slightly stronger than) requiring that$ extends to a
holomorphic function onf ( øU ), and it is easily seen to be necessary if the plan outlined in
the introduction is to work. Similarly for the third condition.

3 Elementary properties of E.

The elements ofE enjoy some remarkable elementary properties, all of which are quite
easy to prove (just a few lines per property):

Property 1 ( Regularity ). If f # E then f satisÞes conditions 1,2,3 withC1/ 2 replaced
by C% . The proof is a simple application of the reßection principle. We omit the details.

Property 2 (Retract). If f # E then f has a holomorphic retract: There existsF :
øD % øU , holomorphic onD, such that F ' f = id øU and F (z) # U for all z /# f (! U ).

Proof. Let z # D. Consider the equation

÷f (" ) á(z $ f (" )) = 0 , " # øU

We claim this equation has a unique solution" = F (z) # U . To see this, note that the
right side is a holomorphic function of" . Thus, we need only show that the winding
number of the right side (on! U ) equals one:

wind( ÷f (" ) á(z $ f (" ))) = wind( " ) + wind(ø%(f (" )) á(z $ f (" ))) = 1 + 0 = 1
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This proves the claim. Clearly, ifz = f (" ) for some" # U , then F (z) = z.

Property 3 (Extremal) . Let f # E. Then f is the unique extremal with respect to
z = f (0) and v = f$(0) and also with respect to any pair of distinct pointsz1, z2 # f (U ).

Proof. If g : U % D is such that g(0) = f (0) and g$(0) = ' f$(0) then F ' g : U % U is a
holomorphic self-mapping which Þxes 0, so by SchwartzÕs lemma,|(F ' g)$(0)| , 1, that is,
' |F $(f (0))f$(0)| = ' |(F ' f )$(0)| , 1. But F ' f = id so ' , 1 with equality if and only if
F ' g is the identity map (which implies, by a simple argument, thatg = f ).

Property 4 (Constancy) . If f # E then f$(" ) á ÷f (" ) is a positive constant.

Proof. Let ft (" ) : U % D be any smooth family of holomorphic functions with the
property: ft (! U ) " ! D, ft (0) = z0, and f = f0 # E. Let g : U % Cn be the map:
g(" ) = d

dt |t=0 ft (" ). Then we claim

Re[" # 1g(" ) á ÷f (" )] = 0 if " # U

To see this, note that for" # ! U , that g(" ) is tangent to ! D at the point f (" ) and hence
Re(g(" ) áø%(f (" )) = Re( " # 1g(" ) á÷f (" )) = 0 for all " # ! U and hence, by the open mapping
theorem, for all " # U .

If we apply this to ft (" ) = f (eit " ) then " # 1g(" ) = if$(" ) so we obtain

0 = Im( f$(" ) á ÷f (" ))

Thus the holomorphic functionf$(" ) á ÷f (" ) is real valued on! U . The Fourier expansion
of this function shows that it must be constant onU . A simple argument shows that this
constant, which is certainly real, is in fact positive.

Property 5 (Kobayashi) . If D " Cn is an open set, andz1, z2 # D, let

cD (z, w) = sup{ $(F (z1), F (z2)) : F # Hol(D, U ) }

kD (z, w) = inf { $("1, "2)) : f # Hol(U,D), f ("j ) = zj }

The function cD is called the Carath«eodory distance. It clearly decreases under holomor-
phic mapsD % D$. Clearly cU = kU = $, the hyperbolic distance.

The function kD is not necessarily a metric, since it may not satisfy the triangle inequality.
To remedy this we deÞne

k$
D (z1, z2) = inf {

m#

j =1

k(wj # 1, wj ) : w0 = z1, wm = z2 }

Then k$ is a distance, and the Schwartz lemma impliesk$ ! c.
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Let f # E and let "1, "2 # U . Let zj = f ("j ). Then

cD (z1, z2) = k$
D (z1, z2) = kD (z1, z2) = $("1, "2)

Proof. Let F be the retraction of f . Since the Caratheodory distance decreases under
holomorphic maps:

c(z1, z2) ! $(F (z1), F (z2)) = $("1, "2) ! k(z1, z2) ! k$(z1, z2) ! c(z1, z2)

4 Apriori estimates

Main Theorem.

1. Let f : U % D be a holomorphic map. Thenf # E if and only if f is extremal with
respect toz = f (0) and v = f$(0).

2. Let z # D and 0 *= v # Cn. Then there exists a uniquef : U % C extremal with
respect toz, v.

Outine of proof: The Þrst part has already been proved in the previous section (this is
the Òextremal propertyÓ). As for the second part, we must show that for anyz # D and
0 *= v # Cn, there is anf # E = E(D) such that f (0) = z and f$(0) = ' v with ' > 0.

We may assume thatD " B(n) . Let Dt = tD + (1 $ t)B(n) . Then z # Dt for all t # [0, 1].
Let T " [0, 1] be the set of allt # [0, 1] for which there is anft # E(Dt ) such that ft (0) = z
and f$

t (0) = ' tv with ' t > 0. We must show thatT is open and closed. In this section, we
show that T is closed.

Lemma . Fix D " Cn convex and letz # D. Let f # E be such thatf (0) = z. Then

1. |f ("1) $ f ("2)| , C|"1 $ "2|1/ 2 for all "1, "2 # U .

2. | ÷f ("1) $ ÷f ("2)| , C|"1 $ "2|1/ 2 for all "1, "2 # U .

Here C is a constant, independent of"1, "2. In fact, C depends only on the geometry of
(D, z): To be precise, let#> 0. We say that(D, z) # C(#) if

1. diam(D) < 1
& and #< |curvature(! D)| < 1

&

2. dist(z, ! D) > #
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3. For every pairz1, z2 # D there exist ballsB1, ..., Bm of radius &
2,f centered atp1, ..., pm,

such thatz1 # B1, z2 # Bm, dist(pj # 1, pj ) < &
4 and m < 1

&2 .

If (D, z) # C(#) then C depends only on#.
Proof. We Þrst prove that there existsC, depending only on#, such that

dist(f (" ), ! D) , C(1 $ |" |) ( / )

To prove this, note that by the Kobayashi property,

k$(f (0), f (" )) = $(0, " ) = log
1 + |" |
1 $ |" |

! $ log(1$ |" |) ( // )

Assume, for the moment, that dist(f (" ), ! D) > 1
&. Then it follows from property c) that

C ! k$(z, f (" )). But this, combined with (**) shows that 1 $ |" | is bounded below by a
positive constant. On the other hand, the diam(D) is bounded above, and this gives (*).

Now suppose dist(f (" ), ! D) , 1
&. Again property c) implies:

k$(z, f (" )) , k$(z, pm) + k$(pm , f (" )) , C + log
1

dist(f (" ), ! D)

Combining this with (**) gives (*).

To prove the lemma, it su# ces to show that for each"0 # U ,

|f$("0)| , C(1 $ |"0|)# 1/ 2 (/ / / )

This will follow from (*) and the Schwartz lemma which says the following: Suppose
g : U % BR(0) is holomorphic. Then the Schwartz lemma says that

|g(0)|2 + |g$(0)|2 , R2

Fix "0 # U and apply the Schwartz lemma tog(" ) = f ( ! 0# !
1# ø! 0! ) where BR is chosen as

follows: Let w # ! D be chosen so that dist(f ("0), ! D) = |f ("0) $ w|. Let BR be a ball
tangent to ! D at the point w, with radius R = R(#) chosen such thatD " BR. Without
loss of generality, we may assume thatBR is centered at 0, so thatR = |w|. Then

|g$(0)|2 , |w|2 $ |f ("0)|2 , C(|w| $ | f ("0|) , C(|w $ f ("0)|) = C(dist(f ("0), ! D)

We get:

|f$("0)| =
|g$(0)|

1 $ |"0|2
,

|g$(0)|
1 $ |"0|

, C
dist(f ("0), ! D)1/ 2

1 $ |"0|
, C(1 $ |"0|)# 1/ 2
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where the last inequality comes from (*). This proves the Þrst part of the lemma. The
second part is proved in a similar manner.

Closedness ofT now follows; we need only observe thatDt # C(#) for some# > 0, inde-
pendent oft.

5 Implicit function theorem.

We want to show that if f : U % D0 is extremal with f (0) = z and f$(0) = ' 0v0 , then if
Dt and vt are small pertubations ofD0 and v0, there is an extremal diskft : U % Dt such
that ft (0) = z and f$

t (0) = ' tvt with ' t > 0.

To prove this, we Þrst must make precise the meaning of ÒperturbationÓ: How do we
perturb a convex domainD0? This can be done in a very down to earth way, via the
deÞning function of the boundary ofD0. To simplify matters (although Lempert treats
the case of smooth boundary as well), we shall assume thatD0 = { r0 < 0} wherer = r0 :
Cn % R is a real analytic function such thatdr *= 0 on ! D. For example, if D0 is the
unit ball, we can taker(z) = |z|2 $ 1.

An outward pointing normal vector is given by ø%(z) = rz = ( ! z1r, ..., ! zn r). Thus, in the
example of the unit ball,%(z) = ( z1, ..., zn).

Associated tor = r(z, øz) is its complexiÞcationr(z, w), which is a holomorphic function
in C2n. Thus, in the example of the ball,r = zøz $ 1 and r(z, w) = zw. Now we ÞxV0,
a neighborhood of! D in Cn = R 2n, and we letV " C2n be its complexiÞcation. LetX
be the Banach space of bounded holomorphic functions onV which are real valued onV0

(with respect to the sup norm). The theorem we need to prove is the following:

Theorem 2 Let f0 : U % D0 be a mapping inE(D0) with f0(0) = z and f$
0(0) = v0. Then

there is an open setM " X . Cn with (r0, v0) # M , and an analytic mapF : M % C1/ 2( øU )
such thatF (r0, v0) = f0 such that for (r, v) # M the mapf = F (r, v) is an E mapping
f : U % Dr = { r < 0} with f (0) = z and f$(0) = ' v, ' > 0.

Outline of Proof.

We want to use the implicit function theorem, which says the following: Suppose that
" : E1 . E2 % F is a smooth map between Banach spaces, and suppose (e1, e2) # E1 . E2

is such that " (e1, e2) = 0. Assume D2" (e1, e2) : E2 % F is invertible. Then there exists
a smooth functionF : U1 % E2, where e1 # U1 " E1 is open, such thatF (e1) = e2 and
" (e, F (e)) = 0 for all e # U1.

Let us Þx (r, v) # X . Cn, close to (r0, v0). Here X . Cn will play the role of E1. Suppose
we are given (f, p, ' ) where f : U % Cn is a holomorphic function,p is a positive real
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valued function (normalized so thatp(1) = 1), and ' is a positive real number. ItÕs not
hard to give the space of such triples the structure of a Banach space (this will be done
in detail below), which will play the role ofE2. What does it mean to say that the triple
(f, p, ' ) is an E mapping with respect to the given pair (r, v)? Well, by deÞnition, it means
that

1. f (! U ) " Dr ,

2. " p(" )(rz ' f ), which is a map! U % Cn, extends to a holomorphic mapU % Cn.

3. f$(0) = ' v.

We want to use the implicit function theorem to show that for a given (r, v) # E1, close to
(r0, v0), there is a unique (f, p, ' ) # E2 satisfying conditions 1,2,3. In order to do this, we
must rewrite these conditions as an equation" (r, v; f, p, v) = 0 where " : E1 % E2 % F
is a smooth map between Banach spaces (which we will be deÞned below). In other words,
we must translate conditions 1,2,3 into equations.

We havenÕt yet deÞnedE2 andF , but nevertheless, itÕs easy to see how to formally proceed:
The third condition is already an equation, namely,f$(0) $ ' v = 0. The Þrst is also an
equation, namelyr ' f = 0. As for the second condition, this is also an equation, namely
+[" p(" )(rz ' f )] = 0 where + is orthogonal complement of the projection onto the Hardy
space. Thus, on a formal level,

" (r, v; f, q, ' ) = ( r ' f, +[" (p0 + q)(" )(rz ' f )], f$(0) $ ' v)

where we have rewrittenp = p0 + q and q is normalized so thatq(1) = 0.

Step 1. We need to defne the Banach spacesE2 and F : Let

A = { a : ! U % Cn : a # L2(! U ), and a$, a$$# L2(! U )}

In other words, A is the Sobolev spaceL2
2(! U, Cn). Note that A " C1/ 2 " C0. If a # A

then we can writea =
& %

n= #% ane(nt) where an # Cn, and t # R/Z.

Let
B = { a # A : an = 0 if n , 0}

Thus b # B deÞnes a holomorphic functionb : U % Cn with the property b(0) = 0.

Let
Q = L2

2(! U, R) and Q0 = { q # Q : q(1) = 1 }

Let + : A % øB be the map

+(a) =
# 1#

n= #%
ane(nt)
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Thus ker(+) " A is the subspace of functions with holomorphic extensions toU .

Finally we let

E1 = X . Cn , E2 = B . Q0 . R and F = Q . øB . Cn

and we deÞne" : E1 . E2 % F by the formula above:

" (r, v; f, q, ' ) = ( r ' f, +[(p0 + q)" (rz ' f )], f$(0) $ ' v)

Then " (r, v; f, q, ' ) = 0 if and only if ( f, q, ' ) is an E mapping for (r, v).

Step 2. After making a change of variables, we may assume that

f0(" ) = ( " , 0, ..., 0), if " # U and ø%(" , 0, ..., 0) = ( r0)z(f0(" )) = ( ø" , 0, ..., 0)

That is, we may assume thatD behaves like the unit ball, at least as far asf0 is concerned.
In particular, p0 = 1. The proof is a short but tricky winding number argument, which I
will omit. The condition that D is convex at the pointsf0(" ) becomes

n#

i,j =2

(r0)zi øzj (f0(" ))vi øvj >

'
'
'
'
'
'

n#

i,j =2

(r0)zi zj (f0(" ))vi vj

'
'
'
'
'
'

(1)

for all 0 *= v # Cn# 1

Step 3. Computation of the derivative. We must show thatD2" (r0, v0; , f0, 0, 1) : E2 % F
is invertible, that is, we must establish the invertibility of the operator

L = " (f,q, ' ) (r0, v0; f0, 0, 1) : B . Q0 . R % Q . øB . Cn

Thus we let ( úf, úq, ú' ) # B . Q0 . R. For example, úf is a column vector whose entries are
úfj =

&
k& 1 ajk " k . Let us computeL( úf, úq, ú' ):

L( úf, úq, ú' ) =
d

dt

'
'
'
'
t=0

(r0 ' (f0 + t úf ), +[(1 + t úq)" (r0z ' (f0 + t úf )], úf$
0(0) + t úf$(0) $ (1 + tú' )v0)

= (( r0z ' f0) úf + ( r0øz ' f0) úf, +[ úq" (r0z ' f0) + " (r0zz ' f0) úf + " ((r0zøz ' f0)øúf ], úf$(0) $ ú' v0)

In this last epression, we viewr0z ' f0 and r0øz ' f0 as a row vectors, úf and øúf as a column
vectors, andr0zz ' f0 and r0zøz ' f0 as ann . n matrices. Thus (r0z ' f0) úf is a scalar function,
(r0zz ' f0) úf is a column vector of functions, andúf$(0) $ ú' v0 is a column vector of scalars.

Now, to show that L is invertible, we must give ourselves an arbitrary element (, , &, %) #
Q . øB . Cn and show that the system of linear equations

(r0z ' f0) úf + ( r0øz ' f0) úf = , # Q (i)
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+[ úq" (r0z ' f0) + " (r0zz ' f0) úf + " ((r0zøz ' f0)øúf ] = & # øB (ii)

úf$(0) $ ú' v0 = % # Cn (iii)

has a unique solution (úf, úq, ú' ) # B . Q0 . R.

Sincer0z ' f0 = ( ø" , 0, ..., 0), the equation (i) becomesø" úf1 + " øúf1 = , # Q = L2
2(! U, R). Here

úf1 : U % C is an unkown holomorphic function such thatúf1(0) = 0. Thus we can write (i)
as follows: Re(" # 1 úf1) = , . This determines all the coe# cients of úf1 =

&
k& 1 a1k" k , except

for a11, which is only determined up to the addition of an arbitrary purely imaginary
constant (so Re(a11) is determined, anda1k is determined ifk ! 2).

Now the equation (iii) implies that Re(a11) $ Re(%1) = ú' (since v0 = (1 , 0, ..., 0)). This
determines ú' . Similarly, Im(a11) $ Im(%1) = 0. This determines Im(a11).

Conclusion: (i) and (iii) uniquely determine úf1, ú' , and úf$
j (0) for all j.

Now we turn our attention to equation (ii), which is system ofn linear equations. We
focus on the lastn $ 1 equations: Forz = ( z1, ..., zn) # Cn, let z' = ( z2, ..., zn) # Cn# 1.
Then the last n $ 1 equations become:

+
(
" (r0z" z" ' f0) úf' + " ((r0z" øz" ' f0)øúf ' $ -

)
= + [) g + . øg $ - ] = 0 (2)

where- : ! U % Cn# 1 is a knownL2
2 mapping, ) = " 2(r0z" z" ' f0), . = (( r0z" øz" ' f0), and

and g = " # 1 úf' .

To solve (2), we establish the following:

Lemma Let ) , . : ! U % M(n# 1)( (n# 1)(C) be real analytic functions with) symmetric
and . hermitian. Let - # L2

2(! U, Cn# 1), and b # Cn# 1. Then there exists a unique
holomorphic functiong : U % Cn# 1 satisfying:

+ [) g + . øg $ - ] = 0 , g(0) = b . (3)

Proof. Since. is self-adjoint, by the ÒRiemann-HilbertÓ theorem (proved by Lempert in
his paper), there is a holomoprhicH : øU % GL(n $ 1, C) such that HH ' = . . Now (3)
becomes:

+
(
H# 1) g + H ' øg $ H# 1-

)
= 0

Putting h = tHg and T = ( H# 1)) (tH# 1), we write this as:

+
(
øh

)
= +

(
H# 1- $ Th

)
, h(0) = a
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Now letÕs take the complex conjugate of both sides, and note that ø+øh = +(øh) = h $ a if h
is holomorphic, andh(0) = a, so we can rewrite (3) as:

h = ø+
(
H# 1- $ Th

)
+ a

Thus, if we deÞneK : L2
1(! U, Cn# 1) % L2

1(! U, Cn# 1) by K(h) = ø+ [H# 1- $ Th] + a,
then equation (3) can be expressed as:K(h) = h.

To show that K has a Þxed point, we would like to show that itÕs a contraction mapping,
that is,

0ø+Th0 , µ0h0

for someµ < 1. To do this, we Þrst observe that (1) implies0T0op < 1. Now itÕs certainly
true that K has a Þxed point inL2 since0ø+Th0L 2 , 0 Th0L 2 , 0 T0op0h0. But if we use
the L2

2 norm, then the derivatives ofT appear, and all we know about these derivative is
that they are bounded, the the sup norm. On the other hand, the following simple trick
allows us to avoid this problem: DeÞne the norm0h0& on L2

2 as follows:

0h0& = 0h0L 2 + #0h$0L 2 + #20h$$0L 2

Then the #T $h and #2T $$h terms can be asborbed in0Th0L 2 and the #2T $h$ term can be
absorbed in#0h$0L 2 . This provesK has a Þxed point and the lemma is established.

Finally we observe that we can now choose úq to uniquely solve the Þrst equation in (ii).

6 Solving the HMA equation.

We wish to prove that u = log |" | is plurisubharmonic, that it solves the homogeneous
Monge-Ampere equation, and that it has a logarithmic singularity atz0 # D.

6.1 Logarithmic singularity.

First, why is the singularity logarithmic? To see this, recall the deÞnition ofkD :

kD (z1, z2) = inf { $("1, "2) : f ("j ) = zj for some holomorphicf : U % D}

LetÕs assumez0 = 0 # D. Then we must show that u(z) $ log|z| is bounded in a
neighborhood of 0# D. To see this, choose two balls,B1 " D " B2, with radii r1, r2,
and centered at the origin. ThenkB 1 (0, z) ! kD (0, z) ! kB 2 (0, z) for all z # B1, that is, if
f (0) = 0 and f (" ) = z with f extremal, then
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log
1 + |z|

r 1

1 $ |z|
r 1

! log
1 + |" |
1 $ |" |

! log
1 + |z|

r 2

1 $ |z|
r 2

Here we have used the Kobayashi property. Thus we obtain:

log
|z|
r1

! log|" | ! log
|z|
r2

Recall that u(z) = log |" | (by the deÞnition of u), we seeu(z) $ log|z| is bounded onD.

6.2 The family of Kobayashi balls.

Next we show thatu is plurisubharmonic. To do this, we study the Kobayashi balls inD:
If z # D and z *= z0 then z determines a unique extremal mapf : U % D. Let " # U be
such that f (" ) = z and let v = f$(0)/|f$(0)|. Recall that z )%" v deÞnes a homeomorphism
" : D % B(n) . Let 0 < r , 1 and let Dr = { z # D : " (z) < r} . Then Dr " D is a ball, in
the Kobayashi metric, centered atz0. When r = 1, then Dr = D.

We claim that Dr is convex: Letz1, z2 # Dr and f1, f2 extremal such that f1(r) = z1 and
f2(r) = z2. Let h = ' f1 + (1 $ ' )f2 with 0 , ' , 1. Then h : U % D is holomorphic,
h(0) = z0 and h(r) = ' z1 + (1 $ ' )z2. By virtue of the extremal characterization of the
Kobayashi metric, we see that' z1 + (1 $ ' )z2 # Dr soDr is convex.

Recall that if f : U % D is extremal, then ÷f : U % Cn is holomorphic and if|" | = 1, then
÷f (" ) is the ÒslopeÓ ofHz, the holomorphic tangent plane toz = f (" ) # ! D. Moreover,
f (! U ) " ! D is transversal toH (note that dimR (H) = 2 n $ 2 and dimR (! D) = 2 n $ 1).

Now choose 0< r , 1 and consider the mapsfr : U % Dr and ÷fr : U % Cn deÞned
fr (" ) = f (" r) and ÷fr (" ) = ÷f (" r). Then it is clear from the deÞnitions thatfr is extremal
for Dr . We claim as well that that ÷fr is the corresponding holomorphic normal. To see
this, we need the Òconstancy propertyÓ which we now recall:

Let ft (" ) : U % D be any smooth family of holomorphic functions with the property:
ft (! U ) " ! D, ft (0) = z0, andf = f0 # E. Let g : U % Cn be the map:g(" ) = d

dt |t=0 ft (" ).
Then we proved

Re[" # 1g(" ) á ÷f (" )] = 0 if " # U

We apply this as follows: Letz # ! Dr and let z(t) be any smooth curve in! Dr such
that z(0) = z. Let ft be the extremal map determined byzt . Then ft is a smooth family
satisfying the hypothesis of the constancy property. Thus we conclude: Re[g(r) á÷f (r)] = 0.
But g(r) = d

dt |t=0 ft (r) = d
dt |t=0 z(t) = z$(0). Sincez$(0) is an arbitrary tangent vector to

! Dr at the point z, we see that ÷f (r) is normal to ! Dr .
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6.3 Plurisubharmonicity of u

We wish to show that u is plurisubharmonic and that it satisÞes the HMA. So letÕs Þx
w # D and chooser such that w # ! Dr . Let f be the extremal map corresponding tow.
We can choose coordinates so that the vector Þeld##z1

is tangent to f (U ) and such that
#

#z2
, ..., #

#zn
are tangent to ! Dr at w. The convexity of Dr implies that (uzi ,øzj (w))2) i,j ) n

is positive semi-deÞnite. We claim that (uz1,øzj (w))1) j ) n = 0. This will prove that u is
pluri-subharmonic and that it satisÞes the HMA equation.

To see this, letX and Y be two holomorphic vector Þelds alongf (U ) " D with Y tangent
to f (U ) and Y nowhere vanishing. ThenY (f (" )) á÷f (" ) is a nowhere vanishing holomorphic
function on U and

) (" ) =
X(f (" )) á ÷f (" )

Y (f (" )) á ÷f (" )

is a holomorphic function onU . Let

V (" ) = X(f (" )) $ ) (" )Y (f (" ))

Then V (" ) is holomorphic alongf (U ) and V (" ) á÷f (" ) = 0. Hence V (" ) is tangent to ! Dr

at f (" ) (where r = |" |). Sinceu is constant on! Dr , we concludedu(V (" )) = 0, that is,

du(X(" )) = ) (" )du(Y (" ))

On the other hand, du(Y (f (" )) = ! (u ' f ) = ! log|" | which is holomorphic in " . Thus
du(X(" )) is holomorphic. Applying this to X = #

#zj
we get:

0 =
!
! ø"

uzj (f (" )) |! = r = uzi øzk (f (" )) áf$
j (r)

But we have normalized so thatf (" ) = ( f1(" ), 0, ..., 0) so the last equality becomes the
following: uzi øz1 (f (" )) = 0 for 1 , i , n. Thus the complex hessian ofu is a matrix whose
Þrst row and column are all zero, and whose lower right hand (n $ 1) . (n $ 1) corner is
positive semi-defninite. This proves thatu is plurisubharmonic, and that it satsiÞes the
HMA equation.
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LIMITS OF MANIFOLDS

1 Metric spaces

1.1 Hausdor ! measure and dimension

Let (X, d) be a metric space, ands a positive real number. We deÞne an outer measure
H s on X as follows: For! > 0 and E ! X let

H s
! (E) = inf {

!!

i =1

diam(Ai )s : E = " Ai , diam(Ai ) < ! } (1.1)

Then H s
! (E) is a decreasing function of! . Let

H s(E) = lim
! " 0

H s
! (E) (1.2)

Then H s is an outer measure. ItÕs a positive measure on the Borel algebra.

Observe that for ÞxedE ! X we haveH s(E) is a decreasing function ofE. We say that
E has Hausdor! dimension d # 0 if H s(E) = 0 for all s > d and H s(E) = $ for all
s < d. The Hausdor! dimension is a Lipshitz invariant: If f : X % X # is a bi-Lipshitz
homeomorphism, then dim(X ) = dim( X #).

To get some interesting examples, we use the following:

Theorem 1 Let " i : R n % R n, i = 1, ..., m, be a family of contraction mappings with
contraction constantsr i < 1. Then there exists a unique non-empty compact setA such
that A = " m

i =1 " i (A). Moreover, if s > 0 is such that
" m

i =1 r s
i = 1, then dimH (A) = s.

Example 1. Let " 1 : R % R be the map" 1(x) = x
3 and " 2(x) = 2

3 + x
3 . Then A is the

Cantor set and dimH (A) = ln 2
ln 3 & .63.

Example 2. Let " 1, " 2, " 3 be dilations of R 2 with dilation constant 1
2. Assume that the

Þxed points of" j are not colinear. ThenA is the Sierpinski triangle and dimH (A) = ln 3
ln 2 .

1.2 Gromov-Hausdor ! distance

Let (X, d) be a metric space. Then the set of all compact subsets ofX form a metric space
as well: If A, B ! X are compact, deÞnedH (A, B ) to be the inf of all r > 0 such that
every point of A is within distance r of some point inB and every point ofB is within
distancer of some point inA.



We can use the same idea to deÞne a metric onK, the space of all compact metric spaces:
If X, Y ' K, let

dGH (X, Y ) = inf { dH (f (X ), g(Y)) : f : X #% M, g : Y #% M } (1.3)

wheref and g are isometric imbeddings ofX and Y into some larger metric spaceM .

Another way to deÞne a metric onK is as follows: Letd#
H (X, Y ) be the inf of all C > 0

such that

dX (x, x#) ( C ) dY (f (x), f (x#)) ) dX (x, x#) + C (1.4)

The two distance functions deÞne the same topology onK.

1.3 Pointed Gromov-Hausdor ! convergence

Let (X, d) be a metric space. DeÞne a new metricd# on X as follows:

d#(x, y) = inf { | $| : $ : [0, 1] % X continuous, $(0) = x, $(1) = y } (1.5)

where

|$| = sup {
n!

j =1

d($(t j $ 1, $(t j )) : 0 = t0 < t 1 á á á< t n = 1 } (1.6)

We sayX is a length metric space ifd = d#.

Now let X n be a sequence of length metric spaces andpn ' X n. Let Y be a length metric
space andp ' Y. We say (X, pn) % (Y, p) if for all R > 0 we haveBR(pn) % BR(p) in the
usual Gromov-Hausdor! topology.

Now we state GromovÕs theorem: IfX is a metric space,%> 0 and S = { x1, ..., xn} ! X
is a Þnite subset, we sayS is an %-net of ordern if for every x ' X there exists 1) j ) n
such that d(x, x j ) < %.

A collection X of compact metric spaces is uniformly totally bounded if

1. There existsD > 0 such that diam(X ) < d for all X ' X .

2. For every%> 0 there existsN > 0 with the following property. Every X ' X has
an %-net of order at mostN .

Theorem 2 Any uniformly totally bounded classX of compact metric spaces is precom-
pact in the Gromov-Hausdor! topology.

This theorem has the following important corollary:
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Corollary 1 Let n, D > 0 with n ' Z, and let H ' R. Let M (n, D, H ) be the collection of
compact Riemannian manifoldsM satisfyingdiam(M ) ) D and Ricci(M ) # H . Then the
spaceM (n, D, H ) is precompact: Every sequence inM (n, D, H ) converges to a compact
metric space. If the sequence is pointed, then the limit is pointed. In particular, ifM (n, H )
is the space of complete pointed Riemannian manifolds(M, p) with Ricci(M ) # H , then
M (n, H ) is precompact.

To prove the corollary, we need the Bishop-Gromov comparison theorem:

Theorem 3 Let M (n) be a complete Riemannian manifold such thatRicci(M ) # (n( 1)H .
Then for all 0 < r ) R we have

vol(Bp(r ))
vol(Bp(R))

#
vH (r )
vH (R)

(1.7)

wherevH (r ) is the volume of a ball of radiusr in M (n)
H , the n dimensional space of constact

curvature H .

It follows that if p ' M and r ) D, then

vol(Bp(r )) # C(H, D )r n ávol(M ) (1.8)

This gives a uniform bound on the maximum number of disjoint balls of radius%in M .

Example of a limit: Let X ! PN be a smooth projective variety and& the restriction
of &F S. If ' t is a one parameter subgroup ofSL(N + 1, C) then ' %

t &F S gives a family of
metrics onX . This family has a GH limit: Let X e! t = ' t (X ) ! PN . Then X 0 = lim " " 0 X "

is the GH limit (actually, the GH limit is the closed subvariety which supports the ßat
limit). Note that the limit may not be smooth, and even if it is smooth, it may have a
di! erent complex structure.

1.4 GromovÕs theorem for evolving metrics

GromovÕs theorem says that every sequence (Mk, pk) of Riemannian manifolds (complete
and pointed), with Ricci(gk) bounded below, has a convergent subsequence. Now suppose
we have a sequence (Mk, pk) but that each Mk is equipped with not just one Riemannian
metric gk, but a continuous family of such metrics,gk(t) for t ' [0, T]. We say the family
gk(t) is equi-continuous if for every%> 0 there is a! > 0 such that for all s, t ' [0, T], and
for all k # 1, we have

|t ( s| < ! =* (1 + %)$ 1gk(t) ) gk(s) ) (1 + %)gk(t) (1.9)
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Theorem 4 (Glickenstein 2002)Let (Mk, gk(t), pk) be a sequence of pointed Riemannian
manifolds such thatgk(t) is equi-continuous on[0, T]. Asssume as well thatRicci(gk(t)) is
bounded below by a constant which is independent ofk and t. Then, after passing to a sub-
sequence, we have(Mk, gk(t), pk) % (Y(t), d(t), y(t)) . Moreover, Y(t) is homoeomorphic
to Y(0) for all t ' [0, T].

2 Convergence of manifolds

GromovÕs theorem tells us that if the Ricci curvature is bounded below, then every pointed
sequence of Riemannian manifolds has a convergent subsequence. We would like to know
what the limit of the sequence looks like.

2.1 HamiltonÕs theorem

HamiltonÕs theorem says that if the curvatures of manifolds, together with all their co-
variant derivatives, are bounded, then the limit is another Riemannian manifold and the
convergence is in theC! topology.

DeÞntion: We say (M, G, Q, q) is a marked Riemannian manifold ifM is smooth manifold,
G = gij dxi + dxj is a smooth Riemannian metric onM , Q ' M is a point and q is an
othonormal frame atQ.

Theorem 5 (Hamilton: 1995) Let (Mk, Gk, Qk, qk) be a sequence of complete marked
Riemannian manifolds of dimensionn. Assume that there are constantsBp # 0 and ! > 0
such that

|D pRmk|k ) Bp ( (Qk) # !

where ( (Q) is the injectivity radius at Q. Then there exists(M, G, Q, q) such that, after
passing to a subsequence,(Mk, Gk, Qk, qk) % (M, G, Q, q). This means that there is a
sequence of open setsQ ' Uk ! M and Qk ' Vk ! Mk, and a sequence of di! eomorphisms
Fk : (Q, q, Uk) % (Qk, qk, Vk) such thatM = " kUk and such thatF %

k Gk % G in C! .

2.2 TheoremÕs of Cheeger-Gromov and Anderson

The Cheeger-Gromov theorem requires only that the Riemann curvature tensor is bounded.
They conclude that the limit exists in the C1,# topology:

Theorem 6 Cheeger-Gromov (1980)Let M (" , v, D) be the space of compact Riemannian
manifolds such that|Rm| ) " , vol(M ) # v > 0 and diam(M ) ) D. Then M (" , v, D) is
pre-compact in theC1,# topology.

4



To be precise: LetMk ' M (" , v, D) be a sequence. Then there is a compact manifoldM , a
C1,# metric g on M , and a family (after passing to a subsequence) ofC2,# di! eomorphisms
Fk : M % Mk such that F %

k gk % g in the C1,# topology.

In the Cheeger-Gromov theorem, we canÕt replace|Rm| ) " by |Ricci| ) " . Already, in
real dimension four, there are example of sequences with bounded Ricci whose limite are
orbifolds with a (positive) Þnite number of orbifold singularities.

AndersonÕs theorem says that we can weaken to bound on the full curvature tensor to a
bound on Ricci, at the expense of imposing a bound on the injectivity radius:

Theorem 7 (Anderson (1990)Let M () , i 0, D) be the space of compact Riemannain man-
ifolds M such that|Ricci(M )| ) ) , inj( M ) # i 0 > 0 and diam(M ) ) D. Then M () , i 0, D)
is pre-compact in theC1,# topology.

3 TheoremÕs of Cheeger-Colding

3.1 Introduction

What happens if we try to replace the hypothesis on the injectivity radius in AndersonÕs
theorem with a lower bound on the volume? We canÕt expect the limit to be smooth
since in dimension four, there are examples whose limits are oribifolds with Þnitely many
singularities. On the other hand, away from the singularities, the convegergence in these
examplesis C1,# .

The theorems of Cheeger-Colding imply that in some sense, that the orbifold examples are
typical. That is, AndersonÕs theorem continues to hold on the subset of Òregular pointsÓ:

Let (Mk, pk) be a sequence of pointed complete Riemannian manifolds and assume that
Ricci(Mk) # ( (n ( 1). Then GromovÕs theorem says that after passing to a subsequence,
(Mk, pk) % (Y, p) where (Y, p) is a metric space. Then Cheeger-Colding deÞne the singular
set S ! Y and the regular setR ! Y. Then Y = R " S is a disjoint union. The deÞnition
of the singular set and the regular set is, of necessity, a ÒmetricÓ deÞnition; we canÕt talk
about derivatives, tangent planes, etc., in the standard way sinceY is just a metric space.
The precise deÞnitions will be given in the next section.

Now suppose, in addition to the lower bound on Ricci, we impose a lower bound on the
volume: We say (Mk, pk) is non-collapsing if there is av > 0 such that vol(B1(pk)) # v > 0
for all k. Then CC prove that the Hausdor! dimension ofY is n, and that S has Hausdor!
measure zero. If we impose an upper bound on Ricci as well, then CC show that AndersonÕs
theorem holds, away from the singular set:

Theorem 8 Let (Mk, pk) % (Y, p) be non-collapsing and assume|Ricci(Mk)| ) (n ( 1).
Then R ! Y is open, itÕs aC1,# manifold, and onR, the convergencegk % g is in C1,# .
Moreover, S ! Y has codimension at least two.
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Of course the word ÒcodimensionÓ must be made precise - this is also a Òmetric deÞnitionÓ
and will be given in the next section.

Suppose we weaken AndersonÕs theorem even further and require, in addition to the non-
collapsing condition, only alower bound on Ricci: Only assume|Ricci(Mk)| #( (n ( 1).
Then, using RiefenbergÕs method (which is also used by Sesum and Sesum-Tian to show
sequential convergence of the Ricci ßow to a soliton), CC prove thatR$ is a C0,# manifold
and that on R$, we havegk % g in C# . Here R$ is the set of%weakly regular points. It
contains R, and shrinks down toR as %% 0. Also, * % 1 as%% 0.

3.2 Metric deÞnitions

In this section we give a number of the Òmetric deÞnitionsÓ which are needed for making
precise statements of the results.

Let (Y m, p) be a complete pointed metric space which is the Gromov-Hausdor! limit of
a sequence of pointed Riemannian manifolds (M n

pi
, pi ) with Ricci( M i ) # ( (n ( 1). Here

m ' [0, n] is the Hausdor! dimension ofY. In the case of non-collapsing, which is the
main case of interest for us, we havem = n (this is the deÞnition of non-collapsing). In
general, one does not know whether or notm is an integer.

Let y ' Y . A tangent coneat y is a complete pointed GH limit (Yy, d! , y! ) of a sequecned
of rescaled spaces (Y, r$ 1

i d, y) where d, d! are the metrics ofY, Yy respectively andr i > 0
is a sequence such thatr i % 0. Tangent cones exists for ally ' Y , but may depend on
the choice of sequencer i . If Y is a smooth Riemannian manifold of dimensionn, then the
tangent cone aty is unique: itÕs equal toR n, and the metric d! is the Riemannian metric.

If k is a non-negative integer, letRk be the set of pointsy such that every tangent cone
at y is isometric to R k. We also deÞneWRk to be the set ofy such that sometangent
conse is isometric toR k. Let R = " kRk. And let S = Y ( R. We call R the regular set
and S the singular set. CC show that in the non-collapsed case, thatR = Rn and that
the Hausdor! measure ofS is zero.

Next we need to introduce the somewhat technical, but very important notions of%regular
and %, r regular. Let r, %> 0 . Then, letting Bs(0) ' R k be the ball of radiuss,

y ' (Rk)$,r ,* - u > r such that dGH (Bs(y), Bs(0)) < %s . s ' [0, u]

y ' (WRk)$,r ,* - u > r such that dGH (Bs(y), Bs(0)) < %s for s = u

(Rk)$ = " r (Rk)$,r , Rk = / $> 0(Rk)$

(WRk)$ = " r (WRk)$,r , WRk = / $> 0(WRk)$
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We make one elementary observation: Suppose thatY is a complete metric spaces, and
that y ' (WRk)$,r . Let ! = %r/ 2. Let Y # be another metric space such thatdGH (Y, Y#) < !
and choosey# ' Y # such that dGH (y, y#) < ! . We claim that y# ' (WR#

k)$,2r = ( WR#
k)2$,r :

We have dGH (Bs(y), Bs(0)) < %s. On the other hand, dGH (Bs(y#), Bs(y)) < 2! . Thus
dGH (Bs(y#), Bs(0)) < %s + 2! < 2%s.

4 Characterizing %, r regular sets on smooth manifolds

Now assume thatM is a Riemannian manifolds. ThenR = Rn = M .

Now Þx p ' M and Þx %> 0. Sincep ' R = R$ = " r R$,r , there existsr = rp such that
p ' R$,r . How do we calculate (or estimate) the value ofrp? The answer depends on the
deviation of the metric from the euclidean metric (working in normal coordinates at the
point p) but the deÞniton, in terms of GH distance, is not very illuminating.

There is a very nice characterization ofR$,r in the case where Ricci(M ) # ( (n ( 1): It
says that the value ofr (p) depends only on the deviation of thevolumeof Br (p) from the
volume of the euclidean ballBr (0).

More precisely: Assume Ricci(M ) # ( (n ( 1). Let %> 0. Then there existsr (n, %) > 0
and ! (n, %) > 0 with the following property. If r ) r (%) then

vol(Br (p)) # (1 ( ! (%)) ávol(Br (0)) =* p ' R$,r (4.10)

Thus ! control of the volume =* %control of the tangent space.

Conversely: (weak)%control of the tangent space =* %control of the volume. That is,

p ' (WR)! ,r =* vol(Br (p) # (1 ( ! (%)) ávol(Br (0) (4.11)

for all r ) r (%).

Thus, if the sectional curvature ofM is non-positive (which implies that the volume, in
normal coordinates, is greater than the euclidean volume), thenp ' R$,r provided r ) r (%)
and r ) inj where inj is the injectivity radius. More generally, r is bounded below if the
injectivity radius is bounded below and the sectional curvature is bounded above.

If we combine the two statements, we see that weak implies strong: Ifr ) r (! (%)) then

(WR)! ($),r ! R$,r (4.12)

Actually, much more is true - weak implies strong nearby:

p ' (WR)! ($),r =* q ' R$,s provided Bs(q) ! B(1$ $)r (p) (4.13)

A simple but useful variation of (4.12) is the following:
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(WR) 1
2 ! ($),r ! R#

$,r (4.14)

where g# is any metric such that vol(g#) # 1$ ! ($)
1$ ! ($)/ 2 and R# corresponds tog#. Thus weak

for g implies strong forg# nearby, providedg# is close tog.
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1 Introduction

Let X ! Rn be an open set anda! (x) " C! (X ) for ! " Nn and |! | # m. DeÞne,
for " " Rn , the function p(x, " ) =

!
|! |" k a! (x)" ! . Then p(x, D ) is a linear di! erential

operator (whereDj = 1
i #j ) and we callp(x, " ) its symbol. We may viewp as a linear map

C!
0 (X ) $ C!

0 (X ) or C! (X ) $ C! (X ) or D#(X ) $ D#(X ). The main question is the
following: Given f " C!

0 (X ) (or f " C! (X ) or f " D#(X )), does there existu such that

p(x, D )u = f (1.1)

A Þrst attempt might be to try to use algebra: The set of di! erential operators form a
non-commutative algebra (the product being given by composition of operators). One
easily checks that ifp =

!
a! " ! , q =

!
! b! " ! are two symbols, thenp(x, D )q(x, D ) =

(p# q)(x, D ) where

(p# q)(x, " ) =
"

!

1
! !

#!
" p(x, " )D !

x q(x, " ) (1.2)

Unfortunately this algebra has essentially no units, since an operator of degreem composed
with one of degreer is an operator of degreem + r . Hence, we canÕt possibly hope to solve
(1.1) by multiplying both sides by the inverse ofp(x, D ).

Thus we are motivated to enlarge the algebra of operators in such a way that some opera-
tors p(x, D ) (i.e. the elliptic operators) do have inverses. To do this, we consider symbols
p(x, " ) which are smooth functions that are asymptotic (as|" | $% ) to |" |m wherem " R
(this must be made precise). Then we would like to able to attach a meaning to Òp(x, D )Ó
and show, in this enlarged algebra, that elliptic operators are units: Ifp is elliptic of degree
m then we wish to show there exists another operatorq of degree&m such that q# p = 1.

In order to attach a meaning to Òp(x, D )Ó, we use the Schwartz kernel. Recall that if
V, W are Þnite dimensional vector spaces, then Hom(V, W$) = ( V ' W)$. Similarly, if
A : C!

0 (X ) $ D#(Y) is continuous, then there exists a uniqueK A " D#(X ( Y) such that

)Au, v*Y = )K, u ' v*X %Y for all u " C!
0 (X ), v " C!

0 (Y) (1.3)

Similarly, we have a mapA$ : C!
0 (Y) $ D#(X ):

)Au, v*Y = )K, u ' v*X %Y = )u, A$v* (1.4)

Conversely, if K " D#(X ( Y) then there is a correponding continuous linear operator
AK : C!

0 (X ) $ D#(Y). Let us determineK p in the case wherep is a linear di! erential
operator as above:

[p(x, D )u](x) =
#

R n
p(x, $)öu($) ei #áx d$ =

#

R n

$ #

R n
p(x, $)u(y) e& i #áydx

%

ei #áx d$ (1.5)
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Thus, at least formally, we have

K (x, y) =
#

R n
p(y,$)ei #á(x& y)d$ (1.6)

This integral does not converge absolutely, so some care must be taken to interpret it
correctly. One way to do this is as follows:

K (x, y) = lim
$' 0

#

R n
p(y, $)ei #á(x& y)%(&$)d$ (1.7)

where%" C!
0 (Rn) takes the value 1 in a neighborhood of the origin and the limit is taken

with respect to the usual topology (i.e., the weak topology) inD#(X ).

Thus our initial plan will be as follows: Introduce a larger class of symbols (those which
grow like a |" |m for somem) and then show that (1.7) can be used to deÞnep(x, D ) as
a map C!

0 (X ) $ D#(X ). In fact, we wish to show more, namely thatp(x, D ) behaves
like a classical di! erential operator in that it maps C!

0 (X ) $ C!
0 (X ) and C! (X ) $

C! (X ) and D#(X ) $ D#(X ), etc. Then generalize (1.2) to get an explicit formula for the
composition of such operators. Finally, use the explicit composition formula to show that
elliptic operators are invertible.

2 Generalities on Distributions.

2.1 Frechét spaces

If V is a topological vector space thenV # = { ' : V $ C : ' is linear and continuous} , the
dual of V , is again a vector space. The weak topology onV # is deÞned by:' j $ ' +,
' j (v) $ ' (v) for all v " V . Then V # is again a topological vector space with respect to
the weak topology.

We shall need to consider various kinds of topological vector spaces - Hilbert spaces, such
asL2, are those which have the most structure. More generally we can consider the Banach
spaces, such asLp or Ck( øX ) with X ! Rn a bounded open subset. Even more generally,
we consider Frech«et spaces, such asCk(X ) (which contains unbounded functions). We
now recall the deÞnition of the Frech«et structure.

Let V be a vector space andd a translation invariant metic on V. Then V is said to be a
Frech«et space if

1. V has a basis of convex open sets

2. V is complete

Thus every Banach space is Frech«et.
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Example: Let pj : V $ [0, %) be a family of semi-norms (they satisfy the triangle
inequality, and p(! x) = |! |p(x) for all ! " R). Assume that x = 0 +, pj (x) = 0
for all j . DeÞne

d(x, y) =
"

j ( 1

2& j pj (x & y)
1 + pj (x & y)

(2.1)

Then for every&1, ...,&k > 0 the set- k
j =1 pj (x & x0) < &j is convex and open. Such sets form

a basis of open sets. Note that by replacingpj with
!

k" j pk we may assumep1 # p2 # á á á.

If X ! Rn is open, and 0# k # % , then Ck(X ) is Frech«et. For example, ifk = %
then the family of semi-norms ispK, ! (f ) = supx) K |D ! f (x)| whereK ! X ranges over all
compact subsets and! over all multi-indices.

We note that C!
0 (X ) is a topological vector space but it is not a Frech«et space.

Another example is the Schwartz space: Letf : Rn $ R be a smooth function. DeÞne
p! ,%(f ) = supx) R n |x! D %f (x)|. We let

S = { f " C! (Rn) : p! ,%(f ) < % for all ! , ( } (2.2)

Then S is a Frech«et space with respect to the family of semi-normsp! ,%. These spaces Þt
together as follows:

C!
0 (Rn) ! S ! C! (Rn) (2.3)

where each inclusion is continuous.

Lemma 1 Let V be a Frechet space with respect to an increasing family of semi-norms
pj . Let ' : V $ R be a continuous linear map. Then there existj, C > 0 such that
|' (x)| # Cpj (x) for all x " V .

Proof. If not, there exist xij such that 1 = |' (xij )| . jp i (xij ). In particular, pj (xjj ) # 1
j

so xjj $ 0. But this implies |' (0)| = 1, a contradiction.

Even more general than a Frech«et space is the notion of an LF-space: LetV be a vector
space such thatV = / nVn with Vn ! Vn+1 ! V an increasing sequence of Frech«et spaces
with compatible topologies. We topologizeV as follows: If) j , ) " V then we say) j $ )
if there exists n such that ) " Vn and ) j " Vn for all n and ) j $ ) in Vn. A typical
example isC!

0 (X ) with X ! Rn open. ThenC!
0 (X ) = / K C!

0 (K ) where K ranges over
all compact subsets ofX (here C!

0 (K ) = { u " C!
0 (X ) : supp(u) ! K } ). Then C!

0 (K )
is Frech«et andC!

0 (X ) is thus an LF-space. Its dual is denoted byD#(X ), the space of
distributions on X .
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2.2 Basic results on distributions.

2.2.1 Defnitions.

We recall the deÞnition: LetX ! Rn be open. Then we sayT " D#(X ) if
1. T : C!

0 (X ) $ R is linear.
2. T is continuous.

This means the following: LetK ! X compact, ) " C!
c (K ) and ) j " C!

c (K ). Assume
that D ! ) j $ D ! ) uniformly for every ! " Nn . Then T) j $ T) .

We can use Lemma 1 to reformulate the deÞnition: LetT : C!
0 (X ) $ R be a linear map.

Then T " D#(X ) if and only if for every compactK ! X there existsk, C such that

|T() )| # C sup
|! |" k

0D ! ) 0L ! for all ) " C!
0 (K ) (2.4)

Sometimes we shall writeT) = )) , T* =
&

X T(x)) (x) dx.

Example: L1
loc(X ) ! D#(X ).

We deÞne a topology onD#(X ) as follows: Tj $ T if for every ) " C!
0 (X ) we have

T() j ) $ T() ).

The support of T " D#(X ) is the smallest closed setC such that T|X \ C = 0. We shall
write T(x) 1= 0 to mean x " supp(T) and T(x) = 0 to mean x 1"supp(T).

The singular support ofT " D#(X ) is the smallest closed setC ! X such that T|X \ C " C! .
We let E#(X ) ! D#(X ) be the subset of all distributions with compact support. Then
E#(X ) = C! (X )#. Taking the dual of (2.3) we have

E#(Rn) ! S# ! D#(Rn) (2.5)

The spaceS# is called the space of tempered distributions.

2.2.2 Schwartz operators.

Let X ! Rn , Y ! Rm be open sets. Then a Schwartz operator is a continuous map
A : C!

0 (X ) $ D#(Y). The operator A determines a uniqueK = K A " D#(X ( Y) with
the property

)Au, v* =
#

X %Y
K (x, y)u(x)v(y) dxdy (2.6)

for all u " C!
0 (X ), v " C!

0 (Y).

Conversely, ifK " D#(X ( Y) then K determines an operatorA = AK : C!
0 (X ) $ D#(Y).

Let K " D#(X ( Y). Then we sayK has proper support if supp(K ) ! X ( Y is proper.
To explain this condition, recall that if C ! X ( Y is a closed subset, thenC deÞnes a
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relation from X to Y: If x " X then C(x) = { y " Y : (x, y) " C} . We sayC is proper if
C(K ) ! Y is compact for everyK ! X compact, andC& 1(L) ! X is compact for every
compact subsetL ! Y. Thus, if K (x, y) has proper support then for every compact set
K ! X there exists a compact setL ! Y such that if x " K and if K (x, y) 1= 0 the y " L.

SupposeK " D#(X ( Y) has proper support. ThenA = AK has the property:

A : C!
0 (Y) $ E#(X )

In fact, suppAu ! C( suppu) where C ! X ( Y is the support ofK .

Assume that K has proper support. ThenA extends to a continuous map

A : C! (Y) $ D#(X )

This last map is deÞned as follows: Letv " C! (Y). Let %$ " C!
0 (X ) be such that for

every compactK ! X we have%$|K = 1 for &su" ciently small. Let * $ " C!
0 (Y) be such

that * $ = 1 on C(K $) where K $ =supp(%$). Then

Av(x) = lim
$' 0

# #

Y
%$(x)K (x, y)* $(y)v(y) dy

This limit clearly exists - in fact, for x in a Þxed compact set, the right side is constant
if &is su" ently small: If &> &# > 0, and if %$(x) = 1 then

&
Y %$(x)K (x, y)* $(y)v(y) dy =

&
Y %$(x)K (x, y)* $"(y)v(y) dy =

&
Y %$"(x)K (x, y)* $"(y)v(y) dy.

3 Oscillatory integrals

Let X ! Rn be open. Oscillatory integrals are a class of particularly nice distributions
on X which are constructed from two pieces of data: a symbola and a phase function
) . Thus, associated to a pair (a, ) ) we deÞne an elementI (a, ) ) " D#(X ). We will also
deÞne Fourier integral operators, which are special kinds of oscillatory integrals, as well as
pseudo-di! erential operators, which are special kinds of Fourier integral operators.

We have already encountered an example of an oscillatory integralK " D#(X ( X ) deÞned
by (1.6). Here the symbol is the smooth functiona(x, y, $) = p(x, $) and the phase is the
function ) (x, y, $) = $ á(x & y).

Let X ! Rn be open,a " C! (X ( RN ) and ) " C! (X ( úRN ), where úRN = RN \ 0. Then

I (a, ) ) =
#

úR N
ei &(x,#)a(x, $) d$ (3.7)

In order to make sense out of this integral, we shall require thata be a ÒsymbolÓ and that
) be a Òphase functionÓ:
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3.1 Symbols.

Fix X ! Rn an open set. FixN > 0, m " R and +, , " [0, 1]. Let a " C! (X ( RN ).

For K ! X compact, and! , ( multi-indices, we deÞne

PK, ! ,%(a) = sup
(x,#)) K %R N

|#!
x #%

# a(x, $)|
(1 + |$|)m& ' |%|+ ( |! |

(3.8)

We say that a " Sm
' ,( (X ( RN ) if PK, ! ,%(a) < % for all K, ! , ( . It is a Fr«echet space with

respect to this family of semi-norms. We letS&!
' ,( = - m) R Sm

' ,( . We have

#!
x #%

# : Sm
' ,( $ Sm& ' |%|+ ( |! |

' ,(

prod : Sm1
' ,( ( Sm2

' ,( $ Sm1+ m2
' ,(

are continuous (here prod(a, b) = ab).

Let mj be a decreasing sequence of real numbers, letaj " Smj
' ,( (X ( RN ) and let a " Sm0

' ,( .
We say that a 2

!
j ( 0 aj if for every k . 0 we havea &

!
j<k aj " Smk

' ,( . A basic result in
the subject is the following:

Theorem 1 Let aj " Smj
' ,( with mj a decreasing sequence of real numbers. Then there

existsa " Sm0
' ,( such thata 2

!
j ( 0 aj . The symbola is unique moduloS&!

' ,( .

3.2 Phase functions.

Let ) " C! (X ( úRN ). We say ) is a phase function if

1. Im ) (x, $) . 0

2. ) (x, '$ ) = ') (x, $) for all ' > 0.

3. 3 ) (x, $) 1= 0 for all ( x, $).

The last condition means that for each (x, $) " X ( úRN there existsj such that )&
) x j

1= 0

or )&
)# j

1= 0. We let

C& = { (x, $) " X ( úRN :
#)
#$1

(x, $) = á á á=
#)
#$N

(x, $) = 0 }

This set is call the critical set of the phase function) . If ) = i$á(x& y) then C& = # ( úRN .

Now let a " Sm
' ,( (X ( RN ) and let ) be a phase function. Let%" C!

0 (RN ) with %(0) = 1.
DeÞne

I (a, ) ) = lim
$' 0

#

úR N
ei &(x,#)%(&$)a(x, $) d$ " D#(X ) (3.9)
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For &> 0 the integral above converges absolutely and one shows (the proof is is non-trivial)
that the limit above (taken with respect to the weak topology ofD#(X )) exsists and is
independent of%. Note that if a " S&! (X ( RN ) then I (a, ) ) " C! (X ).

The regularity of I is determined byC&:

sing suppI (a, ) ) ! - (C&) (3.10)

where - : X ( RN $ X is the projection map. Moreover, ifa vanishes on a conical
neighborhood ofC&, then I (a, ) ) " C! (X ).

3.3 Fourier Integral Operators.

Let X ! Rn and Y ! Rm be open sets,a " Sm
' ,( (X ( Y ( RN ) and ) (x, y, $) a phase

function on X ( Y ( úRN . Then K = I (a, ) ) " D#(X ( Y) and AK : C!
0 (Y) $ D#(X ) is

called an FIO. More precisely,

Aa,&u(x) =
# #

ei &(x,y, #)a(x, y, $)u(y)dy d$

The regularity of FIOÕs is given by the following result: Assume that for everyx " X , the
map (y,$) $ ) (x, y, $) is a phase function. ThenA : C!

0 (Y) $ C! (X ) and is continuous.
In particular (taking duals), A : E#(X ) $ D#(Y) .

In particular, pseudodi! erential operators A have the property: A : C!
0 $ C! and

A : E# $ D#: If the di ! erential of (y, $) 4$ i$ á(x & y) vanishes at (y, $) then $ = 0, a
contradiction.

4 Pseudodi! erential operators.

An FIO of the form Aa,& with ) (x, y, $) = $á(x & y) is called a pseudodi! erential operator.
We sayA " Lm

' ,( (X ) if a " Sm
' ,( (X ( X ( Rn). More precisely,

Au(x) =
# #

ei #á(x& y)a(x, y, $)u(y)dy d$

As mentioned in the previous paragraph,A : C!
0 (X ) $ C! (X ) and A : E#(X ) $ D#(X ).

Let K be the kernel ofA. Since sing suppK ! # , where# ! X ( X is the diagonal,

sing suppAu ! sing suppu for all u " E#(X ) (4.11)

To see this, supposex0 /" sing suppu. Let ) , * " C!
0 (X ) with disjoint supports such that

) (x0) = 1 and * = 1 on singsuppu. Then we want to show that ) Au is smooth. But
) Au = ) A* u + ) A(1 & * )u = ) A* u mod C! . But ) A* u has kernel) (x)K (x, y)* (y)
which is a smooth function onX ( Y.
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Property (4.11) says thatA is Òpseudo-localÓ. That is, ifu " E#(X ) and u is smooth on
an open setU ! X , then Au is also smooth onU.

Now suppose thatA " Lm
' ,( (X ) has proper support. ThenA is continuous

C!
0 (X ) $ C!

0 (X ), C! (X ) $ C! (X ), E#(X ) $ E#(X ), D#(X ) $ D#(X )

and if A, B are two properly supported PDOÕs, we can compose them and, it turns out,
the result is another PDO. Let us explain in more detail:

First, if A " Lm
' ,( (X ) is any PDO, then we can writeA = A#+ A##whereA# " Lm

' ,( (X ) is
a properly supported PDO andA##" L&!

' ,( (X ). Thus the theorem we wish to prove is the
following:

Theorem 2 If A " Lm1
' ,( (X )/L &!

' ,( (X ), B " Lm2
' ,( (X )/L &!

' ,( (X ) thenA5B " Lm1+ m2
' ,( (X )/L &!

' ,( (X ).
Moreover, if a " Sm1 and b " Sm2 are the symbols ofA, B , then the symbol ofA 5 B is

. A* B (x, $) 2
"

!

1
! !

#!
# a(x, $) D !

x b(x, $) (4.12)

Moreover, if A$ : C!
0 (X ) $ D#(X ) is the complex adjoint ofA, then A$ " Lm

' ,( and

. A # (x, $) 2
"

!

1
! !

#!
# D !

x a(x, $) (4.13)

Here A$ is characterized by)Au, v* = )u, A$v* where)u, v* =
&

X u(x)v(x) dx.

5 Elliptic operators

SupposeP is a di! erential operator onX , f " D#(X ) and u " D#(X ) is a solution of the
equation P(u) = f . Ellipticity is a condition which guarantees that if f is smooth, thenu
is also smooth. We give the precise deÞnition below.

5.1 Existence of a parametrix.

Let P " Lm
' ,( (X ) with symbol P(x, " ) = a(x, y, " ) (here x " X and " " úRn . Thus the

symbol is independent ofy). We say P is elliptic if for every x0 " X there existsC > 0
and an open setx0 " U ! X such that

|P(x, " )| .
1
C

(1 + |" |)m for (x, " ) " U ( úRn

Theorem 3 AssumeP " Lm
' ,( (X ) is elliptic and + > , . Then there existsQ " L& m

' ,( (X ),
elliptic and properly supported, such thatQ 5P = P 5Q = I mod L&! (X ). Moreover, Q
is unique modL&! (X ).
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This means (Q 5 P & I ) : D#(X ) $ C! (X ) and (P 5 Q & I ) : D#(X ) $ C! (X ). In
particular, if P is elliptic with proper support, then

P : D#(X )/C ! (X ) $ D#(X )/C ! (X ) is a bijection.

(the assumption of proper support is needed to guarantee thatP : C! (X ) $ C! (X )).
Moreover

singsupp(Pu) = singsupp(u) for all u " D#(X )
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1 NadelÕs Vanishing Theorem

1.1 Horm¬anderÕs Theorem.

DeÞnition. Let X be a complex manifold. ThenX is weakly pesudo-convex if there
exists a smooth psh" : X ! R such that for everyc " R the set " ! 1(c) is compact.

Examples of weakly pesudoconvex manifolds:

1. Compact complex manifolds.
2. Stein manifolds (smooth a! ne subvarieties ofCk, convex open subsets ofCk, etc..)

Horm¬anderÕs Theorem

Let (X, #) be a pseudo-convex K¬ahler manifold of dimensionn.
Let F be a holomorphic line bundle onX equipped with a singular metrichα = e! φ! .
Assume the curvature ofF is positive in the following sense:

i " (F ) = 2 i$ø$! # %#

Then for everyg " L2(X, A (n,q) $ F ) satisfying ø$g = 0 there exists f " L2(X, A (n,q! 1) $ F )
such that

ø$f = g and
!

X
|f |2e! 2φdVω %

1
q%

!

X
|g|2e! 2φdVω

Remarks:

1. The positivity of the curvature implies that ! is psh and that " (F ) is a current whose
coe! cients are complex measures.

2. The metric # is a smoothly varying hermitian metric on the tangent spacesTx for
x " X . It induces hermitian metrics onT"

x and on # (p,q)T"
x which vary smoothly with x.

Explicitly: If z1, ..., zn is a local coordinate system, thendzI & dzøK form a basis of# (p,q)T"
x

for all x in the coordinate patch and we sethJ, øK,J ! , øK ! (x) = ( dzI & dzøK , dzI ! & dzøK ! ), a
smooth function ofx. If { dz1, ..., dzn} is an orthonormal basis ata " X , then { dzJ & dzøK }
is an orthonormal basis of# (p,q)T"

a .

3. We give# (p,q)T"
x $ F the hermitian metric # $ h.

Explicitly: If & is a global section of# (p,q)T"
x $ F and if Uα ' X is an coordinate patch

over whichF is trivial, then &|U! is an element of (# (p,q)T"
x $ F )(Uα) has the form&|U! =

"
&α

J,K dzI & dzøK where the&α
J,K " Fmeas(Uα) is a measureable section and wherez1, ..., zn

are coordinates onUα. Now supposex " X and choose the coordinates in such a way that
{ dz1, ..., dzn} orthonormal at x. Then the norm of &(x) is then given by the formula:
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|&(x)|2 = e! 2φ! (x)
#

hJ, øK,J ! , øK ! (x)&α
J,K (x)ø&α

J ! ,K ! (x) = e! 2φ! (x)
#

|&α
J,K (x)|2 > 0

This is a function on X (independent of ' ), and ' " L2(X, A (p,q) $ F ) if and only if
( ' ( 2 =

$
X |&(x)|2dVω < ) .

1.2 NadelÕs Theorem.

Let F be a holomorphic line bundle on complex manifoldX . Let hα = e! φ! be a singular
metric with positive curvature (i.e., assume! α is psh). For eachx " X let

I (! )x = { f x " Ox : |f x |2e! φ! is integrable in some nbhd. ofx}

For U ' X let

I (! )(U) = { f " O(U) : f x " I (! )x for all x " U}

Theorem (Nadel) . Assume that(X, #) is a K¬ahler weakly pseudoconvex manifold, and
let F, ! as above. Assumei" (F ) # %#for some continuous positive function%on X . Then

H q(X, O(K X + F ) $ I (! )) = 0 for all q # 1

whereO(K X + F ) = K X $ F = $ n,0 $ F .

Proof. We give the proof in the case whereX is compact (the general case is slightly more
technical but involves no new ideas). The method of proof is the same as that for deRhamÕs
Theorem and DolbeaultÕs Theorem, but we use Horm¬anderÕs result instead of the Poincare
lemma. The fact that Poincare is only a local result means that the cohomology of the
manifold may not vanish. But the fact that Horm¬anderÕs theorem is global result wiil tell
us that the cohomology must vanish.

Let Lq be the sheaf of measureable sections' of # (n,q)T"
x $ F such that |' |2 and | ø$' |2 are

locally integrable. Then ø$(q) : Lq ! Lq+1 is a map of sheaves.

If ' " L0(U) then ' has a local expression& = &I dzI where I = { 1, 2, ..., n} , and where
&I is a measureable section ofF which is locally in L2.

Now ø$& = ø$&I dzI . Thus & " ker($(0) ) if and only if &I is a holomorphic section ifF which
is locally in L2. In other words, ker( ø$(0) ) = $ (n,0) $ (F $ I (! )) = O(K X + F ) $ I (! ).

Thus we have a complex of sheaves:

0 ! O(K X + F ) $ I (! ) ! L0 ! L1 ! á á á

Applying Horm¬anderÕs theorem on arbitrarily small balls, we see that the complex is exact
(i.e. its a resolution ofO(K X + F ) $ I (! )).
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Since the sheavesLq are C# module, the standard partition of unity argument shows they
are acyclic. Thus the cohomology ofO(K X + F ) $ I (! ) can be computed by computing
the cohomology of complex of global secctions:

0 ! L0(X ) ! L1(X ) ! á á áLq(X ) ! Lq+1 (X ) ! á á á

Applying Horm¬anderÕs theorem again, but this time toX itself, we see that the above
sequence is exact in degree greater than zero. This proves NadelÕs theorem.

1.3 KodairaÕs Embedding Theorem.

We wish to use NadelÕs Theorem to prove the Kodaira embedding theorem:

Theorem. Let X be a compact manifold andL a holomorphic line bundle onX . Then L
is ample if and only ifL is positive.

Let x1, ..., xN " X and let k1, ..., kN be positive integers LetI = I (k1x1, ..., kN xN ) be
the sheaf of holomorphic functions vanishing to ordermi and xi . If x /" { x1, ..., xn} then
I x = Ox. Thus O/I is a skyscraper sheaf whose Þber atxi is the vector space of all Taylor
polnomials centered atxi of degree at mostki .

Last time we proved that Lm is ample if and only if

1. Global sections separate points: For everyx1, x2 " X the map Lm(X ) ! Lm
x1

* Lm
x2

sending a sections ! (s(x1), s(x2)), is surjective, i.e.,

H 0(X, L m) ! H 0(X, L m $ O/I (x1, x2))

is surjective.

2. Global sections separate tangent directions: For everyx " X the map which sends a
global sections to its Þrst order Taylor polynomial is surjective, i.e.

H 0(X, L m) ! H 0(X, L m $ O/I (2x))

is surjective.

Thus KodairaÕs theorem follows from:

Theorem. Assume thatX is compact and thatL is a positive line bundle. LetN > 0.
Then there are constantsa, b > 0, depending only onN and L, such that

H 0(X, L m) ! H 0(X, L m $ O/I (k1x1, ..., kN xN ))

is surjective for all integersm, k1, ..., kN satisfying m # a(
"

ki ) + b and for all points
x1, ..., xN " X .
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Proof of Theorem.

Let h0 be any smooth metric onL of positive curvature, and let# be the curvature form.
Then (X, #) is a hermitian manifold. Let m be a positive integer and letF be the line
bundle F = + K X + mL. Thus F is positive if m is su! ciently large. Let hF be any
singular hermitian metric on F of positive curvature. Then NadelÕs theorem applies and
we have, forq # 1:

H q(Lm $ I (hF )) = 0

On the other hand, if we tensor the exact sequence of sheaves:

0 ! I (hF ) ! O ! O/I (hF ) ! 0

with Lm, we get

0 ! Lm $ I (! ) ! Lm ! Lm $ (O/I (hF )) ! 0

The corresponding long exact cohomology sequence yields the following exact sequence:

H 0(X, L m) ! H 0(X, L m $ O/I (hF )) ! H 1(Lm $ I (hF )) = 0

Thus to prove the theorem we must constructhF so that I (hF ) ' I (k1x1, ..., kN xN ).

Note that if hF is smooth, thenI (hF ) = O. This means that hF needs to be singular at
the points xi . This observation is quantiÞed by the following:

Proposition. Suppose! (z) = ( log|z + x| + " (z) in a neighborhood ofx, where " is
smooth and( # n + k, k a positive integer. ThenI (! )x ' I (kx).

Proof. Let f x " I (! )x , and write f x (z) =
"

aα(z + x)α. Without loss of generality, we
may assumex = 0. Let B() ) be the ball of radius) centered at 0. Then if) is su! ciently
small,

!

B
|
#

aαzα|2|z|! 2γdV < )

Since|
"

|α|$ γ aαzα|2 = O(|z|2γ) we conclude:
!

B
|

#

|α|%γ

aαzα|2|z|! 2γdV =
! ρ

0
r 2n! 1! 2γ

!

|ζ|=1
|

#

|α|%γ

aαr |α|*α|2dV < )

Now the inner integral is equal toc(r )
"

|α|%γ |aα|2r 2|α| where c(r ) is a positive function
bounded above and below by bounds which do not depend onr . Thus the Þniteness of the
integral implies aα = 0 whenever 2n + 2|' | = 2( % 0, i.e. whenever|' | % k. This proves
the proposition.
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Now we constructhF : SinceL is positive, we can chooseh0 a smooth metric of positive
curvature on L. Then " (hF ) = # is a closed positive (1,1) form, so (X, #) is K¬ahler. Let
Ui be an Þnite open cover ofX , 1 % i % B, such that L and K X are trivial when restricted
to eachUi . ChooseWi ' Vi ' Ui open sets such that{ Wi } is still an open cover ofX and
such that øWi ' Vi and øVi ' Ui .

Let +i be a smooth function onX such that: +i (x) = 0 if x /" Ui , +i (x) = 1 if x " Vi .
Let

h(x) = h0e
! ε(

"
i

"
x µ " W i

θi (z)log|z! xµ |)

We claim that " (h) > 0 (as a closed (1,1) current) for some small%depending only onL
and N (and not on the location of thexi ).

We start with the formula

" (h) = + $ø$log(h0) + %
B#

i =1

#

xm &Wi

$ø$(+i (z)log|z + xµ|)

Since, by assumption,+ $ø$log(h0) # d for somed > 0, it su! ces to show that the double
summation is greater than+ d/ 2.

We show that for each Þxedi , the sum overxm " Wi is greater than+ d/ 2B. Since+i (x)
vanishes outside ofUi , we may assumex " Ui . Since+i (x) = 1 inside Vi , we see that for
z " Vi that $ø$(+i (z)log|z + xµ|) = $ø$(log|z + xµ|) which is clearly positive (its the Dirac
measure supported at the pointxm).

Thus we may assume thatz " Ui \ Vi . On that set we have$ø$(+i (z)log|z + xµ|) = log|z +
xµ|$ø$(+i (z)) + á á á. Since+i (z) is smooth, supz&X |$ø$(+i (z)) | % Ai for some constantAi .
Moreover, supz&Ui \ Vi

|log|z + xµ( is bounded by a constant which is independent of the
point xm.

Now choose any metric onK X and choosem0 such that mL + K X > 0 for m # m0. By the
proposition, if m # m0 and if m%> n + k, then I (hF ) ' I (kx1, ..., kxN ) for all x1, ..., xN .
By the earlier discussion, this proves the theorem.

2 Coherent Sheaves.

This section is background material for the next section on the coherence of the multiplier
ideal sheaf, and may be skipped if the reader is familiar with the basic deÞnitions and
properties of coherent ideal sheaves.
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2.1 Basic Properties.

The most basic fact in cohomology is: IfF is a sheaf then every Þltration of length two
0 ' F ' ' F produces a long exact sequence.
produces a long exact cohomology sequence

0 ! H 0(F ' ) ! H 0(F ) ! H 0(F '' ) ! H 1(F ' ) ! H 1(F ) ! á á á

whereF '' is the cokernelF/F ' (in other words, a short exact sequence of sheaves produces
a long exact cohomology sequence).

In general, Þltrations ofF of lenth n produce spectral sequences

Every application of cohomology rests on this fundamental fact. The nicest sheaves are
those that come from vector bundles: We say thatF is a vector bundle or rankr is itÕs
locally free of rankr , that is, if locally F |U , Or

U (in other words, X can be covered by
open setU such that over eachU, the sheafF is free). In particular, if F is a vector
bundle, then all Þbers are vector spaces of the same rankr .

The problem is that cokernels of vector bundles are generally not locally free: Locally a
map between two vector bundles has the form

%: Ol
U ! Ok

U

Such a map is given very explicity as ak - l matrix of holomophic functions (%ij (z)). The
cokernel of this matrix has dimensionk+ rank (%(z)) which is an integer valued function of
z which may not be constant: It is lower semi-continuous with respect to the holomorphic
Zariski topology. Thus the cohernel is a vector bundle on the complement ofZ ' X
an algebraic variety, but onZ the dimension jumps up. The skyscraper sheaf that we
encountered earlier is a typical example of such a phenomenon.

So in order to use cohomology, we need to enlarge our universe to include sheavesF which
are locally cokernels of maps% : Ol

U ! Ok
U, that is locally there is an exact sequence of

the form
Ol

U ! Ok
U ! F ! 0

Such sheaves are called coherent sheaves.

Why stop here? We should consider as well sheavesF which are locally cokernels of maps
of coherent sheaves. It turns out that we donÕt obtain anything new if we do this:

Theorem (Oka). If %: F ! G is a morphism of coherent sheaves, thenker(F ), coker(F )
and im(F ) are all coherent.

Thus coherent sheaves are Òhomologically closedÓ (much in the same way that complex
numbers are algebraically closed).
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Example of a sheaf which is not coherent: Let$ ' X be an open set and letI (U) = O(U)
if U ' $ and otherwiseI (U) = 0. Then if x is a boundary point of$ we haveI (U) = 0
for all U containing x, but I |U is not the zero sheaf.

2.2 Coherent Ideals

OkaÕs theorem implies that ifI ' O is a sheaf, thenI is coherent if and only ifI is locally
Þnitely generated, that is, if and only if locally onU, there are a Þnite number of sections
of I (U) which generateI , that is there is an exact sequence of the form:

Ok
U ! I ! 0

If we combine this with the Òstrong noetherian propertyÓ for coherent sheaves, we conclude
that I is coherent if and only if there is an exact sequence of the form

OS
U ! I ! 0

whereS is any index set, ie,OS
U is a free sheaf of possibly inÞnite rank. In particular,I is

coherent if it is generated by its global sections.

Why are coherent ideals onX nice? Answer #1: They correspond to analytic subvarieties
of X :

Let I ' O be any sheaf of ideals. Then we can associate toI the following subset ofX :

B(I ) = { x " X : I x .= Ox}

We call B (I ) the base locus ofI . Clearly B(I ) = / if and only if I = O.

The key observation is: IfI is coherent thenB(i ) is locally deÞned by the simultaneous
vanishing of a Þnite number of holomorphic functions, that is,B (I ) ' X is a subvariety.

Note that if I ' O is an arbitrary ideal sheaf, then forx " X we can Þndf 1, ..., f k "
$

x a
set of generators (the ringOx is noetherian) andx " B(I ) if and only if f 1(x) = 0 , f 2(x) =
0, ..., f k(x) = 0. But this doesnÕt prove thatB(I ) is a variety since the generators depend
on x and there is not guarantee that the same genearators will work in a full open set
containing x. We get a subvariety (subscheme) precisely whenI is coherent.

In the example of a non-coherent ideal sheaf given above, the base locus is the complement
of $ which is not, in general, an algebraic variety.

Note that the correspondence between coherent ideal sheaves and analytic subvarieties is
not one to one: Two coherent ideal sheaves may determine the same analytic subvariety,
just as two idealsI 1, I 2 ' C[x1, ..., xn ] may determine the same algbebraic subvariety of
Cn - this happend precisely when

0
I 1 =

0
I 2. Thus we get a one-one correspondence if
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we restrict our attention to radical ideals. In general, there is a one-one correspondence
between coherent ideal sheave and analytic subschemes ofX .

2.3 Existence of K¬ahler-Einstein Metrics

How does this help us in the study of KE metrics?

NadelÕs main theorem on K¬ahler-Einstein metrics says (very roughly)

Non-Existence of KE metrics implies existence of very interesting subvarietes ofX .

The proof is as follows: If KE metrics donÕt exists, then the continuity method for solving
Monge-Ampere fails, so there is a family of smooth solutions! t , t < t 0, but no solution
! t0 . By compactness of currents in a Þxed cohomology class, a subsequence! n converges
in L1(X ) to a singular psh! . The failure of the continuity method implies the failure of
a priori estimates which implies that

$
X e! γtφn is unbounded. But! n ! ! so

!

X
e! γtφn !

!

X
e! γtφ

(far from obvious - this is DK contribution and this is where Ohsawa-Takegoshi is used).
Thus

$
X e! γtφ = ) which implies I (! ) .= O.

Now Nadel proves thatI (! ) is coherent, soI (! ) .= O implies the existence of some in-
teresting subvarieties. The Nadel vanishing theorem implies that the cohomology of these
varieties must vanish. If there is a compact group of automorphisms, the variety is alsoG
invariant. If the group is large enough, we get a contradiction.

2.4 Main Theorems of Coherent Analytic Sheaf Theory

Every polynomial onCn is a holomorphic function. Thus we have an inclusion of sets:

an : { Smooth Complex Algebraic Varieties} ,! { Smooth Complex Manifolds}

KodairaÕs theorem determines the image of this map.

Thus if X = X alg is a smooth algebraic variety overC, then we can viewX as an complex
manifold X an .

The di&erence betweenX alg and X an is in their topologies: The topology onX alg is the
Zariski topology while the topology onX an is the Euclidean topology. Why do we use
di&erent topologies? By deÞnition, algebraic geoemtry does not allow analysis, so we are
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not allowedto use the Euclidean topology (which requires the analytic notions such as
distance).

If f : X ! Y is an algebraic map, thenf an : X an ! Yan is a holomorphic map (soan is a
functor).

If Falg is a coherent algebraic sheaf onX alg then Fan is a coherent analytic sheaf onX an .
And there are natural maps

' i : H i (X alg , Falg ) ! H i (X an , Fan)

For example,H 0(Cn, Oalg) is the set of polynomials inn variables with complex coe! cients
and H 0(Cn, Oan) is the set of entire functions inn variables and' 0 is the inclusion map.
Thus, in general,' i is not an isomorphism.

Projective Case

If we restrict our attention to projective objects, the the theorems of Chow and Serre
(GAGA) tell us that there no di &erence between algebaraic geometry and complex analysis:

an : { Smooth Sub-varieties ofPN } = { Smooth Complex ManifoldsPN }

Moreover, the map of coherent sheavesFalg 1! Fan is bijective (in fact, an isomorphism of
categories) and the maps' i are all isomorphisms of Þnite dimensional vector spaces.

Although itÕs di! cult, in general, to computehi (F ) = dim(H i (X, F )), the alternating
sum - (F ) =

"
(1)i hi (F ) is a topological invariant of F and can be computed explicity

(Riemann-Roch formula). More generally,- (F $ O(n)) is a polynomial in n (called the
Hilbert polynomial) whose coe! cients can be computed explicitly. Forn large andi # 1
one can showhi (F (n)) = 0, so that dim(F $ O(n))( X ) is a polynomial inn for n su! ciently
large.

A ! ne Case.

SupposeX alg ' Cn is an algebraic variety andFalg is a coherent algebraic sheaf onX .
Then:

A) F is generated byF (X )
B) H i (X, F ) = 0 for i # 1.

Now it turns out that the same theorems are true in the analytic setting: SupposeX anCn

is a smooth analytic variety andFan is a coherent analytic sheaf onX . Then:

A) F is generated byF (X )
B) H i (X, F ) = 0 for i # 1.
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These are CartanÕs theorems A and B. In fact, CartanÕs theorems hold for more general
X : They hold if X is a Stein manifold: A! ne subvarieties ofCn are examples of Stein
manifolds. Open balls inCn are also examples of Stein manifolds. In general, a Stein
manifold is one which has lots of holomorphic functions.

For ideal sheaves, theorem A has a converse:

B) Let I ' O be an sheaf of ideals. ThenI is coherent if and only ifI (X ) generatesI .

The reason:
If S ' O(X ) is any subset then the ideal generated byS is coherent.

3 Coherence of the Multiplier Ideal Sheaf.

3.1 Coherent Sheaves

Coherent Ideal Sheaves.

Let X be a complex manifold andO the sheaf of holomorphic functions. LetI ' O be an
ideal sheaf. LetX = 2$ be a covering ofX by open Stein manifolds. ThenI is coherent
if and only if I ($ ) generatesI |! for all $ .

The reason:
If S ' O(X ) is any subset (possibly inÞnite) then the ideal generated byS is coherent
(this is the Òstrong noetherian propertyÓ of coherent sheaves).

Conversely, by CartanÕs Theorem A, if$ is Stein andI is coherent, thenI ($ ) generates
I .

3.2 Statement of Theorem.

Let X be a complex manifold and! a psh function onX . Let I (! ) be the mutliplier ideal
sheaf of! .

Theorem (Nadel) . The sheafI (! ) is a coherent sheaf of ideals. Moreover, if$ ' X is
a bounded Stein open set over whichI (! ) is trivial, then I (! )! is generated by any Hilbert
basis of the spaceH 2(X, ! ) of holomorphic functionsf on $ such that

!

!
|f |2e! 2φdVω

where! is given byh|! = e! φ.

Proof. It su! ces to prove the second statement. LetJ ' O be the sheaf generated by
H 2(X, ! ). Then J is coherent. We wish to show thatJ = I (! ).
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We claim that J is generated by any orthnormal basis ofH 2(X, ! ). We appeal to the
following theorem (see Horm¬anderÕs book):

Theorem: Let X be a complex manifold andx " X . Every ideal of Ox is closed in the
Taylor coe! cient topology (f n ! f if the Taylor coe! cients of f n approach those off ).
MoreoverOx is a notherian local ring and a ufd.

Let x " $ and let f " H 2(X, ! ) and let f x " Jx be its germ. LetJ ' ' J be the coherent
ideal generated by an othronormal basis ofH 2(X, ! ). We must show that J ' = J . Let
x " O and let f " H 2(X, ! ) and let f x " Jx be the germ off . We must show that f is in
J '

x . By deÞnition of hilbert space basis, there is a sequence of elements inf n " J ' (X ) such
that f n ! f in L2. But L2 convergence is stronger that uniform convergence on compact
subsets, which is stronger than Taylor coe! cient convergence. Thus (f n)x ! f x in the TC
topology. Now we use the fact that ideals ofOx are closed in the TC topology to conclude
that f n " J ' .

3.3 Algebraic Preliminaries.

Now we wish to prove thatJ = I = I (! ). We need the following algebraic results:

KrullÕs Theorem: IfO is a noetherian local ring andA is a Þnitely generatedO module
then 3nM nA = 0, where M ' O is the maximal ideal.

Artin-Rees Theorem: LetO be a noetherian ring andM ' O and ideal. Let I ' O be
another ideal. Then there exists and integerk such that for every integern

M nI ' M n 3 I ' M n! k I

Claim: Jx + M n
x 3 I x = I x for all n. Assume the claim is true. Then, applying Krull to

A = I x /J x we see that

0 = 3nM n
x (I x /J x ) = 3n(Jx + M n

x I x )/J x 4 3 n(Jx + M n+ k
x 3 I x )/J x = I x /J x

Thus I x = Jx .

3.4 Proof of the Krull Condition.

Now we prove the claim: Letf x " I (! )x be deÞned in a neighborhodV of x and the + be
a smooth cut-o& function with support in V such that + = 1 in a nighborhod of x. Then

!

!
|(+f )(z)|2e! 2φd. < )

Let g = ø$(+fdz ) = f ø$(+dz), wheredz = dz1 &dz2 á á á&dzn, and let F be the trivial bundle
on $ - C equipped with the strictly psh weight
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÷! (z) = ! (z) + ( n + s)log|z + x| + |z|2

Then g " L2($ , # n,1T"
X $ F ) since g = 0 in a neighborhood ofx and g is bounded by

a constant timesf . Horm¬anderÕs theorem tells us that we can solveø$u = g. Of course
u = ( +f )(z)dz is a solution, but we get a solutionu = ÷f (z)dz satifying

!

!
| ÷f (z)|2e! 2φ|z + x|! 2(n+ s)d. < )

Thus ÷f z " I (! )x 3 M s+1
x Moreover F = +f + ÷f is holomorphic andF " H 2($ , ! ). Thus

Fx " Jx . After taking germs we obtainf x = ÷f x + Fx, and the claim is proved.

4 NadelÕs Theorems on K¬ahler-Einstein Metrics

4.1 Sketch of Proof.

X is an algebraic variety with at worst orbifold singularities (locallyX is the quotient of
a ball $ ' Cn by a Þnite subgroup of%' U(n)).

Then we can talk meaningfully about holomorphic functions, di&enrential forms, metrics,
etc., onX , by considering the corresponding%invariant forms upstairs. Thus, for example,
if V = $ / % ' X is a typical open set, and if/ : $ ! $ / %, then ' (V,OX ) = ' ($ , Oω)" ,
' (V, K ( m

X ) = ' ($ , K ( m
X )" , etc.

Assume that X is Fano: That is, assume the canonical bundleK ! 1
X is postitive. Then we

say X is K¬ahler-Einstein if there is a K¬ahler form# = ( i/ 2/ )#jk dzj & dzøk satisfying

Ricci(#) = #

Now let G be a compact group (possibly Þnite) of holomorphic autormorphisms ofX .
NadelÕs theorem says that one of the following conditions must hold:

1. X has aG invariant K¬ahler-Einstein metric

2. X has a properG invariant subscheme with acyclic structure sheaf.

The second condition means that there is aG invariant subschemeV ' X such that
H q(V,OV ) = C if q = 0 and vanishes ifq > 0.

Sketch of Proof.

The positivity of the canonical classK ! 1
X tells us that X is K¬ahler and that there is a

K¬ahler metric in the canonical class: By deÞnition of positivity, there existsh0, a smooth
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metric on K ! 1
X , whose curvature (1, 1) form, +0 = +(h0), is positive deÞnite. By averaging

over the compact groupG, we may assume thath0 and hence+0 are G+ invariant.

Since+0 " c1(X ), the Calabi-Yau Theorem implies the existence of a K¬ahler metric#0

satisfying

Ricci(#0) = +0

By uniqueness of the Calabi-Yau solution,#0 is invariant.

The $ø$ lemma implies

#0 = Ricci(#0) +
i

2/
$ø$f for someG invariant f " C# (X ) .

As we have seen, the existence of a K¬ahler-Einstein metric onX is equivalent to Þnding a
real valued smooth function! t and a real numberCt satisfying the equation

log
(#0 + i

2π$ø$! t )n

#n
0

+ t(! t + f ) + Ct = 0 ,
!

X
! t#n

0 = 0 5(t)

for t = 1.

Consider S = { t " [0, 1] : (! t , Ct ) exists } . Then S is non-empty (it contains 0), open
(already proved). Let t0 = sup{ t " [0, 1] : [0, t0) ' S} . According to YauÕs theorem,5(to)
has a solution if there is a constantB > 0 such that sup|t! t + Ct | = sup | ÷! t | < B for any
solution (! t , Ct ) of 5(t) for t < t 0.

Thus, the existence of K¬ahler-Einstein metrics follows from the existence of a uniform a
priori bound for ( ÷! t ( Co for t " (t0 + %, to)..

Suppose that there is noG invariant K¬ahler-Einstein metric onX . Then there is a sequence
tν ! to such that ( ÷! t " ( Co ! ) .

1.
$

X exp(+ ( t! t " )#n
0 ! ) . for all ( " (n/ (n + 1) , 1),

Reason: Siu (88 Annals), Tian (87 Inv. Math) ).

2. Passing to a subsequence, we obtain a psh function! such that ! t " ! ! in L1(X )

Reason: The space of closed positive currents in a given cohomology class is compact for
the weak topology.

3. !

X
e! γt " φ" !

!

X
e! γt 0φ

Reason: Continuity theorem of Demailly-Koll«ar.
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4. X has a properG-invariant acylclic subscheme.

Reason: First I ((! ) .= Ox by deÞnition of the mulitplier ideal sheaf. Then, by NadelÕs
coherence theorem,I is coherent and thus determines a proper subscheme. ItÕsG invariant
since! is G-invariant - this is a consequence of CalabiÕs uniquness theorem which says that
*(t) has at most one solution fort < 1. Finally, itÕs acyclic by NadelÕs vanishing theorem.

We have already proved most of step 4. We will now focus on step 3 (which is the most
di! cult and most recent), and then return to steps 1 and 2 later.

4.2 Main Theorem of Demailly-Koll«ar

Complex Singularity Exponents.

Let X be a complex manifold and! a psh function onX . Let K ' X be a Þxed compact
set. Then

cK (! ) = sup{ c # 0 : exp(+ 2c! ) is L1 on a neighborhood ofK }

One easily sees thatcK (! ) = " x&K cx(! ).

If T is a closed positive (1, 1) current, then we deÞnecK (T) = cK (! ) whenever! is a local
potential of T, i.e., locally T = $ø$! .

Example: If D is an e&ective divisor, and ifT = [ D] is the current of integration, then the
Poincare-Lelong equation tells us thatcK ([D]) = cK (log|g|).

Example: Let f (z) is holomorhic in a neighborhood of the origin inCn and let K = { 0} .
Then if m = 1 cK (log|f |) = 1 /d whered is the order of vanishing off at 0.

If n > 1 and f = 0 is smooth at x, then cx(log|f |) = 1. In general, cx (log|f |) measures
how singular the variety f = 0 is at the point x.

If 0x is the multiplicity of f at x, then

1
0x

% cx %
n
0x

and for 0x # n, the right hand inequality is generically and equality.

The same holds for arbitary psh, where0x is the Lelong number of! at x.

The theorem of Demailly-Koll«ar says (roughly) thatcx(! ) is lower semi-continuous inx,
and lower semi-continuous in! . Most importantly, for a Þxed c, the function exp(+ 2c! )
is a continuous fucntion of! with respect to the L1 norm. More precisely:

Let X be a complex manifold. Fix a smooth hermitian metric onX .

16



Z 1,1
+ (X ) is the space of closed positive currents of type (1, 1) with the weak topology.

P(X ) ist he space of locallyL1 psh functions with the localL1 convergence topology: Thus
a typical open neighborhood of 0 is the set of all" " P(X ) such that

$
U |" |dV < %where

%is a small positive number andU is an open neighborhood of a large compact set.

Main Theorem (Demailly-Koll«ar).

Fix ! " P(X ) and Þx c < cK (! ) Then there exists an open neighborhoodsV 4 U of K
such that øU ' V, with the following property: For every %> 0 there exists1 > 0 such
that

( " + ! ( L 1(V ) < 1 implies cK (" ) > cK (" ) + %

( " + ! ( L 1(V ) < 1 implies ( e! 2cψ + e! 2cφ( L 1(U) < %

for all " " P(X ).

Remarks.
1. The Þrst statement just says that! ! cK (! ) is lower semi-continuous onP(X ). This
can be rephased asT ! cK (T) is lower semi-continuous onZ 1,1

+ (X ) .

2. The second statemement implies the Þrst.

4.3 Semi-Continuity of cx(! ) in the x variable

SiuÕs theorem on analyticity of Lelong numbers says that for a Þx psh function! , the
function x 1! (0x(! )) ! 1 is lower semi-continuous with respect to the holomorphic Zariski
topology.

Demailly-Koll«ar observe that the same is true forx 1! cx(! ) :

Theorem. Fix c0 > 0. Then

Z = { x " X : cx(f ) % c0}

is an analytic subset ofX .

Proof. The result is local, so we may prove it onB, an open coordinate ball. Suppose
x " Z . This means that for everyc > c0, the function exp(+ 2c! ) is not integrable nearx.
Thus f (x) = 0 for all f " I (c! )(B ). In other words:

Z '
%

f &) c>c 0 I (cφ)( B )

f ! 1(0) (5)

Now supposex /" Z . That means that for somec > c0 the function exp(+ 2c! ) is integrable
near x. Thus I (c! )x = O)x. In other words, there is a germf x " I (c! )x such that
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f x (x) .= 0. Since I (c! ) is generated by global sections overB (CartanÕs theorem A), there
must be an elementf " I (c! )(B ) such that f (x) .= 0. Then for every c < co we have
I (c! )x = Ox. Now I (c! ) is a coherent sheaf onB so itÕs generated by global sections
(CartanÕs theorem A). This proves that (*) is an equality.

4.4 Semi-Continuity of cx(! ) in the ! variable: Holomorphic case

Now we turn our attention to the Main Theorem. The starting point is the following
boundedness lemma:

Boundedness Lemma. Let $ ' Cn and S ' Cp be bounded pseudoconvex open sets.
Let ! (x, s) " P($ - S) be such thateφ is locally H¬older, and letK ' $ be a compact set.
Then:

1. s 1! cK (! (á, so)) is lower semi-continuous for the euclidean topology onS.

2. If so " S and c < cK (! (á, so)) , there esists a neighborhoodU of K and a uniform bound
!

U
e! 2cφ(x,s)dV % M

for s in a neighborhood ofso. HereM depends on! , so, K , but not on s.

Notation: To say that eφ is locally Ho¬lder is to say that for every compactK ' X , there
are constantsCK # 0, ' K > 0 such that |eφ(x) + eφ(y) | % CK d(x, y)αK for all x, y " K ,
whered is some Riemannian metric onX .

Proof. Since the second statement implies the Þrst, we concentrate on the second.

The proof is based on the following:

Theorem (Ohsawa-Takegoshi). Let $ ' Cn be a bounded pseudoconvex domain, and
let L be an a! nce linear subspace ofCn of codimensionp # 1, given by an orthonormal
system s of a! ne linear equations:s1 = á á á= sp = 0. For every 2 < p there exists a
constant Cβ,n, ! depending only on2, n and the diameter of$ , satisfying the following
propery: For every! " P($ ) and every f " O($ 3 L) with

$
! * L |f |2|s|! 2βdvL < ) , there

exists an extensionF " O($ ) of f such that
!

!
|F |2|s|! 2βe! φdVC n % Cβ,ν,!

!

! * L
|f |2e! φdVL

Proof of Boundedness Lemma.

Here is the main idea: We know that
$

exp(+ 2c! (x, so)dV(x) < C and we want to prove
the same withso replaced by arbitrary nearbys and C replaced byC' (independent ofs).

We connects to so by a straight line sot + s(1 + t). Then the integral
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!
1 áexp(+ 2c! (x, sot + s(1 + t))dV(x)

is Þnite whent = 1 and we want to show that it remains Þnite whent = 0. The Ohsawa-
Takegoshi theorem says that although we donÕt have this kind of bound for anindividual
t (such ast = 0), that we do have control for the averaget. In other words,

!

|t |%2

!
exp(+ 2c! (x, sot + s(1 + t))dV(x)dV(t) < )

(not quite - we need to introduce the factorF which extends the constant factor 1, but
for the purposes of this motivation, letÕs assume thatF = 1 everywhere).

Now to say that exp(2c! (x, á)) is Holder continuous means that the di&erence between the
values at two points is bounded by the distance between them raised to the power' . Thus

! ! 1
e2cφ(x,s) + |t|α

dV(t)dV(x) < )

The double integral remains Þnite if we shrink the domain of integration to the region
|t|α < exp(2c! (x, s)). We conclude:

! 1
e2cφ(x,s)

vol(Ball of radius (e2cφ(x,s)/ α) )dV(x) < )

Since the volume of a ball of radiusr has the size ofr 2, we see that we get a bound on the
integral we want, but with a loss of 2/ ' in the exponent. Since we have no controll over' ,
this is a big loss. But we can circumvent this problem by applying the Ohsawa-Takegoshi
theorem to the function wheret is replaced bytk (here k is a large integer). This has the
e&ect of replacing the radius of the ball by itskth root, and thus we get what we want,
with a loss of 1

kα . Sincek can be arbitrarily large, we prove our theorem.

Here is the rigorous proof: Let! (x, s) : $ - S ! R be as in the statement of the Lemma.
Sinceeφ is locally Holder, we may assume, after shrinking$ and S, that eφ is bounded
and Holder on all of$ - S for some Holder exponent' (note that this implies that ecφ is
Holder with exponent minc,1).

Sincec < cK (á, so) we know that exp(+ 2c! (x, so) is integrable over an open neighborhood
of K . After shrinking $ again, we may assume that this neighborhood is all of$ .

Thus we may assume thateφ is Holder on$ - S, that ! is bounded above on$ - S, and
that

!

!
e! 2cφ(x,so) dV(x) < )

Let k be a positive integer and deÞne
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" k,s = 2c! (x, s + ( kt)k(so + s)) on $ - D

where D ' C is the unit disk. Then " is well deÞned and psh ifs is su! ciently close
(depending onk) to so. Since " (x, 1/k ) = ! (x, so) we can apply O-T to the domains
$ - { 1

k } ' $ - D , the psh function " k,s and and the constant functionf = 1 on $ - { 1
k } .

We get a functionFk,s(x, t ) holomorphic on$ - D such that Fk,s(x, 1/k ) = 1 and

!

! + D
|Fk,s(x, t )|2e! ψk,s (x,t )dV(x)dV(t) % C1

Since the functioneφ is bounded above, the functionse! ψk,s (x,t ) are bounded below by a
uniform constant so the functionsFk,s are uniformly bounded inL2 and thus uniformly
bounded on compact subsets (the bound depending only on the compact subset). Thus
the Fk,s form a normal family and thus an equicontinuous family. In particular, there is an
open neighborhoodU of K such that |Fk,s(x, t 1)+ Fk,s(x, t 2)| < 1

2 for all (x, t ) " U- D(1/ 2)
such that |t1 + t2| < %(where D(1/ 2) is the disk of radius 1/ 2). SinceFk,s(x, 1/k ) = 1,
this implies |Fk,s| # 1/ 2 on U - D(%) for k su! ciently large.

Changing variables:3 = ( kt)k , dV(t) = k! 2|3|(! 2+2 /k )dV(3) we obtain

!

U+ D (( kε)k )

e! 2cφ(x,s+ τ (so ! s))

|3|2(1! 1/k )
dV(x) dV(3) % 4k2C1

Holder continuity of eφ implies the existence of a constantC2 such that

e2cφ(x,s+ τ (so ! s)) % (e2cφ(x,s) + |3|2c!α)

wherec' = min( c,1), and C2 is independent ofx and s.

Thus for k > 1/ %we obtain

!

U

!

D (1)

1
(e2cφ(x,s) + |3|2cα)|3|2(1! 1/k )

dV(3) dV(x) % C3(k)

To ease notation, we assume thatc < 1 so that c = c' (the casec > 1 is analogous).
Replacing the domain of integration of the inner integral with{ 3 : |3| < min(eφ(x,s)/ α, 1)}
and using the formula

$
D (r )|3|(! 2+2 /k )dV(3) < C 4r 2/k we obtain

!

U
e! 2(c! 1/k α)φ(x,s) dV(x) % C5(k)

Now we start over, with c replaced by ÷c with the property c < ÷c < cK (! (á, so)). Then
choosek so large thatc < ÷c + 1/k ' , and we obtain our bound withM = C5(k).
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5 Several Complex Variables.

This section summarizes some of the main theorems in Horm¬anderÕs book.

5.1 Coherent Sheaves on Complex Manifolds

The ring of germs.

Let X be a complex manifold andx " X . Let O be the sheaf of holomorphic functions
and Ox the ring of germs of holomorphic functions atx.

The ring Ox satisÞes the following algebraic properties:

1. Ox is a UFD (unique factorization domain). This means that modulo units (invertible
germs) each germ can be uniquely factored into irreducible germs.
2. Ox is a noetherian ring (every increasing chain of ideal stabilizes). In particular, every
ideal of Ox is Þnitely generated.

The ring or germs also satisÞes an important analytic property: We put a topology on
Ox as follows: f n ! f if the Taylor coe! ecients off n approach the corresponding Taylor
coe! cients of f . Thus a typical open neighborhood of the origin is the set of all germs
whose ÞrstN Taylor coe! ecients are less than%. Then Ox is not complete (the completion
is the ring of formal power series) but is does have the following closure property:

3. Every submodule ofOx (or more generally, ofOk
x ) is closed inOx (resp. Ok

x ). Note
that submodules ofOk

x are necessarily Þnitely generated due to the Noetherian property.

The structure matrix .
If R is a noetherian ring andA is a Þnitely generatedR module, thenA has a Þnite set
of generators and those generators have a Þnite set of generating relatons. In otherwords,
there are integersk and l and an exact sequence of the form:

Rl ! Rk ! A ! 0

Thus the structure of A is completely determined by a certainl - k matrix M , which we
shall call the Òstructure matrixÓ.

Now supposeF is a sheaf ofOX modules whose stalks are all Þnitely generated. This
means that for eachx we have an exact sequence of the form

Ol
x ! Ok

x ! Fx ! 0

Thus, at eachx we have anl - k matrix Mx of germs inOx which determines the sturcture
of Fx . Of coursek and l depend onx and the structure matrix Mx may vary wildly as x
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varies.

Variation of the structure matrix.

Example 1. Let $ ' X be an open set and letF be the sheaf deÞned byF (U) = O(U)
if U ' $ and F (U) = 0 otherwise. The the matrix Mx is a 1- 1 matrix which is 0 on U
and 1 on the complement ofU. Thus Mx does not vary continuously withx.

Example 2.: LetD ' X be an e&ective divisor and letO(D) ' O be the ideal sheaf of all
functions vanishing onD. The for everyx there is a functionf , deÞnded in a neighborhood
of x, such that O(D)(U) = O(U) áf . This means that we have a mapOx ! O(D)x ! 0
deÞned byhx 1! hx f x . The kernel of this map is 0, and thusMx is zero. Moreover,My is
zero for all y close tox, since we can use the samef to deÞne a mapsOy ! O(D)y ! 0.
In this example, the matrix Mx is locally constant (in fact, constant).

Example 3: Letf, g be holomorphic functions onX . Let I be the sheaf of ideals generated
by f and g, that is, I consist of all holomorphic functions which are in the idealOyf + Oyg
for all y. Now Þxx " X and supposef x and gx are relatively prime in the ring Ox. Then
we have an exact sequence:

Ox ! O2
x ! I x ! 0

where the Þrst arrow is given by 1! (+ g, f ) and the second arrow is given by (1, 0) ! f
and (0, 1) ! g. The matrix Mx = ( + g, f ). Now if y is su! cienly close tox, the pair
(f y, gy) is still relatively prime in Oy (this uses the Weierstrass preparation theorem) so
the matrix My = Mx in a neighborhood ofx and again,Mx is locally constant.

In examples 2 and 3, the structure matrixMx still works in a neighborhood ofx. Sheaves
such as these, ie those for which the Òstructure does not jumpÓ from stalk to stalk, are
called coherent sheaves, and they have many nice properties.

Examples 2 and 3 are illustrations of OkaÕs principle which says that ifI is a locally Þnitely
generated ideal sheaf, then its structure matrix is locally constant.

5.2 Coherent Sheaves

.
Let F be a sheaf ofO modules. We sayF is Þnitely generated if there is a positive integer
k and an exact sequence

Ok ! F ! 0

We say F is locally Þnitely generated if for everyx " X there is an open setU, with
x " U, such that FU is Þnitely generated. This is stronger than saying thatFx is a Þnitely
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generatedOx module for everyx (see Example 1 from the previous section). The condition
says that Fx is a Þnitely generatedOx module for everyx AND every set ofFx generators
extends to a set of generators ofFy for all y su! ciently close tox.

We sayF is coherent if itÕs locally Þnitely presented, that is, ifX can be covered by open
setsUi such that for eachUi = U in the covering, there exist integersk and l and an exact
sequence

Ol
U ! Ok

U ! FU ! 0

The fact that this condition guarantees the cohesion of the set of relations as we continu-
ously vary the stalks is a result of OkaÕs theorem:

Theorem. (Oka) Let ! : Ol ! Ok be a map of free sheaves. Thenker(! ) is locally
Þnitely generated. In particular, an ideal sheaf is coherent if and only if itÕs locally Þnitely
generated.

Elementary Properties of Coherent Sheaves

The most basic and useful fact is the following ÒThree LemmaÓ:

Let
0 ! F ! G ! H ! 0

be an exact sequence ofO module sheaves. Then all the sheavesF , G, H are coherent if
two of them are coherent.

The proof of the 3-lemma is tedious but elementary. It has a number of useful consequences:
Finite direct sums of coherent sheaves are coherent, if! : F ! G is a map of coherent
sheaves, thenker(! ), im(! )coker(! ) are coherent. Also, ifF , G, H are coherent and if

F ! G ! H

is exact as some pointx " X (ie if the sequence of stalks is exact atx) then the sequence
is exact in an open neighborhoodU of x.

Also, the natural algebraic operations like tensor product, Hom, and duals preserve coher-
ent sheaves: AssumeF , G are coherent. TheHom(F , F ) is coherent,F $ G is coherent,
and F " = Hom(F , O) is coherent.

5.3 Theorems of Serre and Cartan

.
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In general, these notions make sense over any complex analytic space (locally ringed
spaces which can be obtained by gluing together polydisksU = Ui with structure sheaves
OU/ (f 1, ..., f q) where the f i are holomorphic functions onU). There is a natural functor
X 1! X h which maps a scheme of Þnite type overC to its associated complex analytic
space.

The functor from schemes to complex analytic spaces is very nice:X is separated overC
if and only if X h is Hausdor&. X is reduced if and only ifX h is reduced. X is smooth
over C if and only if X h is a complex manifold. A morphismX ! Y is proper if and only
if X h ! Yh is proper. Thus X ! spec(C) is proper if and only if X h is compact. F is
coherent if and only ifFh is coherent. And ifF is a coherent sheaf onX there are natural
maps

' i : H i (X, F ) ! H i (X h, Fh)

Theorem (Serre) . If X is a smooth projective variety, then the functor is an equivalence
of categories and the maps' i are all isomorphisms.

Theorems of Cartan .

There are a number of theorems for coherent sheaves on algebraic varieties which have
analogue on complex varieties. Here is a list of algebraic theorems (due to Serre):

1. Let X be an a! ne variety and F a coherent sheaf onX .

a) F is generated by its global sections.
b) H i (X, F ) = 0 for all i # 0.

2. Let X be a projective variety andF a coherent sheaf onX .

a) F (n) is generated by its global sections forn su! cently large.
b) H i (X, F (n)) = 0 for all i # 0 and all n su! ciently large.
c) H i (X, F ) is a Þnite dimensional vector space for alli # 0.

Now for complex varieties, it turns out that the same theorems are true: For projective
varieties, this follows form SerreÕs GAGA theorems. For a! ne varieties, these are CartanÕs
theorems a) and b). In fact, CartanÕs theorems hold for more generalX : They hold if X
is a Stein manifold: A! ne varieties ofCn are examples of Stein manifolds. Open balls in
Cn are also examples of Stein manifolds. In general, a Stein manifold is one which has
lots of holomorphic functions.

The deÞniton of a Stein manifold is: A complex manifoldX is Stein if

1. X is holomorph-convex, i.e., for every compact subsetK ' X , the set

öK = { x " X : |f (z)| % supK |f | for every f " O(X )}
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is compact.
2. If z1, z2 " X such that z1 .= z2, then f (z1) .= f (z2) for somef " O(X ).
3. For everyz " X there existsf 1, ..., f n " O(X ) which form a coordinate system atz.

The Þrst condition looks weird, but itÕs precisely the condition that a domainX ' Cn must
satisfy in order for it to be a Òdomain of holomorphyÓ (i.e. for there to be a holomorphic
function on X which canÕt be extended beyond the boundary ofX ).

An important consequence of CartanÕs theorems is the strong noetherian property for
coherent ideals: IfI 1 ' I 2 ' á á á' O is an increasing chain of coherent ideals on a
complex manifoldX , and if K ' X is a compact subset, then the chain of ideals must
stabilize on some open neighborhoodU of K : That is, there exists m > 0 such that
I k |U = I k+1 |U for k # m.

5.4 The Cousin Problems.

The Mittag-Le( er and Weierstrass theorems say that ifB ' C is an open ball, then
H 1(B, O) and H 1(B, O+ ) both vanish. The Þrst theorem says we can Þnd a meromorphic
function on B with prescribed singular expansions (negative terms of the Laurent series)
at a discrete set of points. The second says that we can Þnd a meromorphic function on
B with a prescribed divisor - in other words, every divisor is principal.

Now CartanÕs Theorem B imples thatH 1(X, O) vanishes on any Stein manifold. This
means we can solve the Mittag-Le( er problem (also known as the second Cousin problem)
on any Stein manifold: LetX = 2Ui be an open covering and! i a meromorphic function
on Ui such that ! i + ! j is holomorphic onUi 3 Uj . Then there is a global meromorphic
function %such that %+ ! i is holomorhic on eachUi . To prove this, we just let ! ij = ! i + ! j

on Ui 3 Uj . This is a one cocycle ofO, and thus, by CartanÕs theorem, itÕs a one coboundary.

Regrading the generalization of the Weierstrass theorem (the Þrst Cousin problem): ItÕs
not always true that every divisor on a Stein manifold is principal. In other words, the
Þrst Cousin problem canÕt be solved for every divisor. But we can prove the following:

Theorem. The second Cousin problem can be solved for an arbitrary divisor if and only
if H 2(X, Z) = 0.

Proof. We start witht the exact sequence of sheaves:

0 ! O+ ! M + ! D ! 0

whereM is the sheaf of meromorphic functions andD is the sheaf of divisors. This yields

0 ! H 0(X, O+ ) ! H 0(X, M + ) ! H 0(X, D) ! H 1(X, O+ ) ! H 1(X, M + )
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The last group is zero by a deep theorem of Horm¬ander (itÕs trivial in the algebraic setting).
Thus the Cousin problem can be solved for a givenD " H 0(X, D) if and only if its image
in H 1(X, O+ ) is zero. Now the sequence

0 ! Z ! O ! O- ! 0

leads to the exact sequence

H 1(X, O) ! H 1(X, O+ ) ! H 2(X, Z) ! H 2(X, O)

But the outer two groups are zero on a Stein manifold, soH 1(X, O+ ) , H 2(X, Z). This
proves the theorem. It also shows that on a Stein manifold, a holomorphic line bundle is
completely determined by its chern class.

5.5 Global sections of a coherent sheaf

One di&erence between the algebraic and the holomorphic theorem a) is that in the alge-
braic case,F (X ), the global sections ofF , form a Þnitely generatedO(X ) module. This
is not the case for coherent sheaves on a Stein manifold. We give an example of this
phenomenon:

Let B ' C2 be the open unit ball centered at the origin and letS ' B be an inÞnite
subset which intersects each compact subset ofB only Þnitely many times. Let I ' O
be the subsheaf of holomorphic functions which vanish onS. Then I is coherent since if
a " B and a /" S, we can choose a small open seta " U ' B such that U 3 S = / and the
I (U) = O(U). If a " S then we can chooseU such that U 3 S = { a} and then I (U) is
generated by two sections:z1 + a1 and z2 + a2. Thus I is coherent. But it is not generated
by a Þnite number of sections (I donÕt have a proof of this ...).

On the other hand, coherent sheaves are Þnitely generated if we work on closed balls: Let
F be a coherent sheaf on a stein manifoldX and let U ' X be an open ball (i.e. U is
biholomorphic to an open ball) whose closureK is a compact ball inX . More generally,
let U be a generalized ball: An open set whose closure,K , is compact and holomorphically
convex. Let F (K ) be sections ofF which are deÞned on some open neighborhood ofK
(where the open neighborhod depends on the section). ThenF (K ) is a Þnitely generated
O(K ) module which generatesF |K . This means that there exist a Þnite collectionf 1, ..., f q

of sections deÞned on some open neighborhood ofK with the properties: The f i generate
F on some neighborhood ofK . Moreover, if f " F (K ) then there exist functions ci ,
analytic on some neighborhood ofK such that f = c1f 1 + á á á+ cqf q on some neighborhood
of K .

We can use generalized balls to put a topology on the space of global sections: LetU be a
generalized ball,K = øU and let f 1, ..., f q " F (K ) be a set of generating sections as above.
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Every sectionf " F (U) can be written

f =
q#

i =1

ci f i (5)

where the functionsci are analytic on some neighborhood ofK . Let

( f ( K = inf
c

sup
z&K

q#

i =1

|ci (z)|

where the inf is take over allc such that (*) is valid. This gives a semi-norm whose
topology doesnÕt depend on the choice of generators. ItÕs not hard to show that( f ( K = 0
implies that f z = 0 for all z in the interior of K . If F is a vector bundle, then this norm
is just supz&K |f |h(z) where h is any hermitian metric on F .

Let X be Stein andK p an increasing family of compact holomorph-convex subsets ofX
which exhaustX . Let F be a coherent sheaf onX .

Theorem. F (X ) is a Frechet space with respect to the family of norms( ( K p .

This means that if gp is a section ofF (K p) such that the sequenceg1, g2, ... is Cauchy for
every Þxedp, then the sequence converges to some elementg " F (X ): ( g + gj ( ! 0 as
j ! ) for every p.
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1 YauÕs second order estimate

1.1 Estimate for ! ø! tr gh

Theorem 1 Let M be a complex manifold andg, h two K¬ahler metrics onM (not neces-
sarily in the same K¬ahler class). Let

$ = tr gh = giøj hiøj

Then for every" ! C" (M ) we have

e! ! ø! e! ! $ " $! ø! ( log $ # " ) "
{
hiøj R

iøj
køl # giøj Siøjk øl # $! i ! øj "

}
ádzk $ døzl (1.1)

whereR and S are the curvature tensors forg and h.

Remark: The Þrst inequality holds for any positive smooth function$. Both inequalities
follow immediately from the case" = 0.

Corollary 1 Let " : M % R be any smooth function. Then

e! ! he! ! $ " $ ! h( log $ # " ) " hiøj R
iøj

kølh
køl # giøj Siøj # $ ! h" (1.2)

Proof. Take the trace with respect toh.

1.2 Estimate for ! h(e# C! (n + ! g" ))

Now supposeh and g are in the same K¬ahler class and choose" such that

hiøj = giøj + ! i ! øj "

DeÞne

F = log

(
deth
detg

)

Theorem 2 Let B(x) = inf R(X, øX, Y, øY) where X, Y ! T1,0
x M vary over all pairs of

orthonormal vectors. SupposeC ! R is such thatC + B(x) > 1 for all x ! M . Then

eC! ! h(e! C! (n + ! " )) " ! F + ( C + B)e! F
n ! 1 (n + ! " )1+ 1

n ! 1 # n2B # Cn(n + ! " ) (1.3)

where ! = ! g. In particular, if M is compact, there existsC# > 0 depending onF, ! F
and g such that

0 < n + ! " & C1eC(! ! inf M ! ) (1.4)
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Proof. We compute in a set of normal coordinates forg for which h is diagonal. Thus
giøj = %ij , hiøi = 1 + " iøi , $ =

∑
(1 + " iøi ) = n + ! g" and ! h" =

∑
i

! i øi
1+ ! i øi

and

hiøj R
iøj

kølh
køl # C$! h" =

n∑

i,j =1

Riøij øj
1 + " iøi

1 + " j øj
# C

( n∑

i =1

(1 + " iøi )

) 

n #
n∑

j =1

1
1 + " j øj





Moreover, sinceSkøl = Rkøl # ! k ! ølF we have

# gkølSkøl = ! gF #
∑

i,j

Riøij øj

We estimate
n∑

i,j =1

Riøij øj
1 + " iøi

1 + " j øj
=

∑

i,j

Riøij øj +
1
2

n∑

i $= j

Riøij øj

{
1 + " iøi

1 + " j øj
+

1 + " j øj

1 + " iøi
# 2

}

"
∑

i,j

Riøij øj +
1
2

B
n∑

i,j

{
1 + " iøi

1 + " j øj
+

1 + " j øj

1 + " iøi
# 2

}

=
∑

i,j

Riøij øj + B
n∑

i,j

{
1 + " iøi

1 + " j øj

}

# n2B

Thus

hiøj R
iøj

kølh
køl # giøj Siøj # C$! h" " ! gF + ( C+ B)(n+ ! " )

n∑

j =1

1
1 + " j øj

# n2B # Cn(n+ ! " )

On the other hand, we have

n∑

j =1

1
1 + " j øj

"

(∑
i (1 + " iøi )∏
i (1 + " iøi )

) 1
n ! 1

= ( n + ! " )
1

n ! 1 e! F
n ! 1

Subsituting this in the last inequalitiy and applying (1.2) proves (1.3).

To prove (1.4), let x0 ! M be a point wheree! C! (n + ! " ) achieves its maximum. Then
(1.3) implies that (n + ! " )(x0) & C1. On the other hand, if x ! M then

e! ! (x) (n + ! " )(x) & e! ! (x0) (n + ! " )(x0) & C1e! inf M !

This proves (1.4)

2 H.D. CaoÕs 1985 paper.

In this paper, Cao gives a proof of the Calabi conjecture using the K¬ahler-Ricci ßow.
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2.1 The scalar equation.

Let (M, g) be a compact K¬ahler manifold and
%

! 1
2" Tiøj ! c1(M ). We wish to show that

there exists a K¬ahler metricg& = g +
%

! 1
2" ! ø! u& on M such that R&

iøj = Tiøj . To do this, we
consider the modiÞed K¬ahler-Ricci ßow:

!
! t

÷giøj = # ÷Riøj + Tiøj (2.1)

where ÷giøj = giøj + ! i ! øj u and u = u(x, t ) is an unknown function uniquely determined up
to the addition of a function " (t). We wish to show that (2.1) exists for all time and that
limt'" u(x, t ) exists and equalsu&(x).

To do this, we Þrst choosef ! C" (M ) such that Tiøj # Riøj = ! i ! øj f . Then (2.1) becomes

! i ! øj úu = # ÷Riøj + Riøj + ! i ! øj f

Thus, setting & =
%

! 1
2" giøj dzi $ dzøj , we see that (2.1) is equivalent to

! u
! t

= log
(&n

u

&n

)
+ f (2.2)

whereu is now uniquely determined up to the addition of a constantc which is independent
of x and t. Note that 1 = 1

V

∫
eúu! f &n .

More generally, for c ! { # 1, 0, 1} and f ! C" (M ) with
∫

M e! f &n =
∫

M &n, we shall
consider the equation

! u
! t

= log
(&n

u

&n

)
+ f + cu (2.3)

2.2 A priori bounds.

Lemma 1 Assumec = 0 or c = # 1. We have the following apriori bounds foru and úu:

1. osc(u) is bounded along the ßow.

2. If v = u # 1
V

∫
u &n, then |v| is bounded .

3. | úu| and | úv| are bounded along the ßow.

Proof. Di" erentiating (2.3) with respect to t we see that #
#t úu = ÷! úu + cúu. If c = # 1, then

we see úu decays exponentially and thus|u| is also bounded. Ifc = 0 then the maximum
principle implies | úu| is bounded along the ßow. But this implies that

(
$ n

u
$ n

)
is bounded and

hence, by YauÕsC0 estimate, so is osc(u). Since úv = úu # 1
V

∫
úu&n we see| úv| is bounded.

Lemma 2 Assumec = 1. Assume|v| is bounded along the ßow. Then| úu| and | úv| are
bounded along the ßow.
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Proof. We have
! t úv = ÷! úv + úv

If A >> 1 then

! t ( úv # Av) = ÷! ( úv # Av) # (A # 1) úv + A ÷! v

so at a point where úu # Au has a maximum, we have

úv &
A

A # 1
÷! v =

A
A # 1

n∑

j =1

vj øj

1 + vj øj
&

A
A # 1

Thus

sup
M ( [0,t ]

| úv| &
A

A # 1
+ A sup

M ( [0,t ]
|v|

Remark: The upper bounds forv and
∫

|v|&n are each elementary and do not require YauÕs
Moser iteration argument. To see this, recall that ÷& = & + ! ø! u so n + ! u > 0. Thus
v =

∫
(# ! v)G =

∫
(# ! v)(G + A) &

∫
n(G + A) & C. Moreover,

∫
|v| &

∫
| supv # v| +∫

| supv| = 2
∫

supv & 2V C. Thus, the real di# culty is the lower bound onv.

Lemma 3 If c = # 1, 0 then |! u| is bounded along the ßow. Ifc = 1 then |! u| is bounded
provided |u| is bounded.

Proof. We make use of YauÕs second order estimate which now recall:

Theorem 3 (YauÕs second order estimate.)Suppose(M, g) is a K¬ahler manifold (not
necessarily compact) and suppose

F = log
( &n

v

&n

)
where

∫

M
v &n = 0 . (2.4)

For p ! M let B(p) = inf X,Y R(X, øX, Y, øY)(p) whereX, Y ! TpM ranges over all pairs of
orthonormal vectors and chooseC > 0 such thatB(p) > # C # 1 for all p ! M . Then

÷! (e! Cv(n + ! v)) " e! Cv
(
! F # n2B

)
# Ce! Cvn(n + ! v)

+ e! Cv (C + B) e! F/ (n! 1)(n + ! v)1+ 1
n ! 1 (2.5)

We apply this estimate as follows: Supposevt is a family of K¬ahler potentials and let
Ft = log ( $ n

v
$ n ). Note that

!
! t

(e! Cv(n + ! v)) = e! Cv(! úv) # e! Cv úv(n + ! v)
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Applying (2.5) to F = úu # f # cu, and using the fact that ! úu = ! úv (since úu # úv =
∫

úu&n

is constant) we see that! F = ! úv # ! f # c! u so

{ ÷! #
!
! t

} (e! Cv(n+ ! v)) " # e! Cv
(
n2B # ! f # c! u

)
# C1(n+ ! v) + C2(n+ ! v)1+ 1

n ! 1

" # C3 # C4(n + ! v) + C5(n + ! v)1+ 1
n ! 1

where we use that fact thatv is bounded inC0. We conclude that 0< n + ! v & C6.

Lemma 4 We have|' v| is bounded along the ßow. In fact,|' v|C1,! (g0) is bounded.

Proof. Since
∫

v&n = 0 we havev =
∫
(# ! v)(y)G(x, y) dy so' v =

∫
(# ! v)(y)' xG(x, y) dy.

Since
∫

|' xG(x, y)| dy < ( , the lemma follows. In fact, we have the following bound:∫
|x1 # x2|! %' x [G(x1, y) # G(x2, y)] dy & C whereC is independent ofx1, x2.

Lemma 5 Assume thatc = # 1, 0 or c = 1 and |v| is bounded. The metricsgiøj are all
equivalent.

Proof. Working in normal coordinates forg for which ÷g is diagonal, we see from the fact
that | úu| is bounded that

∏
(1 + uj øj ) is bounded. On the other hand, we haven + ! u is

bounded so
∑

(1 + uj øj ) is bounded. This says that (1 +uj øj ) is bounded above and below
by positive constants, and the lemma is proved.

Lemma 6 Let S = |' ø'' u|2t . Then S is bounded along the ßow andu is bounded inC2,%.
Here ' is the covariant derivative in the Þxed metric.

Proof. The Þrst statement follows from the inequality{ ÷! # #
#t } (S + C1! u) " C2S # C3

(see our paper for a proof).

Thus we have|' ø'' u|g is bounded along the ßow since all the metrics are equivalent.
Now letÕs work in local coordinates: we know that' i ' øj ' ku is bounded in the norm given
by the Þxed metricg. This tells us that for each Þxedk, we have! (' ku) is bounded.
But we also know that ' ku is bounded inC%. Thus, using the GreenÕs function for the
coordinate patch inCn, we see that' ku is bounded inC1,%, that is, u is bounded inC2,%.

Theorem 4 The Ricci ßow exists for all timet.

Proof. Sinceu is bounded inC2,%, standard estimates give the bounds inCk for eachk.
This give the closedness part of the continuity method. The openess part is standard.

2.3 Exponential convergence

Recall that #
#t úu = ÷! úu. Let Y(t) =

∫
úu÷&n. Then úY = #

∫
|! úu|2÷&n so Y is decreasing. On

the other hand,Y is bounded so
∫ "

0

∫
M |! úu|2÷&n dt < ( . The rest of the argument follows

using the same technique of our paper.
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2.4 The K¬ahler-Ricci ßow

Let M be a compact K¬ahler manifold withc1(X ) = 0 or c1(X ) < 0 or c1(X ) > 0 and
deÞnec = 0, # 1 or 1 accordingly. We wish to consider the equation:

! ÷gij

! t
= # ÷Riøj + c÷giøj (2.6)

The corresponding scalar equation is

! u
! t

= log det

(
&n

!

&n

)

+ cu + f (2.7)

The casec = 0 was already treated by Cao.

If c = # 1 then the maximum principle shows that|u| & sup|f | & C. Moreover,

! t úu = ÷! úu # úu

so | úu| decays exponentially and ÷g(t) converges exponentially to a KE metric.

Proposition 1 Assumec = 1 and that u is bounded along the ßow. Then the ßow con-
verges exponentially to a KE metric.

Proof. We wish to argue as before, only this time we need a separate arguement to show
that úu is bounded.

We have
! t úu = ÷! úu + úu

If A >> 1 then

! t ( úu # Au) = ÷! ( úu # Au) # (A # 1) úu + A ÷! u

so at a point where úu # Au has a maximum, we have

úu &
A

A # 1
÷! u =

A
A # 1

n∑

j =1

uj øj

1 + uj øj
&

A
A # 1

Thus

sup
M ( [0,t ]

| úu| &
A

A # 1
+ A sup

M ( [0,t ]
|u|

To show |! u| is bounded, we proceed as in the proof of Lemma 3, applying (2.5) to
F = úu # f # u. The rest is similar to the casec = 0.

7



3 PerelmanÕs functionals.

3.1 Conventions

Let (X, gij ) be a Riemanniann-dimensional manifold. The Levi-Civita connection is de-
Þned by

' j V k = ! j V k + $k
jl V l , $k

jl =
1
2

gkp(! j gpl + ! lgjp # ! pgjl ). (3.1)

The Riemann curvature tensor is deÞned by

[' j , ' k ]V l = Rjk
l
mV m, [' j , ' k ]Vm = Rjkm

pVp. (3.2)

Thus

Rjk
l
m = ! j $l

km # ! k$l
jm + $l

jp $p
km # $l

kp$p
jm (3.3)

It satisÞes the following two Bianchi identities,

Ri
jkl + Ri

klj + Ri
ljk = 0 (3.4)

' j Rabkl + ' kRablj + ' lRabjk = 0. (3.5)

The Ricci tensor and the scalar curvatures are deÞned respectively byRjl = Ri
jil , R = Rl

l .

Under a variation %gij of metric, the connection and curvature vary by

%$i
jk =

1
2

gip (' k%gjp + ' j %gpk # ' p%gjk ) (3.6)

%Rkj
l
m = ' k%$l

jm # ' j %$l
km . (3.7)

Substituting the formula for %$i
jk into the formula for %Rkj

l
m , we obtain

%R = ' p' j %gjp # ! (gmj %gmj ) # Rjk %gkj . (3.8)

For example, under the Ricci ßow úgij = # 2Rij , we obtain readily úR = 2! R # 2' p' j Rpj +
2Rjk Rjk . But the second Bianchi identity implies that ' j Rjk = 1

2' kR, and hence we
recover the familiar ßow for the scalar curvature, with the standard normalization,

úR = ! R + 2Rjk Rjk . (3.9)

3.2 The Lie derivative

Let M be a smooth manifold and letV be a vector Þeld onM and %t = %(x, t ) the
associated family of di" omorphisms. Thus
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!
! t

%%(x, t ) = V %(%(x, t )) (3.10)

If T = Ti 1i 2ááái p (x) is a Þxed covariant tensor onM then we deÞne%&T(x, t ) by the formula

(%&T)i 1 i 2ááái p (x, t ) = %%1
i 1

(x, t ) á á á%%p
i p

(x, t )T%1ááá%p (%(x, t )) (3.11)

Thus %&T = ( D%& ) á) D%&) * T * %. We deÞne%&T = ( D%) á á á) D%)! 1 * T * % if %
is contravariant.

The Lie derivative L V T is deÞned by the formula

L V T =
!
! t

(%&
t T)

∣∣∣∣
t=0

In local coordinates:

(L V T)i 1ááái p (x) =
p∑

k=1

n∑

%=1

! i k V %(x)Ti 1ááá%ááái p (x) +
n∑

&=1

V &(x)! &T%1ááá%p (x) (3.12)

If we evaluate at t = t0, then we have the more general formula:

!
! t

(%&T)i 1ááái p (x, t ) = %%1
i 1

á á á[! µV %k á%µ
i k

] á á á%%p
i p

T%1ááá%p + %%1
i 1

á á á%%p
i p

! &T%1ááá%p V &

= %%1
i 1

á á á[! %k V µ á%%k
i k

] á á á%%p
i p

T%1áááµááá%p + %%1
i 1

á á á%%p
i p

! &T%1ááá%p V & = %&
t0

(L V T) (3.13)

where%%
i = %%

i (x, t 0), ! %k V µ = ! %k V µ(%(x, t 0)) and T%1áááµááá%p = T%1áááµááá%p (%(x, t 0)).

Alternatively, since %t * %s = %t+ s in the case whereV is independent oft, we have

!
! t

%&
t T

∣∣∣∣
t= t0

= lim
h' 0

%&
h%&

t0
T # %&

t0
T

h
= %&

t0
(L V T) = L V (%&

t0
T) (3.14)

Note that if T = V, then #
#t (%

&
t T) = %&

t [V, V] = 0 so %&
t V = V.

The above discussion can be generalized in two ways: We can allowV to be time dependent
and we can allowT to be time dependent. LetÕs start withV: SupposeV(x, t ) be a time
dependent vector Þeld onM and %t = %(x, t ) the associated family of di" omorphisms.
Thus

!
! t

%(x, t ) = V(%(x, t ), t) (3.15)

If T = Ti 1i 2ááái p (x) is a Þxed covariant tensor onM then we deÞne%&
t T as in (3.11). Then

formula (3.13) still holds with V replaced byV(t0):

!
! t

%&
t T

∣∣∣∣
t= t0

= %&
t0

(L V (t0)T) (3.16)
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Finally, letÕs suppose thatT = T(x, t ) and V = V(x, t ) are both time dependent. Let

(%&T)i 1 i 2ááái p (x, t ) = %%1
i 1

(x, t ) á á á%%p
i p

(x, t )T%1ááá%p (%(x, t ), t) (3.17)

Then (3.16) needs to be modiÞed as follows:

!
! t

%&
t T

∣∣∣∣
t= t0

= %&
t0

úT + %&
t0

(L V (t0)T) (3.18)

Example: If g is a metric onM and V is a vector Þeld, then

L V gij = ' i Vj + ' j Vi

If V = ' i f for some smooth functionf , then

L V gij = 2 ' i ' j f

More generally, suppose thatg(t, x ) is a family of riemannian metrics and thatf (x, t ) is a
family of smooth functions. Let ÷gt = %&

t g and let ÷' be the (time dependent) connection
for the metric ÷gt . DeÞne a vector ÞeldV(t) by V i = ' i f and deÞne÷f (x, t ) = f (%(x, t ), t).
Then (3.18) implies

ú÷g = %&
t úg + %&

t [' i ' j f (x, t )] = %&
t úg + 2 ÷' i

÷' j
÷f (3.19)

3.3 Ricci Solitons.

A Ricci soliton may be deÞned in one of two equivalent ways: either as a self-similar
solution to the Ricci ßow equation, or as a Þxed metricg0 whose Ricci curvature di" ers
from a constant multiple of g0 by its Lie derivative:

Recall that a solution to

!
! t

gij = # 2Rij ; t ! I (3.20)

is a self-similar if there is a family of di" eomorphisms$ : I + M % M and a smooth
function ' : I % (0, ( ) such that

g(t) = ' (t)$ &
t g0 (3.21)

Without loss of generality, we may assume that' (0) = 1 and that $0 is the identity.

Let Y(x, t ) = #
#t $ (x, t ). Then Y is a time dependent vector Þeld onM . Di" erentiating

both sides of (3.21) and settingt = 0 we get:

# 2Rc(g0) = ' #(0)g0 + L Y (0) g0 (3.22)
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This says that g0 is a Ricci soliton: Recall that if g0 is a metric on a manifoldM then g0

is a Ricci soliton if there is a smooth vector ÞeldX on M and a real number( such that

L X g0 = # 2Rc(g0) # 2( g0 (3.23)

If ( < 0 we say that the soliton is shrinking. If( > 0 we say itÕs expanding and if( = 0
we say the soliton is steady. IfX = 0 then g0 is Einstein.

Equation (3.22) now tells us that if g(t) is a self-similar solution to the Ricci ßow then
g(0) is a Ricci solitons.

Conversely, if g0 is a Ricci soliton, let ' (t) = 1 + 2 ( t and deÞneYt (x) = 1
' (t ) X (x) and

let $t be the family of di" eomorphsims generated byY. Let g(t) = ' (t) á$ &
t (g0). This is

deÞned for allt " 0 if the soliton is steady or expanding. Then

úg(t) = ' #(t)á$ &
t (g0)+ ' (t)á$ &

t (L Yt g0) = $ &
t (2( g0+ L X g0) = # 2$ &

t Rc[g0]) = # 2Rc[gt ] (3.24)

More generally, we say that a solution to the Ricci ßow is a breather if for somet1, t2 ! I
with t1 < t 2, we have) gij (t1) and gij (t2) di" er by an di" eomorphism. The cases) =
1, ) < 1, ) > 1 corresond to steady, shrinking and expanding breathers respectively.

Clearly a steady, shrinking or expanding soliton is a steady, shrinking or expanding
breather. Such breathers are called trival breathers. One of the Þrst theorems in Perel-
manÕs paper says that on compact manifolds, breathers are always trivial. Moreover,
steady and expanding solitons are trivial solitons in the sense that the vector ÞeldX is
zero, that is, the metric g0 is Einstein.

3.4 Monotonicity for F (g, f )

Fix a smooth manifoldM . If g is a riemannian metric onM and f ! C" (M ) we deÞne

F (g, f ) =
∫

M
(R + |' f |2)e! f dV =

∫

M
(R + ! f )e! f dV (3.25)

Note that if %: M % M is a di" eomorphism, then

F (%&g,%&f ) = F (g, f ) (3.26)

The Þrst variation of F is given by the following formula. Letvij = %gij and h = %f . Then

%F (vij .h) =
∫

M
e! f [# vij (Rij + ' i ' j f ) + (

v
2

# h)(2! f # |' f |2 + R)] dV (3.27)

where v = gij vij . To see this, recall the (3.8) says that%R = # ! v + ' i ' j vij # Rij vij .
Moreover,%dV = 1

2

,
detgv dx = v

2dV so%[e! f dV] = ( v
2 # h)dV. Since|' f |2 = gij ' i f ' j f

we have%|' f |2 = # vij ' i f ' j f + 2gij ' i h' j f . Thus

11



%F =
∫

M
e! f [# ! v+ ' i ' j vij # Rij vij # vij ' i f ' j f +2 ' i h' i f +( R + |' f |2)

(v
2

# h
)

] dV

Now (3.27) follows upon integrating by parts.

Now Þxdm, a measure onM and let F m be the restriction ofF to Pm = { (g, f ) : e! f dV =
dm} . Then T(g,f )Pm = { (vij , h) : v

2 # h = 0} . Thus (3.27) simpliÞes when we restrict to
Pm and we obtain

%F m(vij .h) =
∫

M
e! f [# vij (Rij + ' i ' j f )] dV (3.28)

The gradient ßow forF m is then

úgij = # 2(Rij + ' i ' j f ), úf = # R # ! f (3.29)

where the second equation comes from the constraintúf = h = v
2 = 1

2gij úgij . If ( g0, f 0) ! Pm

and if (gt , f t ) is a solution to (3.29), then (gt , f t ) ! Pm. Moreover, if we letF m
t = F m(gt , f t ),

then (3.28) implies

d
dt

F m
t = 2

∫
|Rij + ' i ' j f |2 e! f dV (3.30)

Now let us recall the construction of the metric ÷g from (3.19): We start with g(t, x ) and
f (x, t ) a family of riemannian metrics satisfying (3.29). Let ÷gt = %&

t g and let ÷' be the
(time dependent) connection for the metric ÷gt and ' the connection forgt . DeÞne a time
dependent vector ÞeldV by V i = ' i f . Then

ú÷g = %&
t úg + 2 ÷' i

÷' j
÷f = %&

t (# 2Rij [gt ] # 2' i ' j f ) + 2 ÷' i
÷' j

÷f = # 2Rij [÷gt ] (3.31)

Thus ÷gt = %&
t g is a solution to the Ricci ßow. Moreover, the function÷f = %&

t f satisÞes
the equation

!
! t

÷f = %&
t

úf + %&
t L Y f = %&

t (# R[g]# ! f )+ %&
t (L ) i f #i f ) = # R[÷g]# ÷! ÷f + | ÷' ÷f |2 (3.32)

Let ÷Ft = F (÷gt , ÷f t ) = F m(gt , f t ). Then, sinceF is invariant under di" eomorphisms,

d
dt

÷Ft = 2
∫

| ÷Rij + ÷' i
÷' j

÷f |2 e! ÷f d÷V (3.33)

Henceforth we shall drop all the tildes, and state the conclusion as follows: Letgt be a
solution for the Ricci ßow on an interval [t1, t2] and let f (x, t ) be a solution of the equation

úf = # R # ! f + |' f |2 (3.34)

Then d
dt F t = 2

∫
|Rij + ÷' i ' j f |2 e! f dV

12



3.5 Applications of the Þrst monotonicity theorem.

3.5.1 Shrinking breathers.

First we deÞne the( functional, which is a functional onM , the space of all metrics on
M :

( (g) = inf {F (g, f ) : f ! C" (M ),
∫

M
e! f dV = 1} (3.35)

If we put %= e! f / 2 then

F (g, f ) =
∫

M
%(# R!% + R%) dV

By general theory, there exists a unique positive eigenvalue of# 4! + R and thus there
exists a unique øf ! C" (M ) such that ( (g) = F (g, øf ).

Proposition 2 Supposegt is a solution to the Ricci ßow. Let( (t) = ( (gt ). Then

d(
dt

" 2
∫

M
|Rij + ' i ' j

øf |2e! øf dV "
2
n

( 2 (3.36)

Proof. Let gt be a solution to the Ricci ßow on [t1, t2] and let øf = øf (g(t2)), that is
( (t2) = F (g(t2), øf ). Now let f (x, t ) be a solution of (3.34) such thatf (t2) = øf . Then, by
the derviative formula (3.33) forF (t) = F (g(t), f (t)), and the fact that ( (t2) = F (t2),

( (t1) = F (g(t1), øf (t1)) & F (t1) = ( (t2) # 2
∫ t 2

t1

∫

M
|Rij + ' i ' j f |2e! f dV dt (3.37)

This gives the Þrst inequality of (3.36). Since
∑n

i =1 a2
i " 1

n (
∑

ai )2 we have

d(
dt

"
2
n

∫

M
(R + ! øf )2e! øf dV "

(∫
(R + ! øf )e! øf dV

)2

=
(∫

(R + |' øf |2)e! øf dV
)2

where in the second inequality we use Cauchy-Schwartz and the fact that
∫

e! øf dV = 1.
The last term is F (g(t), øf (t)) = ( (t).

Now we can prove that steady breathers are trivial:

Proposition 3 Let gt be a steady breather. Thengt is a steady gradient soliton. Moreover,
g is Ricci ßat.

Proof. If g(t2) = " &g(t1)) for some di" eomorphism" then ( (g2) = ( (g1) which means that
the integrand in (3.36) must vanish, but this just says thatg is a gradient soliton. To see
that it is Ricci ßat, note that d(

dt = 0 =- ( = 0 by (3.36). Thus (# 4! + R)(e! øf / 2) = 0 so
we haveR = |' øf |2 # 2! øf . On the other hand,R + ! øf = 0 so we get

∫
|' øf |2 =

∫
! øf = 0

which means thatf is constant so 0 =Rij + ' i ' j f = Rij and thus g is Ricci ßat.
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3.5.2 Expanding breathers.

We saw in the previous section that( is monontonically increasing and constant on steady
breathers. We wish to Þnd a new monontonic functional which constant on expanding
breathers. To do this, we deÞneø( (t) = V

2
n (g)( (g) where V(g) is the volume ofM .

One shows that ifgt is a solution to the Ricci ßow fort ! [t1, t2], and if ( (t) & 0 for some
t ! [t1, t2], then

dø(
dt

" 2V
2
n

[ ∫
|Rij + ' i ' j f #

1
n

(R + ! f )gij |2e! øf dV +
1
n

∫
(R + ! f )2e! øf dV

#
(∫

(R + ! f )e! øf dV
)2 ]

" 0 (3.38)

where the last inequality follows from Cauchy-Schwartz.

Proposition 4 Lt g be an expanding Ricci breather so thatg(t2) = c" &g(t1) for some
c > 1 and some" ! Di" (M ). The g is an expanding soliton.

Proof. On the one hand,V(t2) > V (t1). On the other hand, using the spatially constant
function V(t) as a test function, we see that( (t) & V(t)! 1 ∫

R dV = # d
dt logV(t). Thus

ø( (t#) < 0 for somet# ! [t1, t2] which implies that ( (t1) < 0. But ø( (t2) = ø( (t1) so dø(
dt = 0

for all t. Thus ø( is a negative constant. Thus we have equality in Cauchy-Schwartz so
(R + ! f )e! øf / 2 = c(t)e! 0 øf / 2 and thus R + ! f = c(t). Since( (t) =

∫
(R + ! f )e! f we see

that c(t) = ( (t) is a negative constant. But|Rij + ' i ' j f # 1
n (R + ! f )gij |2 = 0. This

concludes the proof.

3.6 Monontonicity for W(g, f, #)

In order to treat the case of shrinking solitons, Perelman introduces a funcctionalW(g, f, #)
whereg is a metric onM , f ! C" (M ) and # is a positive real number:

W(g, f, #) =
∫

M
[#(|' f |2 + R) + f # n](4*# )! n

2 e! f dV (3.39)

Fix a smooth measuredm on M with mass one, and consider the restriction ofW to those
(g, f, #) for which (4*# )! n/ 2e! f dV = dm. Then v

2 # h # n'
2) = 0 where %gij = vij , %f = h

and %#= ' . Moreover, for such triples we have

%W =
∫

[' (R + |' f |2) # #vij (Rij + ' i ' j f ) + h](4*# )! n/ 2e! f dV

Apply this to the system:

!
! t

gij = # 2(Rij + ' i ' j f ), f t = # ! f # R +
n
2#

, #t = # 1

14



Then

dW
dt

=
∫

M
2#|Rij + ' i ' j f #

1
2#

gij |2(4*# )! n/ 2e! f dV

Pulling back by the ßow' f gives the new ßow:

!
! t

gij = # 2Rij f t = # ! f + |' f |2 # R +
n
2#

, #t = # 1

Along this ßow, we have
∫
(4*# )! n/ 2e! f dV = 1.

Let µ(g,#) = inf f {W (g, f, #) :
∫
(4*# )! n/ 2e! f dV = 1} . Then µ(g(t), t0 # t) is increasing

along the ßow wheret0 is any Þxed number.

Proposition 5 Shrinking breathers are gradient shrinking solitons.

Proof. Assumeg(t2) = c" &g(t1) with c < 1. Let t0 = t2! ct1
1! c and let #1 = t0 # t1 and

#2 = t0 # t2 so that #2 = c#1. Then

µ(g(t2), #2) = µ(
#2

#2
" &g(t1), #2) = µ(" &g(t1), #1) = µ(g(t1), #1)

4 Geodesics

Let M be a Fano manifold manifold andgt a solution to the K¬ahler-Ricci ßow:

!
! t

gt = Rc[gt ] # gt

Assume the Riemann curvature operator is bounded along the ßow. We wish to observe
that for each k " 0 we have

lim
t'"

. ¬" # |! ú" |2gt
. Ck (gt ) = 0

In fact, we wish to show something slightly stronger: For everyk " 0 and everyA > 0

lim
j '"

sup
t* [j,j + A ]

. ¬" # |! ú" |2gt
. Ck (gt ) = 0

Let tµ ! R be an increasing unbounded sequence, and letgµ(t) = g(tµ + t). Then by
HamiltonÕs result, after passing to a subsequence we can Þnd di" eomorphismsFµ : M % M
such that ÷gµ

t = F &
µ gµ

t % ÷gt where the convergence is uniformCk on compact subets ofM + R
and ÷gt is a solution to the K¬ahler-Ricci ßow on÷M . Here ÷M is a K¬ahler manifold which is
di" eomorphic toM but with a di " erent complex structure.

LetÕs writegµ
iøj (t) = gµ

iøj (0) + ! i ! øj "
µ
t . Then ÷gµ

iøj (t) = ÷gµ
iøj (0) + ! i ! øj

÷" µ
t where ÷" µ(x, t ) =

" µ(Fµ(x), t). Here the meaning of the symbols! i and ! øj always reßects the complex
structure for which that metric is K¬ahler .
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Assume now that ÷gt is a KR soliton (which should be true, using the same argument as

Sesum-Tian), and write ÷giøj (t) = ÷giøj (0) + ! i ! øj
÷" t . Then ÷" µ % ÷" in C" so ú÷" µ % ú÷" and

¬÷" µ % ¬÷" and ! j
÷" µ % ! j

÷" . Since¬÷" # |! ú÷" |2÷g(t ) = 0 we see that ¬÷" µ # |! ú÷" µ|2÷gµ (t ) % 0 uniformly

on compact subsets ofM + [0, ( ). But this means that ¬" µ # |! ú" µ |2gµ (t ) % 0.

If our claim were false, then there would be an+ > 0 and a subsequencetµ such that
supt* [0,A ] . ¬" µ # |! ú" µ |2gµ (t ) . Ck > +, but this is a contradiction.
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Riemannian Geometry.

A Rimannian metric on a manifold is smoothy varying bilinear form on tangent vectors which is symmetric
and positive deÞnite. If g is such a metric, and if v is a tangent vector, then we write |v|2g = g(v, v).

In local coordinates, with coordinate fucntions xi , a tangent vector v can be written uniquely as v = vi !
! x i ,

where the vi are smooth functions on some domain inR m . Thus g is determined by its values on the vector
Þelds !

! x i , and we write gij = g( !
! x i , !

! x j ), and ds2 = gij dxi dxj . This last formula allows us to calculate the
length of a tiny vector whose coordinates are (dx1, ..., dxm ).

For example, if y = f (x) is a curve, then then ds2 = dx2 + dy2 = (1 + f !(x)2)dx2. A second example: If
(r, ! ) are polar coordinates in the plane, thends2 = dr2 + r 2d! 2.

Connections .

A connection on a manifold M is a map D which associates to any tangent vectorVp (at a point p) and
any smooth vector ÞeldW (deÞned in some neighborhood ofp) a tangent vector DVp (W ) with the following
properties:

1. D is a bilinear function of Vp and W .
2. If V and W are smooth vector Þelds, thenDV (W ) is a smooth vector Þeld.
3. If f is smooth in a neighborhood ofp then DVp (fW ) = f (p)DVp (W ) + Vp(f ) áW (p) .

In local coordinates (x1, ..., xm ) we shall use the notation:

Di Y = D! / ! x i Y

Thus if Y j is a vector Þeld, thenDi Y j is a tensor of type
! 1

1

"
.

The Christoffel symbols ofD are deÞned by

Di

# "
" xj

$
= Γk

ij
"

" xk

The torsion of D is the tensor
Tk

ij = Γk
ij ! Γk

ji

The curvature of D is the tensor R = Rij
k

l = Rk
ijl deÞned by

Rk
ijl Y l = Di D j Y k ! D j D i Y k

where Y k is any vector Þeld. We deÞneRijkl = gkp Rij
p

l . Then R1212 > 0 if M = S2 .

If D is a connection and ifF is a tensor of type
#

k
l

$
then we deÞneDF , a tensor of type

#
k+1

l

$
, as follows:

Dm F j 1 áááj l
i 1 ááái k

= F j 1 áááj l
i 1 ááái k ;m = " m F j 1 áááj l

i 1 ááái k
+

l%

" =1

F j 1 ááápáááj l
i 1 ááái k

Γj !
mp !

k%

µ=1

F j 1 áááj l
i 1 ááápááái k

Γp
mi µ

where" m = !
! x m

. Then one easily sees thatD agrees with the given connection, thatD satisÞes the Leibnitz
rule, it commutes with contractions, and that DX (f ) = X (f ) if f is a function (in fact, itÕs uniquely
determined by those four properties).

If g is a smooth metric on a manifoldM , there is a unique connectionD with zero torsion such that Dg = 0.
This connection is called the Riemannian connection. The Christoffel symbols for this connnection are given
by:

Γl
ij =

1
2

ágkl (" i gjk + " j gik ! " k gij )

1



The second fundamental form.

Let ( ÷M, ÷g) be a Riemannian manifold of dimensionn and M " ÷M a submanifold of dimensionm. Then ÷g
induces a metric g on M . We wish to compare the Riemannian connection and the Riemannian curvature
of ÷M to that of M . This comparison is given in terms of the Òsecond fundamental formÓ, which is a certain
symmetric bilinear form

A : TM # TM $ TM "

Here TM " " T ÷M is the normal bundle.

Before giving the deÞnition ofA, we mention one of itÕs properties (a property which, in fact, characterizes
it uniquely): Let v % Tp(M ). If # : (! $, $) $ M is a smooth curve with #(0) = p and #!(0) = v, then
#!! (0) has a normal component which depends only onv (and not on the choice of#). Morover, this normal
component is a quadratic form inv, and is equal toA(v, v). We shall prove this after deÞningA and studying
its properties.

We start with the setting which is of primary interest, namely the case where ÷M = R n : Let M " R n be
a smooth manifold of dimensionm, and let y : Ω $ R n be coordinate chart, whereΩ " R m is an open
domain. Denote by y# , %= 1 , ..., n, the coordinates ofy. Thus for each %, y# = y# (x1, ..., xm ) is a smooth
function on Ω.

The standard metric on R n induces a metric onM , which is given, in local coordinates, by

ds2 = I #$ dy# dy$ = I #$
" y#

" xi

" y$

" xj dxi dxj = gij dxi dxj

For example, if M " R 3 is the unit sphere, and y1 = cos x1 cosx2, y2 = sin x1 cosx2 and y3 = sin x2, then
ds2 = cos2(x2)(dx1)2 + ( dx2)2, the spherical metric.

Now deÞne
H #

ij = Di D j y#

For each %, H #
ij is a tensor (of type

! 0
2

"
). Since Dj f = " j f and Di Dj f = " i " j f ! Γk

ij " k f for any smooth
function f , we see thatH #

ij = H #
ji . We denote by

A = { H #
ij } , %= 1 , 2, ..., n .

For each%, H # deÞnes a bilinear mapT M # TM $ C# . Thus A deÞnes a bilinear mapTM # TM $ T(R n )
as follows: If v = vi !

! x i
and w = wj !

! x j
are tangent vectors at p %M , then

A(v, w) = A
&

vi "
" xi

, wj "
" xj

'
= H #

ij vi wj "
" y#

where the !
! y " form the standard basis of the tangent spaceTp(R n ).

The map
A : TM # TM $ T(R n )

is called the second fundamental form. It is clearly a symmetric bilinear form. The next lemma shows that
it takes values in the normal bundle of M .

Lemma 1. If v, w %Tp(M ) are tangent vectors atp %M then A(v, w) %Tp(M )" whereTp(M )" " Tp(R n )
is the normal bundle ofM inside R n .

Proof. It suffices to prove the assertion whenv and w are basis vectors, that is, whenv = " i and w = " j .
That is, it su ffices to show that for eachi, j, k %{ 1, 2, ..., m} , that

< A (" i , " j ), &(" k ) > = 0 (1)
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where &: Tp(M ) $ Tp(R n ) is the canonical inclusion, and< , > is the standard inner product on Tp(R n ):
I #$ = < !

! y " , !
! y# > , where I #$ is the identity matrix.

SinceA(" i , " j ) = H #
ij and &(" k ) = ! y#

! x k á !
! y# , (1) becomes

I #$ H #
ij

" y$

" xk = 0 (2)

Recall that gij = I #$ D i y# Dj y$ . SinceDi gjk = 0 we get

Di gjk = Di (I #$ D j y# Dk y$ ) = I #$ Di D j y# Dk y$ + I #$ Dj y# Di Dk y$ =

I #$ H #
ij Dk y$ + I #$ H #

ik D j y$ = 0 (3)

Setting F (i, j, k ) = I #$ H #
ij Dk y$ equation (3) implies F (i, j, k ) = ! F (i, k, j ). We also have F (i, j, k ) =

F (j, i, k ) since H #
ij = H #

ji . Combining these two we get

F (i, j, k ) = ! F (i, k, j ) = ! F (k, i, j ) = F (j, k, i ) = ! F (i, j, k )

which shows that F (i, j, k ) = 0. This establishes (3) and thus the lemma is proved.

The second fundamental form can be deÞned in a more general setting: Suppose (÷M, g) is a Riemannian
manifold and M " ÷M is submanifold. Let g be the metric onM induced by that of ÷M . The ÷& be Riemannian
connection on ÷M associated to ÷g and & be Riemannian connection onM associated tog.

Now let X and Y be vector Þelds onM . Extend these vector Þelds arbitrarily to Þelds on ÷M . By abuse of
notation, we shall continue to call the extensionsX and Y . Then it turns out that ÷& X Y , when restricted
to M , is independent of the choice of extension. Moreover its tangential component is just equal to& X Y .
We deÞne the second fundamental form to be the normal component:

÷& X Y = & X Y + A(X, Y )

Thus
A : T(M ) # T(M ) $ T(M )"

is a symmetric bilinear form, which is called the second fundamental form.

Interpretation of second fundamental form as acceleration.

Let (x1(t), ..., xm (t)) be a path in D and y(t) = y# (xi (t)) the corresponding path in M . Then dy "

dt = ! y "

! x i
dx i

dt
so

d2y#

dt2 =
" 2y#

" xi " xj á
dxi

dt
dxj

dt
+

" y#

" xi á
d2xi

dt2 =
&

H #
ij + Γk

ij
" y#

" xk

'
á

dxi

dt
dxj

dt
+

" y#

" xk á
d2xk

dt2 =

H #
ij á

dxi

dt
dxj

dt
+

" y#

" xk

&
d2xk

dt2 + Γk
ij á

dxi

dt
dxj

dt

'

Multiplying both sides by !
! y " and summing over%, we get the normal and tangential components of the

acceleration vectora(t) = d2 y "

dt 2 á !
! y " :

a(t) = A(v, v) +
" y#

" xk

&
d2xk

dt2 + Γk
ij á

dxi

dt
dxj

dt

'
á

"
" y#

where v(t) = x!(t) is the velocity vector.

The normal component of a depends only on the tangent vector, and is given by the second fundamental
form.
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The tangential component vanishes if and only if d2 x k

dt 2 + Γk
ij ádx i

dt
dx j

dt = 0 for all k, that is, if and only if
y = y(t) is a geodesic.

Gauss Curvature Formula.

We wish to prove the following formula which expresses the Riemann curvature tensor in terms of the second
fundamental form:

Rijkl = I #$ (H #
ik H $

jl ! H #
il H $

jk ) (4)

Applying Di to both sides of (2) we get, for all i, j, k, l :

D i (I #$ H #
jk D l y$ ) = I #$ Di H #

jk D l y$ + I #$ H #
jk D i D l y$ = 0

SinceH #
jk = Dj Dk y# we have

I #$ Di D j Dk y# Dl y$ + I #$ H #
jk H $

il = 0 (5)

I #$ D j D i Dk y# Dl y$ + I #$ H #
ik H $

jl = 0 (6)

where (6) is obtained from (5) by interchanging i and j . Now we recall that if Wk is any tensor, then

Dij Wk ! D ji Wk = Rijkp gpqWq

Thus when we subtract (6) from (5) we obtain:

I #$ Rijkp gpqDqy# Dl y$ = I #$ (H #
ik H $

jl ! H #
il H $

jk )

Now we recall that gql = I #$ Dqy# Dl y$ . Substituting this into the equation above, and using the identity
gpqgql = ' p

l we obtain (4).

More generally, if M " ÷M , then

R(X, Y, Z, W ) ! ÷R(X, Y, Z, W ) = < A (X, W ), A(Y, Z) > ! < A (X, Z ), A(Y, W) >

The Weingarten and Codazzi Equations.

Henceforth we shall assume thatm = n ! 1, that is, M has codimension one inR n .

Let N = N # !
! y " be a unit normal vector Þeld, and deÞneHij by the formula

H #
ij = H ij áN #

Using the fact that N is a unit vector, we see that (4) can be rewritten as:

Rijkl = H ik H jl ! H il H jk

Note that for a Þxed i we observe thatDi N # must be a tangential vector Þeld: SinceI #$ N # N $ = 1 we have
2I #$ Di N # áN $ = 0. Thus Di N # is tangential which means we can write it uniquely in the form

Dj N # = ( l
j D l y# (7)

We wish to prove the Weingarten equation:

Dj N # = ! H jk gkl D l y# (8)

To prove this, we start with the fact that N is perpendicular to T(M ). This means that, for all k, we have
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I #$ N # Dk y$ = 0

Applying Dj to both sides:
I #$ D j N # Dk y$ + I #$ N # Dj Dk y$ = 0

Now Hjk N $ = H $
jk = Dj Dk y$ and I #$ N # N $ = 1, so we obtain

I #$ Dj N # Dk y$ = ! H jk

On the other hand, (7) yields

I #$ Dj N # Dk y$ = ( l
j I #$ D l y# Dk y$ = ( l

j gkl

Combining this with the previous equation, we get ( l
j = ! H jk gkl , and this proves (8). Note that if N # is

any normal vector Þeld (not necessarily one of constant length), thenDi N # is no longer tangential, but the
proof given above shows that equation (8) is still valid if we replace the left hand side by (Di N # )T , the
tangential component of Di N # .

The Weingarten equation can be generalized to the setting whereM " ÷M : SupposeX and Y are smooth
tangent vector Þelds andN is a section ofT(M )" , that is, N is a smooth normal vector Þeld. The the
following equation holds onM :

< ÷& X N, Y > = ! < N, A (X, Y ) >

where, on the left hand side,X, Y and N are extended to smooth vector Þelds on÷M .

Next we wish to prove the Codazzi equation:

Di H jk = Dj H ik (9)

which says that the tensor Di H jk is fully symmetric. To see this, apply Di to both sides of (8):

D i D j N # = ! Di H jk gkl D l y# ! H jk gkl D i D l y# = ! Di H jk gkl D l y# ! gkl H jk H il N #

Multiplying both sides by I #$ Dpy$ :

I #$ D i D j N # Dpy$ = ! Di H jk gkl glp = ! D i H jp

But for each %, we haveDi Dj N # = Dj Di N # (since N # is just a smooth function). This establishes (9).
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Heights and reductions of semi-stable varieties

We give a summary of Shuwu ZhangÕs 1996 paper in Compositio.

Deligne Pairings.

Let ! : X ! S be a ßat projective morphism of integral schemes of relative dimensionn. Thus for every
s " S, the Þber X s is a projective variety in P N of dimension n.

One important example is the case whereS is a single point, andX # P N is a projective variety of dimension
n.

If S is not a point, then X is a continuous family of varieties inP N . For example, we might takeS = P(Rn,d )
whereRn,d is the space of all homogeneous polynomials inn +2 variables of degreed. Then X s is the variety
s = 0.

More generally, we could takeS # P(RN,d 1 ) $ P(RN,d 2 ) $ á á á$ P(RN,d k ), where k = N %n, and X s is the
variety s1 = á á ásk = 0, where S is deÞned to be the subset for whichX s has codimensionk.

Another possibility is S # P(H 0(Gr (N %n %1, P N )) is the set of chow points of varieties of dimensionn in
P N .

Now let L 0, L 1, ...L n be line bundles on X . The Deligne pairing is the line bundle on S, denoted <
L 0, L 1, ...L n > (X/S ). It is deÞned as follows: Let U # S be a small open set and letl i be a mero-
morphic section of L i over ! ! 1U. Thus li : ! ! 1(U) ! L i is a meromorphic function with the property
pi &li = 1! ! 1 U , where pi : L i ! X is the projection map of L i .

Alternatively, we may think of l i as a holomorhic section ofL i over some zariski open subset of! ! 1(U).

Assume that the li are chosen in Ògeneral positionÓ. This means that they are chosen in such a way that
their divisors have no intersection, and in such a way thatX s is not contained in div(l i ) for all i and for all
s " U. It is always possible to chooseU small enough so that suchli exist (by Riemann-Roch). Then for
every k, the map

!
' i "= k div(l i )

"
! S is Þnite: Thus for everys, we have

!
' i "= k div(l i )

"
' X s # X s is a cycle#

n(s)P(s). This means the the n(s) are integers and theP(s) are a Þnite set of points inX s. The n(s)
are essentially constant (and in the generic situation, they are all equal to 1 or%1): They jump in value
only when s passes through the branch locus (a proper subvariety ofS). The branch locus of

!
' i "= k div(l i )

"

consists of the points where some of thePi (s) come together.

Now we can deÞne< L 0, L 1, ...L n > (X/S ). Over a small U # S, this line bundle is trivial and generated by
the symbol < l 0, ..., ln > where the li are chosen to be in general position. Ifl#

i is another set of meromorphic
sections in general position, then< l #

0, ..., l#
n > = " (s) < l 0, ..., ln > for some nowhere vanishing function on

U which we must specify. We do this one section at a time: Assume thatl i = l#
i for all i (= k. Assume as

well that the meromorphic function f k = l#
k /l k is well deÞned on

!
' i "= k div(l i )

"
. Then

" (s) =
$

f (P(s))n (s)

For example, suppose that the map! : X ! S is a Þnite branched cover and thatL 0 is a line bundle on
X . Then we can deÞne a line bundle onS as follows: Choose an open coverU" of S in such a way that L
is trivial over V" = ! ! 1U" . Let " "# : V" ' V# ! O$

X (V" ) be the transition function of L . Then we deÞne
#"# : U" ' V# ! O$

S (U" ) as follows: #"# = Norm (" "# ): That is, #"# (s) =
%

! (x )= s " "# (x) (where the
product is taken with multiplicities).

Alternatively, if L is OX (D) for some divisor D on X , then < L > (X/S ) = OS(! (D )).

Projection Formula.
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A) With n pullbacks:

Let # : X ! Y and ! : Y ! S. Let m = dim(X/Y ) and n = dim(Y/S ).

Let K0, ..., Km be line bundles onX .
Let L 1, ..., L n be line bundles onY .

Then
< K0, ..., Km , #%L 1, ..., #%L n > (X/S ) = << K0, ..., Km >, L 1, ..., L n > (Y/S )

The map is given byF :< k 0, ..., km , #%l1, ..., #%ln > )! << k 0, ..., km >, l 1, ..., ln > . This map is well deÞned:

F
!

< fk 0, ..., km , #%l1, ..., #%ln >
"

= <
! $

Q "# i $=0 div ( k i )

! ( Q )= P

f (Q)
"

< k 0, ..., km >, l 1, ..., ln > =

&
$

Q "# i $=0 div ( k i )

! ( Q ) "# div ( l j )

f (Q)

'

<< k 0, ..., km >, l 1, ..., ln >

The last product is the same as
%

f (Q) where Q " ' i "=0 div(ki ) ' #%div(l j ). This shows the mapF is well
deÞned.

B) With n + 1 pullbacks:

Let K1, ..., Km be line bundles onX .
Let L 0, L 1, ..., L n be line bundles onY .

Then
< K1, ..., Km , #%L 0, ..., #%L n > (X/S ) = < L 0, L 1, ..., L n > (Y/S )D

where D = deg[c1(K1$) ác1(K2$) á á ác1(Km $)] where $ is a generic point on Y . In other words, D is the
number of points in div(K1) ' á á ádiv(Km ) in a generic Þber.

Proof. Using A), it su ! ces to construct an isomorphism:

< K1, ..., Km , #%L 0 > (X/Y ) = L D
0

Locally on Y , we choose an invertible sectionl0 of L 0. Let ki be a meromorphic section ofKi . Then
< k 1, ..., km , #%l0 > is independent of the choice ofki . Moreover we have the following relation: <
k1, ..., km , #%f l 0 > = f D < k 1, ..., km , #%l0 > (since f is constant on Þbers, the product

%
#%f (P)n (P ) =

f (s)D ). Thus the map lD
o )! < k 1, ..., km , #%l0 > gives the desired isomorphism.

C) With n + 2 pullbacks:

Let K1, ..., Km ! 1 be line bundles onX .
Let L 0, L 1, ..., L n +1 be line bundles onY .

Then
< K1, ..., Km ! 1, #%L 0, ..., #%L n +1 > (X/S ) = OS

Proof. In B), let Km = #%L n +1 . Then D = 0 since, for a generic point,c1(#%L n +1 ) is empty (the divisors of
#%(ln +1 ) are vertical).

Induction Formula.

Let ! : X ! S and L 0, ..., L n as before. Letl be a rational section ofL n . Assume all components ofdiv(l )
are ßat overS. Then

< L 0, ..., L n > (X/S ) = < L 0, ..., L n ! 1 > (div(l )/S )
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Proof. Fix l . Then locally on S, < L 0, ..., L n > (X/S ) is generated by symbols of the form< l 0, ..., ln ! 1, l >
(again, using Riemann-Roch). Then the isomorphism is given by

< l 0, ..., ln ! 1, l > (X/S ) )! < l 0, ..., ln ! 1 > (div(l )/S )

DeligneÕs pairing with metrics.

We now assumeX, S are deÞned overC.

Assume that L i has a smooth hermitian metric. If X is a smooth variety, this is deÞned in the usual way. In
general, by a smooth metric on a vector bundleE over X we mean a metric such that for any holomorphic
map f : Y ! X , where Y is a smooth complex manifold, the pull back metric onf %E is smooth onY .

We now deÞne a metric on< L 0, ..., L n > (X/S ): Let c#
1(L i ) be the curvature of L i : ItÕs locally deÞned on

X by
&

! 1
2

1
! (%%ø%log ||l ||2), where l is an invertible section ofL i . Then c#(L ) is a (1, 1) form deÞned onX \ " ,

where " # X is the set of singular points ofX .

The metric on < L 0, ..., L n > (X/S ) is deÞned by induction:

When n = 0, < L > s = * p' ! ! 1 (s) L p so we deÞne

|| < l 0 > ||s =
$

p' ! ! 1 (s)

||l0(p)||

In general, we deÞne

log || < l 0, ..., ln > || = log || < l 0, ..., ln ! 1 > (div(ln )/S )|| +
(

X/S
log ||ln ||# n ! 1

i =0 c#
1(L i )

where the integral is the Þber integral overS, so both sides are functions onS.

WhatÕs quite remarkable is the fact that the Deligne metric is well deÞned. We prove it in the Þrst non-trivial
case:n = 1 and S a point.

Let l i be a section ofL i , and f a function on the curve X . Then

log || < l 0, l1 > || = log

)

*
$

p' div ( l 1 )

||l0(p)||

+

, +
(

X
log ||l1||c#

1(L 0)

log || < l 0, f l 1 > || = log

)

*
$

q' div ( f l 1 )

||l0(q)||

+

, +
(

X
log ||f l 1||c#

1(L 0)

Subtracting, we must show that:

-

r ' div ( l 0 )

log |f (r )| =
-

q' div ( f )

log ||l0(q)|| +
(

X
log |f |c#

1(L 0)

Now (

X
log |f |c#

1(L 0) = lim
%( 0

(

X "

log |f |c#
1(L 0) = lim

%( 0

(

X "

log |f |(%

+
%1

2!
)%ø%log ||l0||

where X % is obtained from X by removing small discs of radius& surrounding the divisor of l0. Integrating
by parts, and using Poincare-Lelong:

(

X "

log |f |(%

+
%1

2!
)%ø%log ||l0|| = %

-

q' div ( f )

log ||l0(q)|| +
(

&X "

log |f | áø%log ||l0||
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Now in local coordinates, around a pointr where l0 vanishes,
(

&D (%)
log |f | á

døz
øz

= log |f (r )|

This proves the metric is well deÞned whenn = 1.

The restriction formula and energy functionals.

Recall the induction formula:

< L 0, ..., L n > (X/S ) = < L 0, ..., L n ! 1 > (div(l )/S )

Combining this with the deÞnition of the metric, we immediately get the following isometry:

< L 0, ..., L n > (X/S ) = < L 0, ..., L n ! 1 > (div(l )/S ) * O

&(

X/S
%log ||ln ||# n ! 1

i =0 c#
1(L i )

'

where O(f ) denotes the trivial line bundle with metric ||1|| = exp(%f ) (note the negative sign!).

In particular,

< L 0, ..., L n ! 1, L n * O(#) > (X/S ) = < L 0, ..., L n > (X/S ) * O(E)

where

E =
(

X
# á

$

k<n

c#
1(L k )

Using induction we see that if M j = L j * O(#j ) then

< M 0, ..., M n > (X/S ) = < L 0, ..., L n > (X/S ) * O(E)

then

E =
(

X

n-

j =0

#j á
$

k<j

c#
1(M k ) á

$

k>j

c#(L k )

We regard E as an energy functional.

For example, if L i = O(1) for all i and if #i = # for all i then

E 0 =
(

X

n-

j =0

#' j
' ' n ! j

If we use the identity:
# n

j =0 X j (X + Y)n ! j =
# n

i =1 ( n +1
i )X i Y n ! i we get

E 0 =
n-

i =1

.
n + 1

i

/
' i

' (%%ø%#)n ! i

which agrees with ShouwuÕs formula (3.4.1) (except that Shouwu forgot the binomial coe! cients).

On the other hand, if we use the identity

n-

j =0

X j (X + Y)n ! j =
n ! 1-

i =0

(i + 1) X i (X + Y)n ! i ! 1Y + ( n + 1) X n

4



we get

E 0 =
(

X

n ! 1-

i =0

(i + 1) #' i ' n ! i ! 1
' %ø%# + ( n + 1) #' n = %(n + 1) V F0

( (#)

Now we try a di$erent example: L i = O(1) for all i < n and L n = K, the canonical bundle of X . Let
#i = #) for all i < n and let #n = " ) . Here

#) = log
|( x|2

|x|2
and " ) = log

.
( %' n

' n

/

Then

E) =
(

X

&

" ) (( %' )n +
n-

i =1

#) (( %' )n ! i ' i ! 1Ric(' )

'

We calculate d
dt E) : Note that

(( %' )n á
d
dt

" ) = ( ( %' )n á
n(( %' )n ! 1%ø%ú#)

(( %' )n á
= n(( %' )n ! 1%ø%ú#)

so

(

X
(( %' )n á

d
dt

" ) = 0

Thus

d
dt

(

X
" ) (( %' )n =

(

X
" ) n(( %' )n ! 1%ø%ú#) =

(

X
n ú#) (Ric(' ) ) %Ric(' )) ' n ! 1

)

where we write ' ) = ( %' .
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On the other hand,

d
dt

(

X

n-

i =1

#) (( %' )n ! i ' i ! 1Ric(' ) =
(

X

n-

i =1

ú#) (' ) )n ! i ' i ! 1Ric(' ) +

(

X

n ! 1-

i =1

ú#) (n %i )
0

(' ) )n ! i ' i ! 1 %(' ) )n ! i ! 1' i
1

Ric(' ) =

(

X

n-

i =1

ú#) (' ) )n ! i ' i ! 1Ric(' ) +
(

X

n ! 1-

i =1

ú#) (n %i )
0

(' ) )n ! i ' i ! 1 %(' ) )n ! i ! 1' i
1

Ric(' ) =

(

X

n-

i =1

(n %i + 1) ú#) (' ) )n ! i ' i ! 1Ric(' ) %
(

X

n-

i =2

ú#) (n %i + 1)( ' ) )n ! i ' i ! 1Ric(' ) =

(

X
n ú#) ' n ! 1

) Ric(' )

Thus

d
dt

E) =
(

X
n ú#) ' n ! 1

) Ric(' ) )

so E) is the main term in the Mabuchi functional. In fact

D (#) = %E(#) %
µ

n + 1
E 0(#)

where D(#) is the Mabuchi functional.

Chow sections

We recall some basic deÞnitions:

Let V be a vector space andP(V ) the corresponding projective space. Let

O(%1) = { (L, x ) : x " L } # P(V ) $ V

and

O(%d) = { (L, x (d) ) : x(d) " L ) d} # P(V ) $ V ) d

Let O(d) be the dual bundle. In general, ifE is a holomorphic (smooth) vector bundle overX , then E * , the
dual bundle, is characterized by: For everyx " X , (E * )x = ( Ex )* , the dual vector space, and ife and e*

are holomorphic (smooth) sections overU # X , then < e, e* > is a holomorphic (smooth) function on U.

Let L be the O(1) bundle on P(V ) and M the O(1) bundle on P(V * ). The we deÞne a sectionw of L * M
on P(V ) $ P(V * ) as follows:

w(x, H ) = < l (e), m(e* ) > (e * e* )

where e is a non-zero linear map on the linex # V , e* a non-zero linear map on the lineH # V * , and
e(l(e)) = 1 and e* (m(e* )) = 1 (this deÞnes l(e) " x and m(e* ) " H uniquely).

Note that w(x, H ) = 0 if and only if x " H , where we viewH as a hyperplane inP(V ).

Now let M i be the pullback of M on P(V ) $
%n

i =0 P(V * ) via the i th projection, and let wi be the corre-
sponding section ofL * M i on P(V ) $ P(V * )n +1 . Let %be the intersection of the divisors of thewi . Then
% = { (x, H 0, ..., Hn ) : x " ' n

i =0 H i } .

Actually, I think itÕs easier to work with O(%1):
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Let L be the O(%1) bundle on P(V ) and M the O(%1) bundle on P(V * ). The we deÞne a sectionw of
L * M on P(V ) $ P(V * ) as follows:

w(x, H ) =
(e * e* )

e* (e)

where e is a non-zero element of the linex # V , e* a non-zero element the lineH # V * .

Note that w(x, H ) = , if and only if x " H , where we viewH as a hyperplane inP(V ).

Now let M i be the pullback of M on P(V ) $
%n

i =0 P(V * ) via the i th projection, and let wi be the corre-
sponding section ofL * M i on P(V ) $ P(V * )n +1 . Let %%be the intersection of the divisors of thewi . Then
% = { (x, H 0, ..., Hn ) : x " ' n

i =0 H i } .

If we view %as a corresponence fromP(V ) to P(V * )) (n +1) then Y = %%(X ) is a divisor of degree (d, ..., d)
of P(V * )n +1 . This means that there is a polynomial of degree (d, ..., d) in ( n + 1) 2 variables which vanishes
exactly on Y . To say that a polynomial F is of degree (d, ..., d) means that itÕs a linear combination of
monomials of the form

%n +1
i =0 M i where M i is a monomial of degreed in the variables x( i )

0 , ..., x( i )
n . Thus if

we Þx all the variables except for thex( i ) variables, then F is homogenous of degreed in the x( i ) variables.

Recall that SymdV # V ) d is the space of symmetric tensors. Iff " SymdV then f deÞnes a polynomial
function ÷f : V * ! C as follows: ÷f (v* ) = f (v* * á á á* v* ). The polynomial function ÷f is homogeneous of
degreed.

For example, if ) : { 1, 2, ..., d} ! { 0, 2, ..., N } , where N + 1 = dim(V ) and e1, ..., en is a basis ofV , and if
e" = 1

d!

#
! ' Sd

e" ( ! (1)) * á á á* e" ( ! (d)) , then e" (
#

xi e*
i ) = x" =

%
x" ( i ) .

Let N be theO(%1) bundle ofP(SymdV). Let w#be the section ofN * M d
0* á á á* M n

0 overP((SymdV)) (n +1) )$
(P(V * )) n +1 given by

P(SymdV)) (n +1) $ P(V * )n +1 -
!
[f ], [(a*

0 )) d], .., [(a*
n )) d]

"
) )!

f * (a*
0 )) d á á á* (a*

n )) d

< f, (a*
0 )) d á á á* (a*

n )) d >

where the pairing < á, á> is the pairing of V ) d with ( V * )) d.

Let %%# denote the divisor ofw#. We consider%# as a correspondence between the varietiesP(SymdV)) (n +1)

and P(V * )n +1 , then there is a unique point Z " P(SymdV)) (n +1) such that %#
%(Z ) = Y . In otherwords,

there is a unique polynomial of degree (d, ..., d) which vanishes onY .

All this can be done over a baseS: Let E be a vector bundle overS of rank N + 1, and X an e$ective cycle
over P(E) whose components are ßat and of dimensionn over S. Then Z is is no longer a point: ItÕs a
section of Z : S ! P((SymdV)) (n +1) ). The Þrst theorem is:

Theorem. 1.4 There is a canonical isomorphism onS:

< L , ..., L > (X/S ) = Z %(N )

To prove this theorem, we need to connectP(E), to P((SymdV)) (n +1) ), that is we need to connectL to Z .
This is done using Òintegration along ÞbersÓ and ÒPoincare-LelongÓ, but instead of computing integrals along
Þbers, we use the projection formula, and instead of using Poincare-Lelong, we use the induction formula.

The connection from P(E), to P((SymdV)) (n +1) ) is via an intermediate space: P(E* )n +1 and is achieved
by moving up and then down, in the Radon fashion.
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1 Conventions in K¬ahler Geometry

We shall use the following conventions for the metric, K¬ahler form, and Ricci curvature
form:

ds2 = gj økdzj døzk, gj øk = ! j ! økK (1.1)

" =

!
" 1

2#
gj øk dzj # døzk , " $ =

n" n! 1 i
2π ! ø!$

" n
(1.2)

Ric(" ) = "

!
" 1

2#
! ø! log detgj øk =

!
" 1

2#
Rj øk dzj # døzk (1.3)

These conventions guarantee that the K¬ahler form" is a positive form, that Rj øk is the
curvature tensor arising from the commutator of covariant derivatives [$ j , $ øk], that the
standard metric onCP n satisÞes the K¬ahler-Einstein equation

Ric(" ) = ( n + 1) " (1.4)

with constant of proportionality n + 1, and that the Þrst Chern classc1(M ) = [ Ric(" )] is
integer-valued. This last convention is closely related to the normalizationi2π ! ø! log|f (z)|2 =
%f =0 for the Poincare-Lelong formula, i.e.,

!
# #

i
2#

! ø! log|f (z)|2 =
!

X
# (1.5)

where # is any smooth compactly supported form of type (n " 1, n " 1), and X is the
analytic variety given by f = 0.

For CP n, the K¬ahler form is" = ! ø! log (1+ |z|2), gj øk = ! j ! øk log (1+ |z|2) =
δj øk

1+ |z|2 " øzj zk

(1+ |z|2)2 ,

detgj øk = (1 + |z|2)! (n+1) , and Ric(" ) = " ! ø! log (1 + |z|2)n+1 = ( n + 1) " , as expected.

2 Harnack Inequality: Preliminaries

2.1 Reduction to a Monge-Ampere equation

We would like to Þnd a metric" satisfying Ric(" ) = &" , where& is a constant. The cases
& = 0 and & < 0 were solved by S.T. Yau and T. Aubin, so we consider only the case
& > 0. Replacing" by &" , we may assume that& = 1. Clearly, such a metric " must
satisfy [" ] = c1(X ). We look for " as a deformation

" φ = " 0 +
i

2#
! ø! $ (2.6)
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of a metric " 0. Since this implies [" 0] = [ " φ] = c1(X ), we must start by selecting a metric
" 0 with [ " 0] = c1(X ). Since we always have [Ric(" 0)] = c1(X ), it follows that there exists
a smooth functionF on X satisfying

Ric(" 0) = " 0 +
i

2#
! ø! F. (2.7)

We Þx F by the normalization condition
!

X
eF " n

0 =
!

X
" n

0 . (2.8)

We impose now the desired conditionRic(" φ) = " φ = " 0 + i
2π ! ø!$ . This is equivalent to

Ric(" φ) = Ric(" 0) "
i

2#
! ø! F +

i
2#

! ø! $ (2.9)

and hence

"
i

2#
! ø! log

" n
φ

" n
0

= "
i

2#
! ø! (F " $) (2.10)

This is equivalent in turn to the equation (" 0 + i
2π ! ø! $ )n = eF ! φ+ c" n

0 for some constantc.
Replacing$ by $ " c, we obtain in this way the following Monge-Ampere equation

(" 0 +
i

2#
! ø! $ )n = eF ! φ" n

0 (2.11)

for a smooth function$.

2.2 The method of continuity and a priori estimates

We shall try to solve (2.11) by the method of continuity. Thus consider the following
continuous family of Monge-Ampere equations

(" 0 +
i

2#
! ø!$ t )n = eF ! tφt " n

0 , 0 % t % 1 (2.12)

Applying " i
2π ! ø! log to both sides of (2.12) we get

Ric(" φt ) = (1 " t)" 0 + t" φt (2.13)

Applying ! t log to both sides of (2.12) we get

" φt
ú$t = " t

ú$t = " $t " t ú$t (2.14)

¥ for t = 0, the equation (2.12) reduces to (" 0 + i
2π ! ø!$ 0)n = eF " n

0 . By YauÕs theorem,
the normalization condition for F is the only necessary condition for the solvability of this
equation, and the equation admits a unique smooth solution$0.
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¥ it is well-known by the implicit function theorem, that the set of t in [0, 1] for which the
equation 2.12 is solvable is open.
¥ it is also well-known that the set oft for which the equation 2.12 would be closed if a
C0 a priori estimate for 2.12 holds, i.e., if there exists a constantC independent oft, so
that any solution $t of 2.12 for any 0% t % 1 satisÞes

&$t&C0(X ) % C. (2.15)

2.3 A simple observation

A simple, but very useful, observation is that 2.12 implies that

inf $t % 0 % sup$t (2.16)

Indeed, we have !

X
eF ! tφt " n

0 =
!

X
" n =

!

X
" n

0 =
!

X
eF " n

0 (2.17)

where the last identity holds because the equation 2.12 is solvable att = 0. Comparing
the left hand side of the equation with the right hand side, we deduce that eithere! tφt

is identically 1, or else, if it is < 1 somewhere, it must be> 1 somewhere else. The
desired inequality follows whent > 0. For t = 0, we take the limit as t ' 0. Thus
&$t&C0 % osc($t ) % 2&$t&C0 .

2.4 The Aubin functionals I and J

The following functionals I and J , Þrst introduced by Aubin, play an important role in
the study of complex Monge-Ampere equations:

I ω0 ($) = I ($) =
1
V

!

X
$(" n

0 " " n
φ)

Jω0 ($) = J ($) =
1
V

! 1

0

ds
s

I (s$)

F 0
ω0

($) = F 0($) = J ($) "
1
V

!

X
$" n

0 = " (I " J )($) "
1
V

!
$" n

φ (2.18)

Their main properties are the following. First, their relative sizes

0 %
1
n

J ($) %
1

n + 1
I ($) % J($);

1
n + 1

I ($) % (I " J )($) (2.19)

Next, their variations: Let $t be a smooth family of metrics. Then

d
dt

J ($) =
!

X

ú$ (" n
0 " " n

φ)

d
dt

I ($) =
!

X

ú$ (" n
0 " " n

φ) "
!

X
$

d
dt

(" n
φ)
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d
dt

(I " J )($) = "
!

X
$" t

ú$ " n
φ

d
dt

F 0($) = "
!

X

ú$" n
φ (2.20)

Next the cocycle property:

F 0
ω0

($1) + F 0
ω! 1

($2) = F 0
ω0

($1 + $2) (2.21)

And Þnally the symmetric formulas (which immediately imply (2.19)):

" (n + 1) F 0($) =
1
V

n"

j =0

!

X
$" n! j

0 " j
φ (2.22)

I ($) =
1
V

n! 1"

k=0

!

X
!$ # ø!$ # " n! 1! k

0 " k
φ (2.23)

J ($) =
1
V

n! 1"

p=0

# n " p
n + 1

$ !

X
!$ # ø!$ # " n! 1! p

0 " p
φ (2.24)

We begin with the variational formulas. From the deÞniton ofJ we obtain

d
dt

J ($) =
d
dt

! 1

0

!

X
$(" n

0 " " n
sφ) =

! 1

0

!

X

ú$(" n
0 " " n

sφ " ns" n! 1
sφ ! ø!$ ) ds (2.25)

Since d
ds(s" n

sφ) = " n
sφ + ns" n! 1

sφ ! ø!$ we obtain the Þrst part of (2.20) and the rest follows
easily. Thus: F 0

ω0
($1 + $2) " F 0

ω0
($1) =

%1
0

%
X

ú' (" 0 +
!

" 1! ø!' )n =
%1

0

%
X

ú( (" φ1 +
!

" 1! ø!( )n

where ' is a path joining $1 to $1 + $2, so ( = ' " $1 joins 0 to $2. This proves (2.21).

Now we prove (2.22):

d
dt

!

X

n"

j =0

$" n! j
0 " j

φ =
n"

j =0

!

X

ú$" n! j
0 " j

φ +
n"

j =0

!

X
j ú$" n! j

0 " j ! 1
φ ! ø!$

=
n"

j =0

!

X
(j + 1) ú$" n! j

0 " j
φ "

n"

j =0

!

X
j ú$" n! j +1

0 " j ! 1
φ = ( n + 1)

!

X

ú$" n
φ

(2.26)

Combining this with (2.20) we obtain (2.22). Equation (2.23) follows immediately from
the deÞnitions. As for (2.24): The right side of (2.24) is (by (2.18) and (2.22))

"
n"

p=1

# n " p + 1
n + 1

$ !

X
$" n! p

0 " p
φ +

n! 1"

p=0

# n " p
n + 1

$ !

X
$" n! 1! p

0 " p+1
φ =

!

X
$" n

0 + F 0($) = J ($)
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Proposition 7.1 Let " 0 be a metric and$t be any path of K¬ahler potentials for" 0. Then

|Jω0 ($1) " Jω0 ($0)| % 2osc($1 " $0) (2.27)

whereosc($) = sup $ + sup(" $) = sup $ " inf $.

Proof. We start with the variational formula:

Jω0 ($1) " Jω0 ($0) =
! 1

0

!

X

ú$t (" n
0 " " n

φt
) dt =

!

X
($1 " $0)" n

0 "
! 1

0

!

X

ú$t " n
φt

=
!

X
($1 " $0)" n

0 + F 0
ω0

($1) " F 0
ω0

($0) =
!

X
($1 " $0)" n

0 + F 0
ω! 0

($1 " $0)

=
!

X
($1 " $0)" n

0 +
!

X
($0 " $1)" n

φ0
" Jω! o

($1 " $0) %
!

X
($1 " $0)" n

0 +
!

X
($0 " $1)" n

φ0

where the last inequality comes fromF 0
ω0

($) = Jω0 ($) " 1
V

%
X $" n

0 and the fact that J ( 0.
Replacing$1 " $0 and $0 " $1 by sup($1 " $0) and sup($0 " $1) we obtain the proposition.

3 Harnack Inequality for the complex Monge-Ampère
equation.

There is one more functional which we need to deÞne:

Fω0 ($) = F 0
ω0

($) " log
# 1

V

!

X
eh" 0 ! φ" n

0

$

(3.1)

wherehω0 is deÞned by:

Ric(" 0) " " 0 =

!
" 1

2#
! ø! hω0 ;

!

X
eh" 0 " n

0 =
!

X
" n

0

Proposition (Ding). Let $t satisfy the equation (2.12) for eacht. Then

d
dt

(I " J )ω0 ($t ) ( 0 (3.2)

1
V

!

X
(" $t )" n

φt
= ( I " J )ω0 ($t ) "

1
t

! t

0
(I " J )ω0 ($s)ds ( 0 (3.3)

tF 0
ω0

($t ) = t
&

Jω0 ($t ) "
1
V

! t

0
$t " n

0

'

= "
! t

0
(I " J )ω0 ($s) ds % 0 (3.4)

Fω0 ($t ) %
1 " t

V

!

X
$t " n

φt
% 0 (3.5)
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Remark: Before proving the proposition, we note thatFω0 is also a cocycle: To do this,
Þrst note that for any two metrics" , " " with " " =

!
" 1! ø!$ ,

eh" ′ (" ")n = eh" ! φ" n

provided $ is normalized so that
%

eh" ! φ" n = 1, ie, so that Fω($) = F 0
ω($). Now suppose

" 1 = " 0 +
!

" 1! ø!$ 1 and " 2 = " 1 +
!

" 1! ø!$ 2 = " 0 +
!

" 1! ø! ($1 + $2) where we normalize
so that 1

V

%
eh" 0 ! φ1 " n

0 = 1
V

%
eh" 0 ! φ1! φ2 " n

0 = 1. Then

Fω0 ($1 + $2) " Fω0 ($1) = F 0
ω0

($1 + $2) " F 0
ω0

($1) = F 0
ω1

($2) = Fω1 ($2)

where the last equality follows from the fact that1
V

%
eh" 1 ! φ2 " n

φ1
= 1

V

%
eh" 0 ! φ1! φ2 " n

φ0
= 1.

To prove the proposition, we recall (2.20)

d
dt

(I " J )($t ) = "
1
V

!

X
$t (" t

ú$t )" n
φt

(3.6)

for a general path$t . When $t is a solution of (2.12), recall that (2.14)

" t
ú$t = " t ú$t " $t (3.7)

and hence

d
dt

(I " J )($t ) =
1
V

!

X

#

(" t + t) ú$t

$

(" t
ú$t )" n

φt
=

1
V

!

X

#

" " t " t)'
$

(" " t ' )" n
φt

(3.8)

where' is any function of the form ú$t + c, with c constant. If Ric(" ) > )" then BochnerÕs
formula implies that " " t " ) > 0 on the space of smooth functions' which are orthogonal
to the constants. SinceRic(" φt ) = t" φt + (1 " t)" 0 we seeRic(" φt ) > t " φt if t < 1. Choose
c so that ' = ú$t + c is orthogonal to the constants. Then,

)(" " t " t)' , (" " t " t)' * ( 0

so )(" " t " t)' , (" " t )' * ( t)(" " t " t)' , ' * > 0

This implies that d
dt (I " J )($t ) ( 0, and hence (I " J )($t ) is an increasing function oft.

To prove (3.3), we observe, using (2.18) and (2.20), that

d
dt

(I " J )($t ) =
d
dt

(
1
V

!

X
(" $t )" n

φt
) +

1
V

!

X

ú$t " n
φt

(3.9)

However, the fact that " t
ú$t = " t ú$t " $t implies

!

X
(t ú$t + $t )" n

φt
= "

!

X
(" t

ú$t )" n
φt

= 0 (3.10)
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Substituting in the previous equation yields

t
d
dt

(I " J )($t ) = t
d
dt

(
1
V

!

X
(" $t )" n

φt
) +

1
V

!

X
(" $t )" n

φt
=

d
dt

(t
1
V

!

X
(" $t )" n

φt
) (3.11)

Integrating between 0 andt, and integrating by parts in the t variable establishes (3.3).

To prove (3.4) we recall thatI = 1
V

%
(" $t )" n

φt
+ 1

V

%
$t " n

0 . Substituting in (3.3) we get

tF 0($t ) = t
&

J ($t ) "
1
V

! t

0
$t " n

0

'

= "
! t

0
(I " J )($s) ds % 0 (3.12)

where in the last inequality, we use the fact (see (2.19)) thatI " J ( 0.

Finally we prove (3.5): SinceF ($t ) + log
(

1
V

%
X eh! φt " n

0

)
= F 0($t ) < 0 (according to

(3.4)), we have, using the concavity of the log :

F ($t ) % " log
# 1

V

!

X
e(t ! 1)φt eh! tφt " n

0

$

= " log
# 1

V

!

X
e(t ! 1)φt " n

φt

$

%
1 " t

V

!

X
$t " n

φt

Since t + [0, 1], this establishes (3.5). Also,Fω0 ($1) % 0 =, FωKE ($) ( 0 for all $ for
which " φ can be joined to" KE via the method of continuity (ie, for all $, by the work of
Bando-Mabuchi)..

3.1 Simple estimates from plurisubharmonicity

Theorem. Assume that" 0 is a K¬ahler metric onX . Then

1. If " +
!

" 1! ø!$ > 0 then

sup
X

$ %
1
V

!

X
$ " n

0 + C(" 0) (3.13)

whereC(" 0) = n inf z,w# X Gω0 (z, w).

2. Assume that) > 0 and that Ric(" φ) ( )" φ. Then

sup(" $) %
1
V

!

X
(" $)" n

φ +
K
)

(3.14)

whereK is a constant depending only ondim X .

The Þrst condition implies that
n + " $ > 0 (3.15)

Now the GreenÕs function formula for the scalar Laplacian satisÞes

$(z) =
1
V

!

X
$ " n

0 +
1
V

!

X
(" " $)(G0(z, w) + A)" n

0 (3.16)
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where" , G0(z, w) are the Laplacian and the GreenÕs functions with respect to the metric
g0

j øk , and A is any constant. ChooseA0 so that G0(z, w) + A0 ( 0. Then the bound
n > " " $ implies

$ %
1
V

!

X
$ " n

0 +
n
V

!

X
(G0(z, w) + A0)" n

0 =
1
V

!

X
$t " n

0 + nA0 (3.17)

where we used the fact that the GreenÕs function is orthogonal to constants, and that the
volume ofX with respect to " 0 is V. This establishes the Þrst of the plurisubharmonicity
estimates. The second estimate is similar:" φ " ! ø!$ > 0 implies

n + " φ(" $) > 0 (3.18)

where " φ is the Laplacian with respect to the metric" φ. The constant A used before
gets replaced now by a constantAφ. It is a basic fact of geometric analysis that the lower
bound for the GreenÕs function depends only on the volume ofX and a stricly positive
lower bound for the Ricci curvature (c.f. SiuÕs Birkh¬auser lecture notes). More precisely,
Aφ % K

ε . The desired estimate now follows.

Similar arguments show:

Theorem. Assumet > ) and that $t is a solution on [0, 1]. We write " KE = " 1. Then
for all t > ) we have

osc($t " $1) % (I KE " JKE )($t " $1) + Cε (3.19)

whereCε > 0 depends only on) and the manifoldX , and not on " 0, the initial metric.

3.2 The Harnack inequality

Theorem. Fix 0 < T % 1 and Þx), c > 0. Assume$t is a solution to (2.12) for t + [0, T).
Let t + [0, T) and let Q and Q" be any two expressions from the following list

sup$t , sup (" $t ),
!

X
$t " n

0 ,
!

X
(" $t )" n

φt
, log

!

X
e! cφt " n

φt
, log

!

X
ecφt " n

0 , J ($t )

(3.20)
There there exists* = *(), n) > 0, A = A(c, n) > 0 and a constantB depending only onc
and sup{ J ($t ) : t + [0, )]} so that

Q % A Q" + B for all t + [), T) (3.21)

These inequalities follow in turn from the following two inequalities fort + [), T):

sup(" $t ) " Cε %
1
V

!

X
(" $t )" n

φt
% n á

1
V

!

X
$" n

0 % n sup$

10



sup$t " C(" 0) %
1
V

!

X
$" n

0 %
n + )

V

!

X
(" $t )" n

φt
+ B % (n + )) sup (" $t ) + B (3.22)

We begin by proving (3.22). SinceI " J ( 0, it follows from the identity (3.3) that

1
V

!

X
(" $t )" n

φt
% (I " J )($t ) %

n
n + 1

I ($) (3.23)

Rewriting I ($) in terms of its deÞnition, we obtain

1
V

!

X
(" $t )" n

φt
% n

1
V

!

X
$t " n

0 % n sup$ (3.24)

establishing the Þrst inequality. As for the second, Þx%> 0 such that n+ δ
1! δ < n + ). Let

* = )%. Applying (3.3) again, using the fact that the function (I " J )($t ) is increasing
(and omitting the factors of 1

V to simplify notation):
!

X
(" $t )" n

φt
= (1 " %)(I " J )($t )+ %(I " J )($t ) "

1
t

! t ! ρ

0
(I " J )($s)ds"

1
t

! t

t ! ρ
(I " J )($s)ds

( (1 " %)(I " J )($t ) + %(I " J )($t ) "
t " *

t
(I " J )($t! ρ) "

1
t
* (I " J )($t )

( (1 " %)(I " J )($t ) "
t " *

t
(I " J )($t! ρ)

(
1 " %
n + 1

I ($t ) "
t " *

t
(I " J )($t! ρ) =

1 " %
n + 1

# !

X
(" $t )" n

φt
+

!

X
$t " n

0

$

"
t " *

t
(I " J )($t! ρ)

since, in general, (I " J ) ( 1
n+1 I . It follows that

(1 "
1 " %
n + 1

)
!

X
(" $t )" n

φt
( (

1 " %
n + 1

)
!

X
$t " n

0 "
t " *

t
(I " J )($t! ρ) (3.25)

and hence, ift + [), T), we have

(n + ))
1
V

!

X
(" $t )" n

φt
+ sup

t# [0,T ! ρ]

(n + 1)
1 " %

t
t + *

(I " J )($t ) (
1
V

!

X
$t " n

0 (3.26)

We now argue by induction onk =
*

T ! ε
ρ

+
to complete the proof.

We can now establish the equivalence of all the expressions in (3.20) in the sense indicated.
First, it follows (3.22) that sup $t , sup (" $t ),

%
X $t " n

0 ,
%

X (" $t )" n
φt

, are all equivalent.
SinceI ($t ) is the sum of the last two expressions, thenI ($t ) and henceJ ($t ) is also in
this equivalence class.

Next, Þx c > 0. We have, trivially,

1
V

!

X
e! cφt " n

φt
% ecsup (! φt ) (3.27)
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and hencecsup (" $) ( log ( 1
V

%
X e! cφt " n

φt
). On the other hand, by the concavity of the

logarithm, we also have

log (
1
V

!

X
e! cφt " n

φt
) ( c

!

X
(" $t )" n

φt
(3.28)

and hence the opposite inequality also holds, in view of the estimates (3.22) Finally, we
consider the expression

%
X ecφ" n

0 . Again, by the concavity of the logarithm and by the
second subharmonicity inequality, we have

log (
1
V

!

X
ecφ" n

0 ) ( c
1
V

!

X
$" n

0 ( csup$t " C (3.29)

while, trivially,

log (
1
V

!

X
ecφt " n

0 ) % csup$t (3.30)

The proof of the Harnack inequality is complete.

3.3 A su ! cient condition in terms of Moser-Trudinger sharp
constants

Set

+ = sup
c> 0

{ c + R : sup
ψ

!

X
e! cψ" n

0 < - . ' with " 0 +
i

2#
! ø! ' > 0, supX ' = 0} (3.31)

Theorem. (Tian) If + > n
n+1 , then X admits a K¬ahler-Einstein metric.

Proof. It su! ces to produce aC0 bound for the method of continuity. Let $t be a solution
of the equation (/ )t . Let , be any positive number< +. Then by the deÞnition of the+
constant, there existsC < - such that

C (
1
V

!

X
e! γ(φt ! sup φt ) " n

0 =
1
V

eγ sup φt

!
e(t ! γ)φt ! F " n

φt
(3.32)

The convexity of the exponential implies

C ( eγ sup φt
1
V

exp (
!

X
{ (t " , )$t " F } " n

φt
) (3.33)

that is,

, sup$t +
1
V

!

X
{ (t " , )$t " F } " n

φt
% logC (3.34)

SinceF is a Þxed smooth function, we obtain

, sup$t %
1
V

(t " , )
!

X
(" $t )" n

φt
+ C" (3.35)

12



If
%

X (" $t )" n
φt

% 0, then sup (" $t ) is bounded by the plurisubharmonicity estimate, and
hence&$t&C0(X ) is bounded by the Harnack estimate, and we are done. Assume then that
%

X (" $t )" n
φt

> 0. Sincet % 1, we may write

, sup$t %
1
V

(1 " , )
!

X
(" $t )" n

φt
+ C" % n(1 " , ) sup$t + C" (3.36)

Since, by assumption,, > n (1 " , ) get a uniform bound for sup (" $t ), and hence for
&$t&C0(X ) .

4 Properness and the existence of K¬ahler-Einstein
metrics.

4.1 Properness implies KE

Fix ( X, " ) compact Kahler with c1(X ) > 0. We say that Fω is proper if there exists an
increasing functionµ : R ' [c(" ), - ) such that limt$% µ(t) = - and such that

Fω($) ( µ(Jω($)) (4.1)

for all $ + P(M, " ), the space of Kahler potentials.

Let C > 0. We say that Fω is C-proper if (4.1) holds for all$ such that

osc$ % C(1 + J ($)) (4.2)

Clearly proper implies C-proper for allC > 0.

Theorem. AssumeFω is C-proper for all C. Then X has a Kahler-Einstein metric.

To prove this, we need only establish aC0 bound for the solution to (2.12). The Harnack
inequality (3.20) implies that

&$t&0 % osc$t % C(1 + J ($t )) (4.3)

for someC > 0. On the other hand DingÕs Proposition (3.5) tells us

Fω($t ) %
1 " t

V

!

X
$t " n

φt
% 0 (4.4)

This implies that J ($t ) is bounded, which, using (4.3) gives the uniform bound on&$t&0.
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4.2 KE implies proper.

4.2.1 Bando-Mabuchi method

Theorem 1 Assumec1(X ) > 0 Assume thatX has no notrivial holomorphic vector Þelds.
Then X has a Kahler-Einstein metric if and only if Fω is C-proper on P(X, " ) for all
C > 0. In fact, if Fω is C-proper then

FωKE ($) ( A áJωKE ($)
1

2n +1 " B (4.5)

whereA, B are constants which are independent of$.

Remark: It is also true that under the assumptions of the theorem above, thatX has a
K¬ahler -Einstein metric if and only if Fω is proper onP(X, " ). To prove this theorem, we
Þrst prove Theorem 1 and then apply the observation of Tian-Zhu to complete the proof.
This will be done in a later section.

Remark: If there are holomorphic vector Þelds, thenX has a KE metric if and only if Fω

is proper onPG(M, " ), the G invariant potentials, whereG = Aut (X ).

Remark: The exponent 1
2n+1 can be improved to 1

2n+ ε for any ) > 0.

One direction has already been proved (with no assumption on the holomorphic vector
Þelds) in the previous section. The proof of the converse uses the Bando-Mabuchi Òback-
wards continuity methodÓ:

Theorem 2 Assume" KE is a Kahler-Einstein metric. Let $ + P(X, " ) be a Þxed K¬ahler
potential, and let " 0 = " KE +

!
" 1! ø!$ . Then the equation

(" 0 +
!

" 1! ø!$ t )n = eh" 0 ! tφt " n
0 (4.6)

has a smooth solution on[0, 1] with the property: " 0 +
!

" 1! ø!$ 1 = " KE .

Proof. We claim that the set E of t for which (4.6) has a solution is open and closed
and non-empty. To see thatE is not empty, observe that 1+ E. In fact, we can take
$1 = " $+ c wherec is the constant determined by the relation

%
eh" + φ+ c" n

0 = 1. Openness
follows from the fact that the linearized equation is (" " t " t)f = g, and (" " t " t) > 0
since&1 > 1 (since&1 = 1 would imply that - (X ) 0= 0).

To prove closedness, we use the Harnack inequality, which implies&$t&C0 % (I " J )ω0 ($t ).
Since (I " J )ω0 ($t ) is an increasing function oft, we get a uniform bound for&$t&C0 on
the interval [%, 1] for any d > 0.

To get the bound on [0, %] we use TianÕs+ theorem which says that there exists%> 0 such
that

%
e! δ(ψ! sup ψ) " n

0 % C for all K¬ahler potentials ' . Thus
!

e! δ(φt ! sup φt ) " n
0 = eδ sup φt

!
e(δ! t )( ! φt ) " n

φt
% C

14



On the other hand, if t % %then

log
1
V

!
e(δ! t )( ! φt ) " n

φt
( (%" t)

1
V

!
(" $t )" n

φt
( 0

This shows sup$t is uniformly bounded above ift + [0, %]. Similarly,
!

e! δ(! φt ! sup(! φt )) " n
0 = eδ sup(! φt )

!
eδφt " n

0 % C

and log 1
V

%
eδφt " n

0 ( δ
V

%
$t " n

0 ( 0 which gives the bound on sup(" $t ) for t + [0, %]. This
completes the proof of Theorem 2.

Now we can already prove thatFω is bounded below:

FωKE ($) = Fω1 ($) = " Fω0 (" $) = " Fω0 ($1 + c) = " Fω0 ($1) =

" Jω0 ($1) +
1
V

!

X
$1" n

0 + log
# 1

V

!

X
eh" ! φ1 " n

0

$

(4.7)

but eh" ! φ1 " n
0 = " n

1 so the last term is zero. Applying DingÕs proposition (3.4) we get

FωKE ($) =
! 1

0
(I " J )ω0 ($t ) dt ( 0 (4.8)

4.2.2 Outline of proof.

We see from (4.7) thatFωKE is nonegative. We want to prove something a bit stronger,
namely that FωKE ($) ( AJωKE ($)γ " B for some, > 0. To do this, let t + [0, 1) and
observe that (4.8) implies

FωKE ($) ( (1 " t)( I " J )ω0 ($t ) (
1
n

(1 " t)Jω0 ($t ) (
1
n

(1 " t)(Jω0 ($1) " osc($1 " $t ))

(
1
n

(1 " t)Jω0 ($1) "
2
n

(1 " t) á&$1 " $t&C0 =
1
n

(1 " t)JωKE ($) "
2
n

(1 " t) á&$1 " $t&C0

The Þrst inequality follows from the fact that I " J is increasing, the second from (2.19)
and the third from (2.27).

We conclude:

FωKE ($) (
1
n

(1 " t)JωKE ($) "
2
n

(1 " t) á&$1 " $t&C0 (4.9)

To exploit (4.9) we must get an upper bound for&$1 " $t&C0 . To do this, we will make
use of the inverse function theorem.

We start with some general remarks: If' is such that " = " KE "
!

" 1! ø!' > 0 then there
exists c = c(' ) + R such that

15



log

,
" n

KE

(" KE "
!

" 1! ø!' c)n

-

+ ' c = log
# " n

KE

" n

$

+ ' c = hω (4.10)

where ' c = ' " c and !
eψ+ c" n

KE =
!

eh" " n =
!

" n
KE

Thus |c(' )| % &' &C0 so, in particular, 1
2&' &C0 % &' c&C0 % 2&' &C0 . This means that for

the purpose of estimating theC0 norm, the constantc(' ) is innocuous.

The inverse function theorem tells us

&hω&
C

1
2 (ωKE )

% )(" KE ) =, & ' &
C2, 1

2 (ωKE )
% C á&hω&

C
1
2 (ωKE )

(4.11)

&hω&L p
k (ωKE ) % )(" KE ) =, & ' &L p

k (ωKE ) % C á&hω&L p
k−2(ωKE ) (4.12)

In particular, choosingp = 2n + 1 and k = 2, we obtain

&hω&C0 % )(" KE ) =, & ' &C0 % C á&hω&C0 (4.13)

LetÕs try to apply these general remarks to (4.6): Setting' = $1 " $t in (4.10) we get:

log

,
" n

KE

(" KE "
!

" 1! ø! ($1 " $t ))n

-

+ ( $1 " $t ) = log

,
" n

KE

" n
φt

-

+ ( $1 " $t ) = ( t " 1)$t

(4.14)
where we are using the elementary fact:hψ + c(' ) = ( t " 1)$t and so, in particular,

&hω&C0 % 2(1 " t)&$t&C0 (4.15)

a fact which will be useful later). Now (4.13) implies

(1 " t)&$t&C0 % )(" KE ) =, & $1 " $t&C0 % C á(1 " t)&$t&C0 % C) (4.16)

If (1 " t)&$t&C0 % )(" KE ) for all t, weÕre in good shape. Otherwise, chooset such that
(1 " t)&$t&C0 = )(" KE ). Then, (4.16) combined with with (4.9) yields

FωKE ($) (
1
n

JωKE ($)
&$t&C0

" C"" (4.17)

Unfortunately, &$t&C0 has the same size asJωKE ($), so we donÕt gain anything. We would
like to replace (4.16) with something like&$1 " $t&C0 % (1 " t)µ for someµ > 0. This
would prove Theorem 4.1 with exponent, = 1.

We try to improve (4.16): First note ! ø! hω = Ric( " ) " " = t" + (1 " t)" 0 " " > (t " 1)"
and thus " hω > " n(1 " t) and thus

16



!
h2 " n % Cá

!
|$ h|2 " n =

!
h(" " h) " n = Cá

!
(h" inf h)(" " h) " n % Cá&h&0(1" t)

(4.18)
with uniform constants C (provided t is bounded from below, so that the Poincare in-
equality holds uniformly). If we could replace theL2 norm on the left by the sup norm,
then we would get&hω&C0 % C(1 " t) which would prove the theorem (with the optimal
exponent, = 1). The problem we have is that in order to replace theL2 bound by a sup
bound, we must have control over|$ h|C0 , but that doesnÕt appear to be within reach.

Thus the straightforward application of the inverse function theorem doesnÕt quite give us
what we need. The idea which Tian uses in his paper is as follows: LetÕs move$t a little
bit, to a new K¬ahler potential $t + ut , whereut is what you get by ßowing the Ricci ßow,
starting at $t , for one unit of time. Then setting ' = $1 " $t " ut in (4.10) we get:

log

,
" n

KE

" n
φt + ut

-

+ ( $1 " $t " ut ) = hω! t + u t
+ c(' ) = h1 + c(' ) (4.19)

One shows, without too much di! culty (maximum principle), that ut satisÞes :

&ut&C0 % (1 " t)&$t&C0 (4.20)

Moreover, a result of Bando (simple application of the maximum principle) implies

&$h1&C0(ω1) % &h0&C0 (4.21)

Finally, one shows, using the maximum principle, that (4.18) still holds forh1:
!

|$ h1|2 " n
1 % &h0&C0 (1 " t) (4.22)

where we omit all uniform constants, and where we write" 1 = " +
!

" 1! ø! ut .

Fix p > 2n. Applying the Sobolev inequality (of course, we will have to justify the fact
that the constants are uniform):

&h1&p
C0 %

!
|$ h1|p " n

1 +
!

hp
1 " n

1 % &h0&p! 2
!

|$ h1|2" n
1 + &h0&p! 2

C0

!
h2" n

1

% &h0&p! 2
C0

!
|$ h1|2" n

1 % &h0&p! 1
C0 (1 " t) % &$t&

p! 1
C0 (1 " t)p (4.23)

Now if we apply the inverse function theorem to (4.42) we get

&h1&C0 % ) =, & $1 " $t " ut " c(' )&C0 % 1 (4.24)
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In particular,

&$t&
(p! 1)/p
C0 (1" t) = ) =, & $1" $t&C0 % (1" t)&$t&C0 =, (1" t)&$1" $t&C0 % 1 (4.25)

Thus (4.9) implies

FωKE ($) (
JωKE ($)

&$t&
(p! 1)/p
C0

" 1 ( JωKE ($)1/p " 1

where, in the last inequality, we make use of the fact that&h0&C0 % 2&$t&C0 (1 " t).

This is completes the outline of the proof. In the next few sections, we give the details.

4.2.3 The key lemma

Tian uses the Ricci ßow to Þndut - here is the precise statement of the lemma:

Lemma 1 (Key Lemma). There exists+(n) > . (n) > 0, C(" KE ), D(" KE ) > 0 such that

&$1 " $t&C0 % 100(1" t)&$t&C0 + C(" KE )(1 " t)β(1 + (1 " t)2&$t&2
C0 )α (4.26)

for all t + [t0, 1] wheret0 satisÞes:

(1 " t0)β(1 + (1 " t0)2&$t0 &2
C0 )α = sup

t# [t0 ,1]
(1 " t)β(1 + (1 " t)2&$t&2

C0 )α = D(" KE ) (4.27)

In particular,

&$1 " $t&C0 % 100(1" t)&$t&C0 + C(" KE )D(" KE ) (4.28)

Now letÕs show how Theorem 1 follows from Lemma 1: First, (4.27) implies that for
t + [t0, 1],

(1 " t)β/ α(1 " t)&$t&C0 % D(" KE )1/ α =, (1 " t)2&$t&C0 % D(" KE )1/ α

since. < +. Thus (4.28) and 4.9 imply

FωKE ($) (
1
n

(1 " t)JωKE ($) " C1 (4.29)

where the constantsC, C1, .. may depend on" KE , but not on $.

If (1 " t0) ( - (" KE ) (where - is a constant to be chosen later) then we are done using
(4.29). Thus we may assume (1" t0) % - (" KE ). Choosing- < 1

200, (4.28) implies that

&$t& % &$1& +
1
2

&$t& + C2

18



so
&$t& %2&$1& + C3 if t0 % t % 1 (4.30)

We must have (1" t0)&$t& ( 1 for otherwise

(1 " t)β2α ( )(" KE )

which contradicts the choice of- = min { )1/ β2α/ β, 1
200} . Thus we have

2α(1 " t0)β&$t0 &2α ( 1 =, (1 " t0) (
C4

&$t0 &
2#

2# + $

But then (4.29) implies

FωKE ($) ( C5 á
JωKE ($)

(&$1&+ 1)
2#

2# + $

" C1)(" KE ) (4.31)

Now &$1&C0 % osc($1) = osc(" $ " c) = osc($) and osc($) % C(JωKE ($) + 1) by the
C-properness assumption. Let, = β

2α+ β . We conclude that

FωKE ($) ( C6 áJωKE ($)γ " C7 (4.32)

which proves Theorem 1. Thus we have shown that Lemma 1 =, Theorem 1. It remains
to prove Lemma 1, and this will be done in the subsequent sections. We begin with a
review of the inverse function theorem.

4.2.4 Inverse function theorem.

We recall the general statement (cf. appendix to Donaldson-Kronheimer): LetE, F be
Banach spaces,U 1 E and open set, andf : U ' F a function. We sayf is di$erentiable
at x0 + U if there is a bounded linear operator (Df )x0 : E ' F such that

lim
x$ x0

1
&x " x0&

(f (x) " f (x0) " (Df )x0 (x " x0)) = 0

Thus there exists) > 0 such that&x " x0&< ) =, & f (x) " f (x0) " (Df )x0 (x " x0)&< 1 so

&x " x0&< ) =, & f (x) " f (x0)&F < C á&x " x0&E

whereC = 1 + &(Df )x0 &.

Supposef is di$erentiable at every point x + U. Then Df : U ' Hom(E, F ) where
Hom(E, F ), the space of bounded linear functionals fromE to F , is a Banach space with
respect to the operator norm. We sayf is C1 if it is di $erentiable and if the following
condition holds: Df : U ' Hom(E, F ) is continuous. We sayf is C2 if Df is di$erentiable
and if D 2 = D(Df ) : U ' Hom(E, Hom(E, F )) is continuous. If f is Ck for all k, we say
f is smooth.
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Theorem Supposef : U ' F is smooth and(Df )x0 : E ' F is an isomorphism for
somex0 + U. Then there is an open neighborhoodU" of x0 such thatf : U" ' f (U") has a
two sided smooth inverse. In particular, ifx0 = f (x0) = 0 , then there existsC, ) > 0 such
that

&h&F < ) =, there exists a unique' + E with f (' ) = h and &' &E % C&h&F (4.33)

Main example. Let f : C2, 1
2 (M ) ' C0, 1

2 (M ) be deÞned as follows:

f (' ) = log

,
" n

KE

(" KE "
!

" 1! ø!' )n

-

+ ' (4.34)

Then the linearization of f at ' = 0 is

(Df )0(%') = " KE (%') + ( %')

and thus (Df )0 : C2, 1
2 (M ) ' C0, 1

2 (M ) is an isomorphism sof is locally inveritble. In
particular, (4.33) implies that there existsC1(" KE ), )(" KE ) > 0, depending only onX ,
such that if &h&

C0, 1
2

< )(" KE ), then there is a unique' + C2, 1
2 (M ) satifying the following

two conditions:

log

,
" n

KE

(" KE "
!

" 1! ø!' )n

-

+ ' = h (4.35)

and
&' &

C2, 1
2

% C1(" KE ) á&h&
C0, 1

2
(4.36)

In particular, if h = h(t), ' = ' (t) are smooth families on an intervalI satsifying (4.35)
with h(a) = 0, ' (a) = 0, and &h(t)&

C0, 1
2

< )(" KE ), then (4.47) holds for all t + I .

4.2.5 Proof of the key lemma

In this section we begin to prove Lemma 1. Recall the deÞnition of$t : Let $ + P(X, " KE )
be a Þxed K¬ahler potential and let" 0 = " KE +

!
" 1! ø!$ . Then $t , t + [0, 1], is deÞned by

" n
φt

= ( " 0 + ! ø!$ t )n = eh" 0 ! tφt " n
0 ; $1 = " $ " c (4.37)

wherec is chosen so that
%

X eh" 0 + φ+ c" n
0 =

%
X " n

0 .

Now we wish to bound&$1 " $t&C0 in terms of (1" t)&$t&C0 . To do this, note that $1 " $t

satisÞes the equation

log

,
" n

KE

(" KE "
!

" 1! ø! ($1 " $t ))n

-

+ ( $1 " $t ) = ( t " 1)$t (4.38)
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Indeed, the identity is true after applying ! ø! so that means the two sides di$er by a
constant at . Thus e(t ! 1)φt + at + φt ! φ1 " n

φt
= " n

KE , ie, etφt + at ! φ1 eh! tφt " n
0 = eh! φ1 " n

0 and this
implies at = 0.

Fix t + [0, 1] and consider the K¬ahler -Ricci ßow equation:

!
! s

us,t = log
(" φt +

!
" 1! ø! us,t )n

" n
φt

+ us,t " hω! t
; u0,t = 0

The following lemma is a sharpened version of the lemma of Song-Weinkove, which, in
turn, is a sharpened version of the one proved by Tian (in fact, with some more work, we
can sharpen the bounds further. This will be done in a later section):

Lemma 2 (Smoothing lemma.) Write ut for u1,t . Fix * > 0. Then

(i) For 0 % t % 1,
&ut&C0 % 3&hω! t

&C0 (4.39)

(ii) For any t1 + [0, 1) and for any positive constant such that fort + [t1, 1]

A! 1" KE % " φt + ut % A " KE , (4.40)

there exists a constantBA depending only on* , A and " KE such that for t + [t1, 1],

&hω! t + u t
&C1/ 2(ωKE ) % BA (1 + &hω! t

&2
C0 )α(1 " t)β

% BA (1 + &hω! t
&C0 )(1 " t)β (4.41)

where+ = 1
2 and . = 1

(4n+ ρ) .

Remark: Song-Weinkove prove the same lemma, with+ = n+2
2n+2 and . = 1

4n+4 .

Before proving Lemma 2, we show how Lemma 1 follows. We give a brief outline, and
then we give the details: We need only ensure theut satsiÞes (4.20) and (??). First, (4.39)
immediately implies (4.20). Chooset0 minimimal so that B2(1 + &hω! t 0

&C0 )(1 " t0)β = ).
Then on the interval [t0, 1], we must have (4.40) satisÞed withA = 2 since the inverse
function theorem tells us that &' &

C2, 1
2

< C ) < 1
2 (with the right choice of )), But " φt + ut

and " KE di$er by ! ø!' , so that shows (4.40) satisÞed withA = 2. This shows that (??) is
also sastiÞed. Now we provide the details of this sketch:

DeÞne' t by the equation

log

,
" n

KE

(" KE "
!

" 1! ø!' t )n

-

+ ' t = hω( ! t + u t )
(4.42)
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Then (4.42) implies

" KE = " (φt + ut ) +
!

" 1! ø!' t = " KE +
!

" 1(" $1 + $t + ut + ' t )

In particular,
" $1 + $t + ut + ' t = at (4.43)

whereat is a constant depending only ont.

Lemma 3

&ut&C0 % 6(1" t)&$t&C0 , &hω! t
&C0 % 2(1" t)&$t&C0 and at % 7(1" t)&$t&C0 (4.44)

Proof. Note that

! ø! hφt = Ric( " φt ) " " φt = t" φt + (1 " t)" 0 " " φt = ! ø! (t " 1)$t

so
hφt = ( t " 1)$t + ct

Since
%

eh! t " n
φt

=
%

" n
0 we conclude that

|ct | %& $t&C0

and thus, &hω! t
&C0 % 2(1 " t)&$t&C0 . The bound on&ut& follows from Lemma 2. Next

we obsere that" n
φt

= eh" 0 ! tφt " n
φt

and " n
KE = eh" 0 ! φ1 " n

φt
so

" n
KE = etφt ! φ1 " n

φt

Now (4.42) implies 1
V

%
eψt " n

KE = 1 = 1
V

%
eψt + tφt ! φ1 " n

φt
= 1

V

%
eat ! ut +( t ! 1)φt " n

φt
and the

bound onat now follows from that onut .

Lemma 4 ChooseD(" KE ) = ε(ωKE )
4(B 2+1)( C1+1)( ε+1) where)(" KE ) is chosen as in (4.35) and

B2 is deÞned in (4.41). Chooset0 as in (4.27). Then, for t + [t0, 1]

1.
&' t&C2, 1

2 (ωKE )
<

1
4

2.
1
2

" KE % " (φt + ut ) % 2" KE

3.
&hω! t + u t

&C1/ 2(ωKE ) % B2(1 + 4(1 " t)2&$t&2
C0 )α(1 " t)β < )(" KE )

4.
&' t&C2, 1

2 (ωKE )
% C1B2(1 + 4(1 " t)2&$t&2

C0 )α(1 " t)β
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Proof. We prove 1. Þrst. Assume not: Since' 1 = 0, there exists t1 + [t0, 1)

&' t1 &
C2, 1

2
=

1
4

and &' t1 &
C2, 1

2
<

1
4

if t > t 1 .

Since&T&op % &T&HS for any symmetric matrix T, we have, fort + [t1, 1],

"
1
4

" KE % ! ø!' %
1
4

" KE

and thus
1
2

" KE % " KE "
!

" 1! ø!' t = " φt + ut % 2" KE for t + [t1, 1] (4.45)

Thus Lemma 2 implies that fort + [t1, 1],

&hω! t + u t
&C0,1/ 2(ωKE ) % B2(1 + &hω! t

&2
C0 )α(1 " t)β %

)B2

4(B2 + 1)( C1 + 1)( ) + 1)
< ) (4.46)

Thus the bound (4.47) from the inverse function theorem implies fort + [t1, 1]

&' t&C2, 1
2

% C1(" KE ) á&hω! t + u t
&

C0, 1
2

< C 1) < 1
4 (4.47)

This contradicts &' t&C2, 1
2

= 1
4 when t = t1 and proves 1. The proof of two follows in the

same way as (4.45). Now 3. follows from (4.41) of Lemma 2 and 4. follows from the bound
(4.47) of the inverse function theorem. This Þnishes the proof of Lemma 4.

We conclude that fort + [t0, 1], that

&$1 " $t&C0 % &at&C0 + &ut&C0 + &' t&C0 % 13&(1 " t)$t&C0 + &' t&C0

and this, together with part 4) of Lemma 4 proves Lemma 1.

Thus we see that Lemma 2 =, Lemma 1 =, Theorem 1. It remains to prove Lemma 2.
This will be done in the next section.

4.3 Smoothing via the K¬ahler -Ricci ßow

In this section we prove Lemma 2. Let- 0 be a K¬ahler metric and consider the ßow

! u
! s

= log
(- 0 +

!
" 1! ø! u)n

- n
0

+ u " hη0 ; u(0) = 0 (4.48)

Write - s = - 0 +
!

" 1! ø! u. Applying
!

" 1! ø! to both sides we get

!
" 1! ø! úu = " Ric(- s) + - s = "

!
" 1! ø! hηs (4.49)
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so
hηs = " úu + cs = ÷hηs + cs with c0 = 0 (4.50)

Di$erentiating (4.48) with respect tos:

!
! s

úu = " s úu + úu (4.51)

so
&úu&C0 % es&h0&C0 (4.52)

so" es&h0&C0 % úu % es&h0&C0 . Integrating from 0 to 1, we prove the Þrst part of Lemma 2
(where we writehωs = hs).

The next lemma is due to Bando:

Lemma 5 For s ( 0 we have

&÷hs&2
C0 + s&$shs&2

C0(ηs ) % e2s&h0&2
C0

e! s" shs ( " 0h0 (4.53)

We also have the following lemma:

Lemma 6 Let v = h1 " 1
V

%
h1 á- n

1 and let * > 0. Assume

A! 1" KE % - 1 % A" KE (4.54)

Then there existC > 0, depending only onA and * , such that

&v&C0 =
.
.
.
. h1 "

1
V

!
h1 á- n

1

.

.

.

.
C0

% C á&h0&C0 á(sup
M

(" " 1h1))
1

2n + %

LetÕs show how Lemma 5 and Lemma 6 imply Lemma 2:

Let - 0 = " φt and let x, y + M . If d1(x, y) ( (1 " t)
1

4n +2 % then Lemma 6 implies

|h1(x) " h1(y)|
/

d1(x, y)
% 2&v&C0 (1 " t)

−1
4n +2 % % C(1 + &h0&C0 )(1 " t)

−1
4n +2 %(sup

M
(" " 1h1))

1
2n + %

On the other hand, Ric(- 0) > t - 0 implies
!

" 1! ø! ho ( " (1 " t)- 0 so that

" η0 h0 ( " n(1 " t)

Thus, by Lemma 5 we have
" 1h1 ( " ne(1 " t) (4.55)
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Thus
|h1(x) " h1(y)|

/
d1(x, y)

% C(1 + &h0&C0 )(1 " t)
1

4n +2 %

Now assumed1(x, y) % (1 " t)
1

4n +2 %. From Lemma 5 we get

&$h1&C0(η1) % e2&h0&C0

Thus
|h1(x) " h1(y)|

/
d1(x, y)

%
/

d1(x, y)&$h1&C0(η1) % C á&h0&C0 á(1 " t)
1

4n +2 %

Finally,
%

eh1 - n
1 =

%
- n

1 implies

&h1&C0 % osc(h1) = osc(v) % 2&v&C0 % C(1 + &h0&C0 )(1 " t)
1

2n + %. (4.56)

Lemma 2 follows. Thus Lemma 5, Lemma 6 =, Lemma 2 =, Lemma 1 =, Theorem 1.
It remains to prove Lemma 5 and Lemma 6.

Now we show Lemma 5 =, Lemma 6:

Let v = h1 " 1
V

%
h1- n

1 . Then Lemma 5 implies that

&v&C0 % e2&h0&C0 (4.57)

On the other hand
!

|$ v|21- n
1 = "

!
v á" 1v á- n

1 =
!

(v " inf v) á(" " 1v) á- n
1

%
!

(v " inf v) á(sup(" " 1h1)) á" n
1 % 2e2&h0&C0 á(ne(1 " t)) (4.58)

Let p = 2n + * where* > 0 is Þxed. Then for someC = C(), n, A) we have

&v&p
C0 % C á

# !
vp á- n

1 +
!

|$ v|p á- n
1

$

% C á
#

&v&p! 2
C0

!
v2 + [ eá&h0&C0 ]p! 2

!
|$ v|2

$

% C1&h0&p! 2
C0

!
|$ v|2 á- n

1 % C2(1 " t)&h0&p! 1
C0 % C2(1 " t)(1 + &h0&p

C0 )

using Lemma 5 and the Poncar«e inequality, which says that
%

v2 á- n
1 % C

%
|$ v|2 á- n

1 with
a uniform constantC. Thus

&v&C0 % C3(1 " t)
1

2n + %(1 + &h0&C0 )

Thus Lemma 5 =, Lemma 6 =, Lemma 2 =, Lemma 1 =, Theorem 1. It remains to
prove Lemma 5:
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Proof of Lemma 5(taken from Song-Weinkove): We shall writehs instead of÷hs: Calculate

!
! s

h2
s = 2 sh2

s " 2|$ shs|2s + 2h2
s.

and
!
! s

|$ hs|2s = 2 s|$ shs|2s " |$ s
ø$ shs|2s " |$ s$ shs|2s + |$ shs|2s.

Hence
!
! s

(h2
s + s|$ shs|2s) % 2 s(h2

s + s|$ shs|2s) + 2( h2
s + s|$ shs|2s).

It follows from the maximum principle that

sup
M

(
e! 2s(h2

s + s|$ shs|2s)
)

% &h0&2
C0 ,

and the lemma follows.

4.4 The Tian-Zhu Lemma

The following lemma is due to Tian-Zhu:

Lemma 7 There is a constantC1, depending only on" KE , such that

osc($t " $1) % C1(1 + JωKE ($t " $1)) for all t + [1
2, 1] (4.59)

5 Generalized Futaki invariants: Work of Ding-Tian

5.1 DeÞnition of the invariant

5.1.1 Normal Varieties and Q-Fano varieties.

A variety V 1 Cn is normal at v + V if every rational function bounded in some neigh-
borhood ofv is regular at v. For example, letV be the varietiey2 = x2 + x3 and let f = x

y .
Then f is bounded near (x, y) = (0 , 0) but f is not regular, that is, f canÕt be written, as
a quotient of two polynomials with the denominator non-vanishing in a neighborhood of
the origin.

We collect the important facts about normal varieties below:

Theorem.
1. Let C be a curve. ThenC is normal if and only if C is smooth.
2. Let V be a normal variety. Thendim Sing(V) % dim V " 2.
3. AssumeV is a hypersurface. ThenV is normal if and only ifdim Sing(V) % dim V " 2.
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4. AssumeV is normal and letW 1 V be a subvariet such thatdim W % dim V " 2. Let
f be a regular function onV\ W. Then f extends to a regular function onV. More
generally, if E ' V is a vector bundle onV then every sections on V\ W extends to a
section onV.

Now suppose theV is normal andW 1 V has codimension at least two. LetL ' V \ W
be a line bundle onV\ W. Then there may or may not exist a line bundleM on V such
that M |V \ W = L. But if such an M exists, it is unique. In fact, we have the following
proposition:

Proposition Let V be a normal variety andW 1 V of codimension at least two. Let
L ' V \ W be a line bundle onV\ W. The following are equivalent:
1. There is a unique line bundleM on V such thatM |V \ W = L
2. Everyw + W has a neighborhoodU 1 V such thatM|U\ W has a nowhere zero section.

Now let M be a normal compact complex variety. We say thatM is Q-Fano if there exists
a (necessarily unique) ample line bundleL on M such that

L|M reg = K ! k
M

for somek > 0, whereK is the canonical bundle onMreg.

5.1.2 The generalized Futaki invariant.

Let M be Q-Fano. Let# : ÷M ' M be any desingularization ofM . Let E = #! 1Sing(M ).
Then K k

÷M
| ÷M \ E and #&L ! 1| ÷M \ E are both isomorphic to#&K k

M | ÷M \ E . Thus K k
÷M

3 #&L has a
meromorphic sections with support ÷D 1 E.

Now let " be an admissible metricon Mreg. This means that " = 1
km $&

m" P N where
$m : M /' PN is an embedding given byLm and " P N is any K¬ahler metric on PN

representing the Þrst Chern class ofPN . Let hP N be a metric on OP N (1) such that
Ric(hP N ) = " P N . Then Ric($&

mhP N ) = km" P N . Let 0 = ( $&
mhP N )1/k . Then 0 is a metric

on L such that Ric(0) = k á" .

Thus we have the diagram (÷M, ÷" , #&L, #&0) ' (M, " , L, 0) ' PN , where the Þrst map is
# and the second$ = $m. Let t be any smooth metric onK ! 1

÷M
.
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UhlenbeckÕs theorem on Þxing the gauge.

Estimating f in terms of f !

We begin with the simplest of examples: Letf : [0, 1] ! R be a smooth function. We look for an estimate
of the form:

||f || " C||f ! || (1)

where C is a constant independent off , and || á || is a norm. Obviously (1) canÕt hold without some extra
assumption onf since adding a constant (which is the analogue of changing the gauge) will change the left
side without changing the right side. The question then becomes: Does there exista # R such that ÷f = f $ a
satisÞes (1). The answer to this question is clearly yes: For example, if we choosea such that ÷f (0) = 0, then
the fundamental therem of calculs shows that (1) holds withC = 1 (respect to the sup norm). In fact, it
holds under the weaker condition that ÷f (b) = 0 for some b # [0, 1].

Equally useful as the sup norm is theL 2 norm: Can we arrange that (1) hold for some ÷f = f $ a with
respect to L 2? Again the answer is yes: The fundamental estimate for elliptic operators (andf %! f ! is
clearly elliptic) says that

||f ||L 2
1

" c1||f ! ||L 2 + c2||f ||L 2

Of course, this isnÕt saying much, since theL 2
1 norm is deÞned by||f ||L 2

1
= ||f ! ||2L 2 + ||f ||2L 2 But the second

part of the fundamental estimate says that we can takec2 = 0 if f is orthogonal to the kernel of f %! f ! ,
that is, if

! 1
0 f = 0. Thus, letting ÷f = f $

! 1
0 f = 0, the fundamental estimate yields (1).

ItÕs not hard to prove this: LetÕs viewf as a function on R / Z. Then f (x) =
"

a(n)e(nx) and ÷f (x) ="
n "=0 a(n)e(nx). Then we have || ÷f (x)||22 " || ÷f !(x)||22 since

#

n "=0

|a(n)|2 "
#

n "=0

n2|a(n)|2

Note that for x, y # [0, 1] we havef (y) $ f (x) =
! y

x f (t) so

|f (y) $ f (x)| " ||f ||1 " ||f ||2

so the fundamental estimate, together with the estimate above shows that

||f ||2 " 2 á ||f ! ||2

provided f vanishes somewhere on [0, 1].

Thus we have shown that we can estimate a function in terms of itÕs derivative, once we ÒÞx the gaugeÓ.

Estimating a connection in terms of its curvature.

Here is the main question: Let A be a unitary connection on the rank r trival bundle over a riemannian
manifold X (we assume the bundle is trivial for convenience - one can of coures generalize to the case of
arbitrary bundles). Then A is just an r & r skew hermitian matrix whose coe! cients are 1-forms onX .
The pointwise norm of a di" erential form (which, in local coordinates, is deÞned as follows: Lete1, ..., en

be an orthonormal frame of the tangent bundle, ande1 the dual basis. If ! =
"

f i ei is a di" erential one
form, then |! | =

"
|f i |2 is the pointwise norm, and is a smooth function on the base manifold) induces a

pointwise norm on A: |A|2 =
"

|Aj
i |2, and thus, an L 2 norm: ||A|| =

!
|A|2. The curvature of A is the

matrix of 2-forms FA = dA + A ' A. We then ask the question: Can we Þnd an estimate of the form:

||A|| " c á ||FA || (3)
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This importance of this question will be seen when we try to Þnd nice connections on manifolds. For example,
to Þnd an ASD connetion we need to minimize the functional||FA || on the space of connections. The natural
approach is to consider a sequenceAi for which ||FA i || approaches its minimum, and then try to extract
a convergent subsequence of theAi . To do this, we need to know that the ||Ai || be bounded (and more
generally, the ||Ai ||L 2

l
). An estimate of the form (3) (together with estimates on the derivatives of A) would

guarantee such a bound.

But we canÕt expect to Þnd a general estimate like (3) since replacingA by ÷A, where ÷A is gauge equivalent to
A, we donÕt change the the right side of (3) but we do change the left side. Recall that÷A is gauge equivalent
to A if there is a smooth function u : X ! U(r ) with the property:

÷A = uAu# 1 $ du áu# 1

One then shows thatF ÷A = uFA u# 1 so the pointwise norm ofFA is invariant under gauge transformations.
On the other hand, the norm of A can change a lot, sincedu áu# 1 can we quite large in theL 2 norm. For
example, if r = 1 then u = ei ! where " is a real valued function, anddu áu# 1 = i " . We can make the norm
of i " as large as we like by multiplying " by a large real constant.

Thus, the real question is the following: Can we replaceA by a gauge equivalent ÷A in such a way that (3)
holds?

We proceed as in the previous section where we were interested in estimating a function in terms of its
derivative: The standard elliptic estimate (applied to the operator d + d$ which maps the direct sum of
di" erential forms of odd degree, with coe! cients in (C% )r , to the direct sum of forms of even degree) tells
us:

||A||L 2
1

" c1||dA|| + c2||d$A|| + c3||A|| (4)

where we viewA as a section of the trivial vector bundle E = ( k (M r & r (C% ) ) # 2k+1 T$X ) equipped with
the standard metric, and ||A||L 2

1
= ||A|| + ||* A|| where * is a connection onM r & r (C% ) compatible with

the metric (extended to E using the metric on the base manifold). For example, we can simply Þx* to be
the ßat connection. We want to prove:

||A||L 2
1

" ||dA + A ' A|| (5)

after replacing A by ÷A. So how can we use (4) to deduce (5)? We would like to somehow ensure that 1)
c3||A|| = 0, 2) c2||d$A|| = 0. If we could do that, then we would have ||A||L 2

1
" c1||dA||. If we could then

show that 3) A ' A term is negligible (much smaller than ||A||L 2
1
), weÕd be in business.

Step 1. We know that c3 = 0 if A is orthogonal to the kernel of d + d$. But the kernel of d + d$ is the
space of harmonic forms which, by Hodge theory, vanishes ifH 1(X ) = 0. Thus we shall henceforth assume
H 1 = 0. This ensures that c3 = 0 and we have accomplished step 1.

Step 2. Next we want to get rid of c2||d$A||. We must show that d$ ÷A = 0 after replacing A by ÷A. This is
the heart of the proof. We postpone the discussion for a moment to show how we can use 1 and 2 to get
step 3:

Step 3: The Òrearrangement argumentÓ. We want to show thatA ' A is negligible provided ||A||L 4 is
small (an assumption which will be automatically satisÞed in our applications). We shall do this under the
assumption that n, the dimension of the base manifold, is four (this is the case which of primary interest to
Donaldson). Steps 1 and 2 imply:

||A||L 2
1

" c1||dA|| = c1||FA || + c1||A ' A|| (6)

Now we useL 2
1 & L 2

1 ! L 2 (the multiplication map) and L 2
1 + L 4 to get:

||A ' A|| " ||A||L 2
1
||A||L 2

1
" ||A||L 2

1
||A||L 4
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which, combined with (6), gives
||A||L 2

1
" c2||FA ||

provided ||A||L 4 is small.

Now we return to step 2: How can we Þnd a gauge equivalent connection÷A with the property d$ ÷A = 0? The
proof uses the method of continuity, which is essentially a proof by induction: We connectA to the trivial
connection A0 by a path At . We observe that we can do it fort = 0 (this is trivial: there is nothing to do).
Then we need to show that the interval for which the result holds is both open and closed.

Showing that the interval is closed is the hard part: Assume we can Þnd÷At for all t # [0, a) such that
d$ ÷At = 0. We need to show that we can do this att = a as well (which completes the Òinductive stepÓ). The
argument above shows that|| ÷At ||L 2

1
is bounded (in terms of the given||FA t ||, which is uniformly bounded).

To get a convergent subsequence, we need to bound the higher derivatives of the÷At as well (in terms of the
FA t ).

Bounding the higher order terms.

We begin by stating UhlenbeckÕs theorem, and then we carry out the plan outlined in the previous section.
Let B 4 be the unit ball in R 4. Stereographic projection allows us identifyB 4 as the northern hemisphere in
S4.

Theorem 1. There are positive constants# and M such that any connectionA on the trivial bundle over
B 4 satisfying ||FA || < #, is gauge equivalent to a connection÷A with

(i) d$ ÷A = 0
(ii) || ÷A||L 2

1
" M ||F ÷A ||L 2 and ||F ÷A ||L 2 < #

(iii) limx ' 1 ÷Ar = 0
where Ar is the radial component of A. Moreover, ÷A is uniquely determined by these conditions up to an
element u0 # U(n) (the constant elements of the gauge group).
Here d is the standard di" erential, mapping one forms to two forms, andd$ is the formal adjoint of d with
respect to the round metric on S4. In other words, if A0 is the trivial connection on the product bundle,
then d = dA 0 . An the norms are those induced from the standard norm on the product bundle and the
round metric on S4. Note that the norm of the curvature is gauge invariant, ie, ||F ÷A ||L 2 = ||FA ||L 2 so the
conclusion ||F ÷A ||L 2 < # is automatic.

To prove this theorem, we shall use the method of continuous induction (the method of continuity). We
shall deduce theorem 1, which concerns connections overB 4, from the following theorem, which concerns
families of connections overS4:

Theorem 2. There are positive constants# and M with the following property: Let At (t # [0, 1]) be
a continuous family of smooth connections on the trivial bundle overS4 with A0 the trivial connection,
satisfying ||FA t || < #. Then for every t # [0, 1] At is gauge equivalent to a connection÷At satisfying

(i) d$ ÷At = 0
(ii) || ÷At ||L 2

1
" M ||F ÷A t

||L 2 and ||F ÷A t
||L 2 < #

Thus, to prove theorem 2, we assume the result is true up to a certain pointt, and then try to show that the
result continues to be true past that point. In order to carry out this induction step, we need to show that
if we assume the result is true, then we get control over all the higher derivatives ofA. This is the content
of the following lemma:

Lemma 1. There exist positive constants#, #! and M , and non-negataive continuous functionsf l which
vanish at the origin (l = 0 , 1, ...) with the following properties: If B is a connection on the trivial bundle over
S4, such that
a) d$B = 0
b) ||B ||L 2

1
" M ||FB ||L 2 and ||FB ||L 2 " #

then
||B ||L 2

l +1
" f l

$
||FB ||, ||* B FB ||, ||* 2

B FB ||, á á á, ||* l
B FB ||, ||FB ||%

%
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with f 0 = M ||FB ||.
We can weaken assumption b) to:
bÕ)||B ||L 4 < #!

Remark 1. DonaldsonÕs Òalternative approachÓ to UhlenbeckÕs theorem gives a stronger result: He shows
that theorem 2 is true without assuming that A0 is the trivial connection. In other words, if A is a connection
with sufdÞciently small ||FA ||, then A is gauge equivalents to ÷A satisfying (i) and (ii) - we donÕt need to
assume that A can be connected via a familyAt to the product connection A0 in such a way that the FA t

are small throughout.

Remark 2. We have already proved the casel = 0 in the previous section using a Òrearrangement argumentÓ.
Thus we have shown that ||B ||L 4 small and d$B = 0 implies that ||B ||L 2

1
" M ||FB ||. The proof for higher

values of l is similar (and in fact easier, oncel , 3).

Remark 3. The continuity method breaks up into two distinct parts: We must show that the set for which
the theorem is true is open, and we must show that it is closed. Proving closedness is more di! cult. But
there is a subtlety about proving the interval is open which if the following: Cndition (ii) appears to be a
closed condition. How can it also be an open condtion? Thus, if (ii) hold fort " t0, then for t " t0 + # it
seems plausible that|| ÷At ||L 2

1
" (M + $)|| ÷FA t ||L 2 , for somepositive $, but we need it to hold for $ = 0, or at

least for $ = $(#) which is a bounded function of #. Otherwise, ||At ||L 2
1

might go to inÞnity as t ! 1. We

handle this di! cutly as follows: If || ÷At ||L 2
1

" (M + $)||FA t ||L 2 then || ÷A||L 4 " || ÷At ||L 2
1

" (M + $)||FA t ||L 2 .
But if ||FA t ||L 2 is small enough (say we choose# so that # < # !/ 2M , where #! and M are as in lemma 1),
then || ÷A||L 4 < #! which, by lemma 1, implies || ÷At ||L 2

1
" M ||FA t ||L 2 . Thus, when we prove theorem 2, we

chooseM to be the sameM as in Lemma 1 and we choose# = #!/ 2M . Then condition (ii), which appears
to be a closed condition, is also and open condition!

We shall prove Lemma 1 in two steps:

Lemma 2. There exists positive constantscl (l = 0 , 1, ...) and #! > 0 with the following properties: If B is
a connection on the trivial bundle overS4 such that a) d$B = 0 and bÕ)||B ||L 4 < #! then

||B ||L 2
l +1

" cl á
$
||FB ||2

l

L 2
l

+ ||FB ||L 2
l

%

Lemma 3. There exists non-negative continuous functionsf l (l = 0 , 1, ...), vanishing at the origin, and
#! > 0, with the following properties: If B is a connection on the trivial bundle overS4 such that a) d$B = 0
and bÕ)||B ||L 4 < #! then

||FB ||L 2
l

" f l
$
||FB ||, ||* B FB ||, ||* 2

B FB ||, á á á, ||* l
B FB ||, ||FB ||%

%

Recall that for the induction step, we want to estimate || ÷A||L 2
l +1

in terms of the intitial data, that is, in

terms of FA . Note that Lemma 2 estimates ||B ||L 2
l +1

in terms of ||* j FB ||, 0 " j " l , but this is not good

enough since||* j FB || is not gauge invariant. ThatÕs why we need lemma 1, since|* j
B FB |2 is point-wise

gauge invariant (and thus its integral, ||* j
B FB ||2 is also gauge invariant).

Proof of lemma 2. We shall in fact prove the slightly stronger estimate:

||B ||L 2
l +1

" cl á
&

||F ||L 2
l

+ ||F ||2L 2
l ! 1

+ á á á ||F ||2
l

L 2

'
(7)

To see this, Þrst observe that

||B ||L 2
l +1

" ||dB||L 2
l

" ||B ' B ||L 2
l

+ ||FB ||L 2
l

(8)

where the Þrst inequality follows from the standard elliptic estimate, and the fact that D $B = 0, and the
second from the deÞnition ofFB .
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We now treat the casel = 0 (we did this already, but repeat it here for the sake of completeness):

||B ' B ||L 2 " ||B ||L 4 á ||B ||L 4 " ||B ||L 2
1

á ||B ||L 4

where the Þrst inequality follows from the boundedness of the mapL 4 & L 4 ! L 2 and the second from the
map L 2

1 ! L 4 (which in turn holds since 1 $ 4
2 , 0 $ 4

4 and 1 > 0) (and weÕve left out all the Sobolev
constants to lighten the notation). Thus, if ||B ||L 4 is su! ciently small, the casel = 0 of (7) follows from (8).

Now we treat the casel = 1:

||B ' B ||L 2
1

" ||B ||L 4
1

á ||B ||L 4 " ||B ||L 2
2

á ||B ||L 4

where the Þrst inequality follows from L 4 & L 4 ! L 2 and the second from the mapL 2
2 ! L 4

1 (which holds
since 2$ 4

2 , 1 $ 4
4 and 2 > 1). Thus if ||B ||L 4 is su! ciently small, (8) implies ||B ||L 2

2
" ||FB ||L 2

1
, which in

turn implies (7) when l = 1.

Now we treat the casel = 2:

||B ' B ||L 2
2

" ||B ||L 4
1

á ||B ||L 4
1

+ ||B ||L 4
2

á ||B ||L 4 " ||B ||2L 2
2

+ ||B ||L 2
3

á ||B ||L 4

where the Þrst inequality follows from L 4 & L 4 ! L 2 and the second from the mapsL 2
2 ! L 4

1 and L 2
3 ! L 4

2
(which holds since 3$ 4

2 , 2 $ 4
4 and 3 > 2). Thus if ||B ||L 4 is su! ciently small, (8) implies

||B ||L 2
3

" ||B ||2L 2
2

+ ||FB ||L 2
2

" ||FB ||2L 2
1

+ ||FB ||L 2
2

(9)

where the second inequality follows from the casel = 1. This proves (7) when l = 2.

Now we treat the casel , 3: In this case we have

||B ||L 2
l +1

" ||B ' B ||L 2
l

+ ||FB ||L 2
l

" ||B ||2L 2
l

+ ||FB ||L 2
l

which follows from (8) and the boundedness of the mapL 2
l & L 2

k ! L 2
k wheneverl , k and l , 3. Thus the

case (7)l # 1 implies the case (7)l , and the proof of lemma 2 is complete.

Proof of Lemma 3. The proof is by induction on l:

We Þrst observe the general formula:
* B Q = * Q + [ B, Q] (10)

whereQ is di" erential form with coe! cients in the sheaf of endomorphisms of our bundle (which in our case
is simply the the trivial bundle of rank r ).

When l = 0, there is nothing to prove. When l = 1 we have:

||* F || " ||* B F || + || [B, F ] || " ||* B F || + ||F ||% ||B ||L 2 " ||* B F || + ||F ||2%

The Þrst inequality follows from (10), and the second is obvious. As for the third, we cetainly have||B ||L 2 "
||B ||L 2

1
and now lemma 2 tells us that ||B ||L 2

1
" ||F || " ||F ||% .

When l = 2 we have:

* 2
B F = * B (* F + [ B, F ]) = ** F + [ B, * F ] + * [B, F ] + [ B, [B, F ]]

Thus
||* 2F || $ ||* 2

B F || " || [B, * F ] || + ||* [B, F ] || + || [B, [B, F ]] || "

||B ||L 4 á ||F ||L 4
1

+ ||B ||L 4 á ||F ||L 4
1

+ ||F ||% á ||B ||L 4
1

+ ||F ||% á ||B ||L 4 á ||B ||L 4 "
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||B ||L 4 á ||F ||L 2
2

+ ||F ||% á ||B ||L 2
2

+ ||F ||% á ||B ||L 4 á ||B ||L 4

Thus if ||B ||L 4 is small, then

||F ||L 2
2

" ||* 2
B F || + ||* F || + ||F || + ||F ||% á ||F ||2L 2

1
+ ||F ||%

where in the last inequality we have used the fact||B ||L 2
2

" ||F ||2L 2
1

which was proved in the course of proving
lemma 2. Thus the casel = 2 follows from the casel = 1.

Finally we treat the case l , 3. Then we have

||* l F || $ ||* l
B F || " ||* l F $ * l

B F || = ||* l F $ (* + B )l F || (11)

Expanding the right side of (11) we get a sum of terms of the form||B i 1 * j 1 á á áB i k * j k F || where the sum of
the i µ is at most l and the sum of the j " is at most l $ 1. Using againL 2

l & L 2
k ! L 2

k whenever l , k and
l , 3 we have:

||B i 1 * j 1 á á áB i k * j k F || " ||* j 1 á á áB i k * j k F || " ||B i 2 * j 2 á á áB i k * j k F ||L 2
j 1

Continuing in this fashion we get ||B i 1 * j 1 á á áB i k * j k F || " ||F ||L 2
l
. This proves lemma 2, and thus Lemma

1 is proved as well.

The continuity argument.

Now we are ready to prove Theorem 2. We only sketch the argument, since DonaldsonÕs proof is quite
complete:

Let 0 # I + [0, 1] be the largest interval for which the statement is true. The main di! culty is showing the
interval is closed. To do this, we suppose that ift i is an increasing sequence, converging tot, and that the
theorem is true for t i . We apply Lemma 1 to A = At i and deduce that that the ÷At i have uniformly bounded
derivatives. Thus we can extract aC% convergent subsequence:÷Ai ! ÷A% . Now, At i ! At , and ÷At i ! ÷A%

and ÷At i - At i (gauge equivalence). It remains to show thatAt - ÷A% . But this is easy to prove (using
compactness of the unitary group).

To show that the interval is open, we use the implicit function theorem. Let t0 be Þxed and assume the
theorem is true for t0. We need to show that itÕs true neart0. Let

At 0 + # = At 0 + a#

Since the theorem is true fort0, we may as well assume thatAt 0 = ÷At 0 . Then the equation to be solved is
H (%#, a#) = 0 where

H (%, a) = d$$
e$ (A + a)e# $ $ d(e$ )e# $ %

where % ranges over endomorphisms whose integral is zero. We viewH : El & Fl # 1 ! El # 2 where El is
the Banach space ofL 2

l Lie-algebra valued functions with integral zero (recall that the image ofd$ consists
of functions whose integral is zero) andFl # 1 is the Banach space ofL 2

l # 1 Lie-algebra valued one forms.
By assumption, H (0, 0) = 0, and we need to solve in a neighborhood of (0, 0). That is, for every small
a we need to Þnd a% such that H (%, a) = 0. The partial derivative of H is d$dA and we need to prove
that itÕs surjective in order to apply the implicit function theorem. Since d$dA is elliptic, its image can be
characterized by:

im (d$dA ) = { s : .s,&/ = 0 for all & # ker(d$
A d) }

Since ker(d$
A d) is a Þnite dimensional space consisting ofsmooth elements, if d$dA is not surjective there

exists a smooth& 0= 0 such that .dA d$%, &/ = 0 for all %. Taking %= &:

0 = .dA &, d&/ = ||d&||2 + . [A, &], d&/ (12)
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This last relation implies a lower bound on||A||L 2
1

which is contradicted if we take#small enough. To see this,
note that since & has integral zero, the standard elliptic estimate applied tod + d$ implies ||&||L 2

1
" ||d&||.

Thus
|. [A, &], d&/ | " ||d&|| á || [A, &] || " ||d&|| á ||A||L 4 á ||&||L 4 " ||d&||2||A||L 2

1

Combining this with (12) we get a lower bound on ||A||L 2
1
, as asserted. This establishes condition (i) of

theorem 2, and condition (ii) is automatic, as pointed out in remark 3.

¤2. The alternative proof.

Donaldson provides an alternative proof of theorem 2 which also gives a stronger statement:

Theorem 2Õ. There exist M, #> 0 such that for any connectionA on the trivial bundle overS4, if ||FA || < #
then there exists ÷A, gauge equivalent toA, such that

(i) d$ ÷A = 0

(ii) || ÷A||L 2
1

" M ||FA ||

Note that unlike Theorem 2, we do not assume that A can be continuously connected to the product
connection.

The guiding principle of the theorem is best illustrated when we compare with the theorem on ßat connec-
tions:

FA = 0 implies A is ßat which implies ÷A = 0 for some ÷A - A.

||FA || small implies || ÷A|| is small ( i.e., || ÷A|| " M ||FA ||) for some ÷A - A. Moreover d$ ÷A = 0 .

Note that || ÷A|| is minimized when d$ ÷A = 0 ( ÷A is in ÒCoulomb gaugeÓ), so in the second statement, we
actually saying that inf ÷A ( A || ÷A|| " M ||FA || and the inf is acheived.

To prove the theorem, break the guiding principle into two steps:

FA = 0 implies A is ßat which implies ÷A = 0 for some ÷A - A.

||FA || small implies A + a is ßat for some smalla (i.e. ||a||(1 ,A ) " M ||FA ||) which implies || ÷A|| is small (
i.e., || ÷A|| " M ||FA ||) for some ÷A - A. Moreover d$ ÷A = 0 .

Here the notation ||á||(1 ,A ) means the following: IfE is a hermitian vector bundle over a Riemannian manifold
X , and A is a unitary connection on E, and ' # $ q

X (E), then

||' ||2(1 ,A ) =
(

X
|* A ' |2 + |' |2 dµ

This is just the L 2
1 norm on the bundle $ q

X (E), with respect to the connetion A and the metric on X (recall
that the Sobolev spaceL 2

l (X ; E) is deÞned for any smooth vector bundle over a compact manifoldX . It has
a non-canonical norm which makes it into a Hilbert space: the norm is determined by choosing a Riemannian
metric on X and a connectionA on E. Thus, the point of the || á ||(1 ,A ) notation is simply to keep track of
the choice ofA ).
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