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Notes on Cheeger-Ebin

We summarize some of the ideas from the book by Cheeger-Ebin. The book is so well
written that we wonOt reproduce the proofs. But we want to give some of the highlights,
and make some comments along the way.

Throughout this note, (M, g) is a riemannian manifold with riemannian connnection! .
Thus, if U" M is an open setp# U, and X are smooth vector Pelds orJ, and if t # M,
then! (X # My. If T is a smooth vector beld onJ, then ! 1 X is also smooth onU.

al.Vector Pelds along a smooth map.

If 1 : N $ M is a smooth map, then! ' TM is a vector bundle onN . A section of!' TM
over an open setd " M is a smooth assignment to eaclx # U a vector W (%) # M, where
x = I (%). We sometimes say thatW is a vector beld along! . Smooth means that for
every smooth functionf in a neighborhood ofxy = ! (%¢), that (W (%)f )(x) is a smooth
function in a neighborhood of xp. In other words, if {E;} is a frame Pbeld ofTM in a
neighborhood ofxg, then we can write W (%) uniquely as
[
W(x) = fi (%)Ei (x)

wherex = ! (%) and f7 are smooth functions onM in a neighborhood of xg.

SupposeV is a smooth vector beld ort. Then W = !,V = d! (V) is vector beld along! .
Sometimes, we will abuse notation and just writeW = V.

We debnel™ = I''l a connection on! ' TM debned by requiring:

Pl IX) = 1y X)

for all smooth vector beldsX on M and all tangent vectors T of M. Since the sections of
I'TM are spanned by sections of the formi ' X, this uniquely debnes!*.

Another way of debning !~ is as follows: LetW = W (%) = f7(%)E; (x) be a section of
I'TM over an open setd " N . Then we debnel™ as follows:

, In # $
FeW = (tF)F)Ei(x)+ Fi(x)(! Ei)(x) (1.1)
i=1

wheret = |, t= d! (f).
The two important properties which get used over and over again are:
VOV, Wo& = % W1, Wo&+ WV, M W& (1.2)
o, (V2) " Ty (V2) = [V, V2] (1.3)

where, in the second equation, we really should writé™, (d! V2)' Iy (d! V) = d! [V1, V2],
Both properties immediately follow from (1.1).
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One common application of the machinery above is in the following situation: Letc :
[a,b] $ M be a smooth curve, letT = —t be the canonical vector beld ond, b. The beld
T is called the tangent vector Peld alongc. Let X be another vector beld alongc. Thus
X may be the restriction of a vector peld onM to the image of c. But we also allow the
more general situation whereX is a vector bled alongc and thus, for example, we may
have c(t1) = c(t2) = x but X (t1), X (t2) # My may not be equal. Then! X is a vector
Peld alongc.

o?. Variations of a smooth curve.

More generally, we can consider a variation of a smooth curve. This is the key concept in
all that follows. Let M be a riemannian manifold and letc: [a, $ M be smooth curve.
A smooth variation of ¢ is a smooth map

Al (C#H S M

with the property that " (t,0) = c(t). We say " is a piecewise smooth variation of' is
continuous and if there exista= to <t; < 4&dé&t, = bsuchthat"|[tj,ti+s:]( (' #H $ M
is smooth for all i. The Rexibility of allowing variations which are only piecewise smooth
will be very important in later applications.

Now, on the rectangleR =[a,b ( (' ## we have two canonical vector bPelds: The brst
is T = = and the second isV = = . The vector PeldV is called the variation Peld.
It gives us a continuous piecewise smooth vector beld along More precisely, if (t,s) #

[ti,tica]( (" #4#), then
— $ n
V(t, S) = g (t,S)

Conversely, if V is any piecewise smooth vector beld along, then V arises from some
variation: In fact, for su! ciently small s, the variation (t,s) )$ exp(co(t))(sV(t)) will
sul ce.

A simple, but important property of any smooth variation beld is the rule: ! 1V =1 yT.
This follows immediatel from (1.3).

Let " :[a,b ( (" ## be a continuous, piecewise smooth variation of a smooth curve.
Assume that ¢ has constant speed. Then we claim
Q & " b (
1
% = oy, T %, T&dt

0
s=0 |
a

d
d—SL(Cs)

where L (cs) is the length of the curve cs(t) = " (t,s). It su! ces to proof this for smooth
variations:

b b
d%L(cS) - 4d %, (1), co(t)&' 2 dt = V%, T&' 2 dt =

b
op, T& Y2vog, T&dt
ds , a

a

NI =

b b
= 0, T& Y2%!, T, T&dt = o, T& V2%V, T&dt

a a



Thus o .
d n 1
d_sL(CS) =1

0
s=0
a

TW,T&' %V,! 1 T&dt

and this proves the formula.
The Prst variation formula shows that the egation of a geodesic i$ +T =0.
a3. The exponential map.

The exponential map exp, : Mp $ M is dePned by exp(v) = %(1) where % : [0,1]$ M
is the geodesic whose inital conditions aré4(0) = p and %(0) = v. We have the simple
but basic formula:

%(st) = %y(t)

for any s* 0. In particular, exp,(tv) = %(t).

If V is any vector space, and ifw # V is any vector, then we have a canonical identipcation
of V with the tangent space ofV at the point w, thatis V = V,,. The identibcation is
made as follows: Letv # V, and let f be a smooth function debned in a neihborhood of
w # V. Debnewf) = é‘—th:o f (w+ tv). Then the map v )$ ¥ given the identibcation of V
with V,,.

We claim dexp,(0) : (Mp)o $ My is the identity map (where we identify (Mp)o with My).
This can be seen as follows:

d ¥ \
[dexp,O1(v) = %, exp(v) = %(0) = v

Thus exp, maps an open neighborhood of the origin dieomorhically onto an open neigh-
borhood of p.

Let U" M, be the domain of dePnition of exp. It is a star shaped open set containing
the origin. Choose an orthonormal basisey, ...,€, of My and let U" = {(x%,...,x") # R" :
exp,( ;x'e) # U}. Then the map U"$ U depned by! (x',...,x") = exp,( ;x'e&)is

a di" eomorphism. The pair (U,!) is called a set of Ogeodesic normal coordinatesO. If
we endowR" with the euclidean metric g, then ! is an isometry when restricted to lines
through the origin. In particular, tPBe euclidan ball of radius r maps, via exp,, to the ball

of radius r centered atp # M: ! "Bg(r,0) = Bgy(r,p). In other words, the ball in M
measured with respect to the pullback of the metricg (henceforth referred to simply asg)

is the same as the euclidean ball centered .

We now introduce Ogeodesic polar coordinatesO. @', we can write every nonzero vec-
tor uniquely in the form (Xq,...,Xn) = ru whereu # S" (i.e., u is a unit vector) and

r > 0. Locally we can parametrizeS" by (&,...,&=1) )$ u(&,....thz1) # S". The
map (r, &,...,th#1) )$ ru is called a set of euclidean polar coordinates and the map
(r, &, ...,tn#1) )$ ! (ru) is called a set of Ogeodesic polar coordinatesO. These polar coor-
dinates give rise to two vector Pelds:-— on Mp\{ 0} and — on M \{ p} with the property

"

d! (=)= ~. Spelling out the depPnition of ——: Let f be a function dePned on some open
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subset ofM . Then Lf (X)= & {)of (x + t X ) Since! is an isometry when restricted to

lines through the origin, we see that that — |s a unit vector in both the euclidean metric
and in the metric g.

The metric g is the identity matrix at the origin, that is, g = @ at the origin. But away
from the origin, dexp,(v) : (Mp)y $ Mg is not an isometry (whereq = exp,(v)) so g is not
the identity everywhere. On the other hand, dexp,(v) maps v to % (1) and mapsv® to
%(1)®. Thatis, if w is tangent to the ball of radius r, then w is perpendicular to —r This
is obviously true for g, but the point is that it is true in the metric g as well. Hence the
rays emanating from the origin are perpendicualar to the spheres centered at the origin.

Another way to say this is
$

$r
Yet another way to say this is: Geodesics emanating fronp are the paths of fastest escape
from p.

grad(r) = I'r =

Proof. Let %: [0,a] $ M, be the map %t) = tv for some unit vector v # M. Thus %is a
ray through the origin, so it is a geodesic. Moreover%(t) = —r Now let w # M, be any
vector, and consider a map" (s,t) : (‘' ## ( [0,a] $ M with the property " (0,t) = %t)
and " (s,0) = 0. For bxed s, let %(t) = " (s,t). The Prst variation formula says

‘ﬁ) JLI%] = W, T§ = W(l),;;r&

where V (t) = qéo " (s,t). Let c(s) = " (s,1) and assume that|c(s)| = r for some bxed
r> 0. Thenw = V(1) is tangent to the sphere of radiusr and L[%)] is constant, so
the above formula shows that%y, %&: 0. Since every vectorw which is tangent to the

sphere of radiusr arises in this way, we have proved the theorem. To see that this is the

same as grad() = ., we must show that for everyv # M, that %-—,v&= v(r): Write
V=Tt # Slnce =~ is tangent to the sphere, we have%r, &= 0. Thus
%, V&= " = v(r).

o4. Jacobi Fields.
Now suppose" is a smooth variation of a geodesic by geodesics. Then
!T!TV: !T!VT :(!T!VI! V!T)T: R(T,V)T
A smooth vector beldJ along a geodesi®osatisfying
!

'1d = R(T,NT

is called a Jacobi beld. We often write]” = ! +J,J" = | 1! 1J, etc.

let E;(t) be orthonormal and parallel along% Then J = %, E; &, so the Jacobi equatiop
becomes’d, Ei& = WR(T,J)T,Ei&= 9R(T,E;)T,E&&4, E; &This is a system of ODEOs
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in the unknown functions 93, E;&and the solution space is 2n-dimensional. A Jacobi peld
is uniquely specibed by the values) (0) and J"(0).

We claim that any Jacobi beld arises from a variation of%by geodesics. Indeed, ifl is a
Jacobi beld along a geodesiégt) with %0) = p, let c(s) be a curve through p such that
¢'(0) = J(0), and let %(0),J (0) be extended to parallel vector belds%{0),J'(0) along
c(s). Then J is the variation peld V of

" (1,S) = exp (s (t(%(0) + ST (0)) (4.1)

Indeed, V(0) = L exps) (O(T + sJ(0))|s=0 = C(S)ls=0 = J(0) and V'(0) = ! 1J]0,0) =
I 3(%(0) + sJF(0))|0.0) = J (0) since %(0) and J'(0) are parallel along c(s). Since the
initial conditions agree, we must haveV = J.

Two trivial solutions are J = T and J = tT. Thus every jacobi beldJ can be uniquely
written as
J = F+ %,J0)&T + [%,J (0)&AT]t

where %, T& +0 . In other words,
W, T& = %,J(0)&T + [9%,J (0)&AT]t (4.2)

a linear function of t.

The most useful Jacobi belds are those which vanish at one endpoint. Jf(p) = 0 then J is
uniquely specibed byl '(0): Let %be a geodesic which starts ap. Then %t) = exp,(tV)
for some uniqueV # M. Let W = J'(0) = ! 1J}i=o. Then J is the variation of
" (t,s) = exp ,(t(V + sW)) where W = J'(0) = ! 1J(0) (here c(s) = pis constant). In this
case,

J(t) = dexp,(tV)(tW) (4.3)

where dexp,(tV) : (Mp)v $ Meyptv) and where we identify M, with (Mp)y for every
V # Myp. In particular, J(1) = dexpp(V)(J"(O)). Thus, a Jatzobi Peld along a geodesic
joining p to g which vanishes atp is uniquely specibed by itOs value & if and only if
dexp, (V) is non-degenerate.

If we write the Jacobi beld in terms of exponential coordinates, then it has a very simple
form: J(t) = tW.

The quantity ||J(t)|| measures how quicly geodesics are separating from eachother. In the
Bat metric, ||J(t)|| = t. In general

@))% = t?° %K(W,V)t"’ + O(t%)

0, . . . .
where K (v,w) = %"’r& is the sectional curvature. So positive sectional curvature

makes geodesics converge, and negative sectional curvature makes geodesics diverge.
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If the sectional curvature is constant, then we have a simple formula for the Jacobi pelds:
SupposeM has constant sectional curvatureK . Then the normal Jacobi Pelds along%
satisfying J (0) = O are precisely the vector pelds

J(1) = u()E(t)

where E is the parallel normal vector beld along%obtained by the parallel translate of

J'(0) and +
ot if K =0
ut) = Rsing fK=2>0
" Rsinhl ifK='"2<0

Proof. Sinceg has constant sectional curvatureK , we have
R(X,Y)Z = K (%,Z& '%X,Z &)
Thus, if J = u(t)E is a Jacobi beld,
1113 = U@E = R(T,NT = K(%B,T& '%T,T&) = ' Ku(t)E

sou” + Ku =0. Since u(0) =0 and J'(0) = u’(0)E = u’(0)J"(0) we getu'(0) = 1.

Now supposeM has constant curvature K. We compute g in normal exponential coordi-
nates: Let @be the euclidean metric onMp. Let X = XT + X% be a tangent vector at
(Mp)y, where X T is the component tangent to the sphere of radiusr = |v|, and X ¥ the
radial component. Then

+
CXEE o+ IXT2 if K =0
gX, X)) = IXPE+ Re(sin? IXTR K = 2 (4.4)
'y 2 . . ,
IX$12 + B(sinh® L)IXT2 ifK=" &

Proof. Let J(t) = :—Y whereY = X T. Then J is a normal Jacobi beld along every radial
geodesic. ThustY = u(t)E(t) whereE(0) = J'(0) = ! 7(}Y)|i=o = Y. Thus

IYI? = u(r)?[E(r)] = u(r)’|E(0)] = u(r)zrizlYlé

o5, Conjugate points and the index form.

Let p,q# M. We sayq is conjugate to p if there exists v # M, such that exp,(v) = gand
dexp, (V) : (Mp)y $ Mg has a non-zero kernel. Supposw is in the kernel. Then w # ve
since the length of the component of anyw in the v' direction is preserved by dexp,.
Consider the variation exp,(t(v + sw)). The corresponding jacobi Peld hasJ(0) = 0 and
J(1) :”% exp, (v + sw) = dexpy(v)(w) = 0. Consersely, if J(0) = J(1) =0, and if J",+ 0,
then J (0) = 0. On the other hand,"J is the variation Peld of " (t,s) = exp ,(t(T + sJ (0)).
SinceJ (1) = 0, we conclude that J (0) is in the kernel of dexp, (V).
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Conclusion: Let%: [0,1]1$ M and let p = %0), g = %1). Then p and g are conjugate
along %if and only if there is a non-zero jacobi Peld) along %such that J(0) = J(1) = O.
On the other hand, if p, q are not conjugate along% then a jacobi beld is uniquely deter-
mined by its values J (0) and J (1).

Let %: [a,b] $ M be a smooth geodesic, and leY, W be piecewise smooth vector pelds
along % We debne the index

b
1(V,W) = %lrV,! TW&+ 9R(W,T),V, T&

a

Then | is a symetric bilinear form on the space of piecewise smooth vector pelds. Since
%'V, tW&= T%!TV,W& "' %! 1! 1V,W&

wheneverV, W are smooth, we can also write

I b
1 (V,W) = % (! TV),W& ' %lr! TV, W& %R(T,V)T,W&
i a
where# (! V) =Ilim 0ot ItV Iimt( o ' 1tV. In particular, if V|[[ti,ti+1] is a Jacobi
Peld, then |
(V,W) = % (! TV),W& (5.1)
i

So, if V is smooth, and if V vanishes att = 0O, the initial time, then

0,
1(V,W) = %!TV,W&%’;

Relationship between the index and the second variation.

The motivation for |(V,W) comes from the second variation formula: Let" : [a, Db (
C#e)( ( (O)%$ M be asmooth variation of a geodesi@gt) = " (t,0,0). Let V = Tl

and W = Tz Let L(s1,S,) be the length of the curvet )$ " (t,s1,S2). Then
$°L ) b |

Ss8s, - PwV.T8 + (VI rW&+ RW,T)V,T& " TH TEW, TG dt
19S2 a

If " is only piecewise smooth, we must replac@bly, V, T&2 by %!w V, T&, " .
There are two cirumstances under which the second variation coincides with the index
form:

Case I: If V,W vanish at the endpoints (or, more strongly, if the curvest )$ " (t,s1,S;)
all have the same endpoint), then changing" (t,s1,S;) to " (t + a;(t)s; + ax(t)sz, s1,S2),
with a; (0) = a; (1) = 0, does not change the value oflL (s, sp) if s1,s, are small (since the
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reparametrization t )$ t + a;(t)s; + ax(t)sz has derivative 1+ a; (t)s; + a,(t)s, > 0if 51,5,
are small. ThusL(s1,s2) does not change, since reparametrizing a curve does not change
its length.

But, for the right choice of &, we can ensure that%, T& + %/, T& + 0. In fact, we need
to choosea; (t) in so that
()%, T&= W, T&

For such V,W we get
FL I(V,W)

$Sl$82 '
Case II: There is one other circumstance where the second variation coincides with the
index: Let p# M and letr > 0 be such that the exponential map is a di eomorphism
exp, : B(r,0) $ B(r,p). Let) : (" ## $ B(r, 0) be a geodesic and leQ = ) (0). Let
%: [0,11$ B(r, 0) be debned by%t) = t) (0) where | = d(P,Q), and let " (t,s) = t) (S).
Then " is a variation of geodesics by geodesics. Assume th&%,T& = 0. Note that
to guarantee this, it su! ces to assume®/, T& = 0 at the point Q (since, in geodesic
coordinates, a vector is orthogonal to a ray through the origin in the metric g if and only
if it is orthogonal to that ray in the euclidean metric). The assumption %/, T&= 0 at
the point Q amounts to saying that the geodesic) is tangent to the boundary of the ball
B(l, 0) at the point Q. Under the above assumtions, we havé.zs—'g = 1(V,V) since the
boundary term, %!y V, T&vanishes; in fact,! vV =0 along ) since) is a geodesic.

The index inequality says the following: Let %be a geodesic joiningp to g. Assumep has
no conjugate points along% Let W be a piecewise vector beld alongesuch that W (p) = 0.
Let V be the Jacobi beld debned by (p) = W(p) =0 and V(q) = W(q). Then

L(V,V) - | (W, W)

with equality if and only if V = W. In particualar, if W is not smooth, the inequality is
strict.

This implies that geodesics minimizelocally up to the brst conjugate point. Indeed, if %
has no points conjugate top, then for all smooth vector beldsW with W(p) = W(q) =0,
with %V, T& + 0 (this is no loss of generality, as explained earlier), we have €1 (W, W).

Not only that, geodesics never minimize (not even locally) past the brst conjugate point:
To see that, suppose 0< ty < 1 is the brst conjugate point. LetJ be a jacobi peld
vanishing at 0 andtg. X be the vector beld debPned byx = J forO- t- OandX =0
for t>t . Then X is piecewise continuous and (X, X ) =0 by (5.1). Fix ( small enough
so that there are not conjugate pairs on%[to ' (,to + (], let W be the jacobi beld on
[to' (,to+ (] determined by W(to' () = J(to' () and W(tg + () = 0. Debne V by:
V=Jon[0ty" (,;,V=Wonly" (,to+ (], andV =0on [to+ (,1]. Then X and V
agree outside offp' (,to+ (]. Andon [tg"' (,to + (], the index inequality tells us that
1(V,V) <1 (X,X). Thus, on all of [0, 1] we havel (V,V) <1 (X,X ) =0. Now consider
the variation expg;)(sV). SinceV (0) =0 = V(1), the endpoints are bxed. Next, we recall
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that %/, T&is a linear function of t on each interval. Thus! v %/, T&= 0 since Dyt = 0.
Thus %!y V, T&= '%V,! yT&= "%V,! 1V& Since
$2L b b .
5. 55 = %lwV, T8, + (%!TV,! tW&+ RW, TV, T& ' TW, T&W,T& dt
1 2 a

and since%, T& + 0 (itOs a linear function vanishing at two points), we have

$2L —_— 1 1 ] 1 t0+% 2
w7 = %! TI&t )+ W, TW&L' () [TV, T&2 + 1 (V,V)
$S to#t %
I to+ %
= 21(V,V)" [TV, T&% < 0
to#t %

where in the last equation, we used (5.1) again. Thus there is a variation, which keeps the
endpoints bPxed and which decreases the length 66

o6 MyerOs theorem and BonnetOs theorem.

Recall that Ric(x,y) = . R(e,x)y,e&lf x,y are orthonormal, then K(x,y) =

9R(X,Y)y,x& Thus, if x = e; is a unit vector, we have R(x,x) = [, K(&,x). In
particular, if Ky, * H for some real numberH, then we haveR(x,x) * (n' 1)H.

Theorem. Let M be a complete riemannian manifold andH > 0. Assume that either
(1) (Myers) R(x,x)* (n" 1)H for all unit vectors H,i.e., R* (n' 1)Hg, OR
(2) (Bonnet) Ky * H

Then every geodesic of lengttt * H# 2 has conjugate points. In particular, the diameter
of M satisbesyd(M) - *H#Y2_ Moreover, if R(x,x) > (n' 1)H then M is compact and
has Pnite fundamental group.

The proof uses the index inequality (but does not make use of the relationship between
the index and the second variation): Let%: [0,1] $ M be a geodesic. LetE; be an
orthonormal basis of parallel vector belds WithE,, = % = T. Let W; = sin(*t/l )E;(t).
Then W; is a vector beld along%which vanishes at both endpoints.

|
LW, W) = %Ir Wi, ! T W&+ 9R(W, T)W, T&
0
| " [ 42 0
= O, Tl TWE O R(W, TIT& = SiP(*Ul) o %R(E,T)T,Ei&
0 0
Assumel * )&-. Then if K(E;,T) * H for somei, then I (W;,W;) - 0. On the other

hand, if Ric(T,T) * (n" 1)H then

'!‘#l I I /*2 0
(Wi, W) = sin?(* /) (" 1) %Rie(T, T)& - 0
i=1 0



sol (W;,W;) - 0. Assume there are no conjugate points alon§oand let J be the unique
Jacobi peld such thatJ(0) = J(1) = 0. Then J + 0. On the other hand, the index
inequality implies that 0 = 1(J,J) - 1(W;,W;) - 0sol(J,J) = 1(W;,W;) so again, by
the index inequality, J = W which is a contradiction sinceW; ,+ 0.

a7. Convexity of small balls.

We give another application of the index inequality:

Theorem. Suppose( is a lower bound for the injectivity radius of M and k> an upper
bound for the sectional curvature: K (x,y) - ©? for all orthronormal pairs x,y. Then
B(p,r) is convex isr - min((/2,*/4b).

Proof. Let %t) be a geodesic joiningP to Q of length I, and let W be a Jacobi beld
vanishing at P and perpendicular to %t) Claim: If 0 <1< % then I (W,W) > 0. In fact,

LW, W)(I) = 1(W,W)]p* (beotbh|W (1)]|? (7.1)

for all r < %. To see this, we estimate:

' | I |
LW, W) = %I:W,! W& ' WR(T,W)W, T& *  %I:W,! W& ' bWV, W&
0 0

We can wite W = %" (t)E; where E;j is,the parallel translate of an orthonormal

frame, perpendicular toT at P. Then! W = j”fll " (DEj.

Now let (M, @) be the space of constant sectional curvature?, let,: [0,1] $ My be a

geodesic, |etB be a parallel frame perpendicular to%and let W = j”fll "; (). Then
oW = "[(DB so
o C
(W, W) = %W, pW& ' DPHI W& =  %+W,! tW& ' WV, W&
0 0

Thus | (W,W) * | (W, ). Let ¥ = j”fll " (t)%@j . Then ¥ is a Jacobi beld onMy,

with the properties: ¥(0) = W (0) =0 and ¥(I) = W(I). Thus, if | < & (which is where
the Prst conjugate point occurs), we can apply the index inequality:1 (W, W) * | (¥ ,¥):

' I
* 1 H 2 2
I (W, W) —sinz(bl) ; (cog(bt) ' sin?(bt) ||V (]|

_ [IV(DI? bsin(2bl) _ )
= sy 2 PeobhiiwbiiF>o

This proves the claim.

Now let Q1,Q2 # B(r,P) and assumer < (/2 andr - */4b. Then d(Q1,Q2) < 2r < (
so there is a unique geodesiy joining Q; to Q. and that geodesic must lie inB (2r,P ) "
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B((,P) (since the distance fromQ; to the boundary of B(2r,P) is at leastr). Let Q be a
point on ) whose distance toP is a maximum and choosesy such that ) (sp) = Q. Then
we claim that Q = Q1 or Q = Q3. If not, then we let %be the geodesic joiningP to Q. In
normal geodesic coordinates¥t) = {Q = 1) (so). Let " (s,t) = ) (s). Thus " is a variaton
of %by geodesics. LetW (s,t) = <" (s,t)= })'(s) and T(s,t) = =" (s,t) = T)(s). Then
W(so,t) = 1) (So) debnes a Jacobi beld alongt Then %V (so,l), T(so,l)&= 0: Since
%(s),) (s)&has a maximum at sy, we have

a3

ds so

This shows that W (sp, t) = }—W(so, I) is orthogonal to T(t) for all t (since the orthogonal
complement of a ray through the origin is the same, whether computed in the metriay or
the in the euclidean metric), and! w W (sg, tp) = 0 at the point Q (in fact, ! wW¢(s,1) =0
fora Il s since) (s) is a geodesic). Thus the second variation of arc length is given by
the index which is stricly positive. This means the following: If | is the distance between
Q and P, then the curve) is locally strictly outside B(l,P) near the point Q. But this
contradicts the fact that Q is a point on) whose distance toP is a maximum.

%(s),) (5)& = 2% (s0),) (S0)& = 219V (S0, 1), T(S0,1)& = O

o8. Estimates on the metric tensor.

Let u:[0,ro] ( S"#1 $ R" be the map (, & )$ r& Then for ro sul ciently small, the
image of lies inside$, a geodesic coordinate neighborhood gf # M . Let g be the metric
on$. Then p' g=(dr)?+ rg(r) where g(r) is a smooth metric on S"#*, Thus, if Q # $
and r = d(0,Q) and if Vi, V, are tangent to the sphereB(r, 0) at the point Q, then we
have g(V1, Vo) = r?g(r)(Ty, T2) where Ty, T» are tangent to S"# 1 and V; = rTq, Vo = rT».

Note that lim,( o9(r) = @ where gis the round metric (that is, the euclidean metric on
R" restricted to S"#1).

Let T be a unit tangent vector to S"#! at a point &# S"#1. Write g, = g(r)(T,T). If
T1,..., Ta# 1 is an orthnormal basis of tangent vectors at& write |g(r, &| = det g(r)(Ti, Tj).
Thus lim;( o|g(r, &| =1. In fact, lim ¢ o g(r)(Ti, T;) = (i -

Let ( be a lower bound for the injectivity radius.
Theorem 8.1 . AssumeK - k2. Then for r < min((, %) we have
1. %## * [sin(br)gbr]2 aspd — 10g gus(r, & * + log[sin(br)/br J?

. #1
sin( br) n
2. o(r. & * =

Theorem 8.2 . AssumeK *' a?. The following estimates hold inside the cut locus:
1. Qus - [sinh(aé)/ar 1? and — log gus(r, & - + log[sinh(ar)/ar ]2
2. 1 m_ sinh( ar) #1

ar

Theorem 8.3 . AssumeRic * (n' 1)H and let” = H (so " is purely imaginary if
H< &)). The folloying es\;}imates hold inside the cut locus if < 0, and forr< (if " * O:

Tlv OV sin(' r) #1
1 o(r, §- LD
2 3n#l

A A -
2. ~—log" |g(r, & - «log 1) - (n' DH

r
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Proof of Theorem 8.1 Let %t) be a geodesic with%§0) = 0 and W (t) a Jacobi peld
perpendicular to % and vanishing at the origin. Then g(W (t),W(t)) = %!tW,W&=
| (W,W). On the other hand we have seen in (7.1) thatl (W, W)(t) * bcotbt||W (t)||>.
Thus

g(W (1), W(t)) * beotbt|W(t)]|> = (bcotbt)g(W (t), W (t))

that is, s s s
5t logg(W (1), W(t)) * Zﬁ log sin(bt) = 5t log sir?(bt)
On the other hand, g(W (r), W(r)) = r2g(r)(W (1), W (1)) = r?gu(r, &||W (1)||? so
$ . $  sin*(br)
$_r. IOg g##(r! &) § |Og r2

Sincegus(r, & $ 1 asr $ 0, this proves the brst part of the brst theorem. The second
part follows from the Prst by summing over an orthonormal basis of tangent directions.

Proof of Theorem 8.2 The proof starts as before: Letogt) be a geodesic with?40) = 0 which
lies inside the cut locus, where @ t - r. Let W(t) a Jacobi beld perpendicular to%and
vanishing at the origin. Then g(W'(t), W(t)) = %!t W,W&= | (W, W). Now we use the
index inequality, which applicable since we are inside the cut locus: Le¥¥(t) = Snhatyy(r)

for 0 - t - r where we denote byW (r) the parallel translate of W (r) along %t). Then
W (0)= W(@0)=0and W(r)= W(r). Thus | (W,W) - | (W, W) so:

gW (), W(r)) = 1(W,W)- |(W,W)
4 5 6, 5 6.,/
"~ coshat 2+ sinhat 2

- 2 A
a”ag(W(r), W(r)) sinhar sinhar

dt = acothar &g(W (r), W(r))

This shows that

$ 1 $ 1 C 1
—log gu(r,& = —log r#2g(W(r),W(r) - acothar' =
$r $r r

Proof of Theorem 8.3. Note brst that theorem 8.3 implies the second part of theorem 8.2
sinceK *' a?=/ Ric* (n' 1)H with H ="' a2. Let %:[0,r]$ M be a goedesic with
%0) = 0 and %, e, ..., e, be a parallel orthonormal frame along% Let W; be the Jacobi
Peld along%vanishing at the origin such that W;(r) = e (r) (possible since we are inside
the cut locus). The index inequality implies:

0, o 6
W' O WO, = aW W) - 1 I ()
Thus
AW W, ' 1"2I o5t gt | R(T,q,T sin® dt
_awOwo) - e 0t _ ROeTe) g
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Since [, R(T,e,T,&)* (n' 1)"2 we have

In
(W (r),Wi(r)) - (n' 1) cot"r
i=2

Now detg(Wi;(t), W (t)) = det( g;) = Ct*"*D detg(t, & where C = det g(W; (1), W, (1))
is a cgnstant. Thus we have log detg; = (n' 1)logt +logdet gsix +log C so that

—log detg; ' ™1 = “log detgsu. On the other hand,
$ 1% 10
ﬁlog detg; 72, = 59 U = g(W; (r), Wi(r))

i=2

sinceg; (r) = (i . This proves

/
$ 1 T ~ 1 n n ' n I 1 — ' $ Sin" r
$—r |Og det Ouigi - (n 1) cotr T - ( n 1)$_r |Og

a7. Focal points.

Focal points are generalizations of conjugate points: Recall that ifp # M, then q# M
is called a conjugate point if there is av # Mj such that g = exp,(v) and the map
dexp,(v) : (Mp)y $ My is degenerate.

Now supposeN " M is a smooth manifold, and let+ be the normal bundle of N. Let
+" TM|N be the normal bundle. Then+ is a manifold of dimensionn = dim( M). In the
case whereN is a point, then + = M, which is just a vector space of dimensiom. Now
we have a map exp :+$ M debned as follows:

(P, T) )$ exp,(T)

We say that g is a focal point of N if there existsv = (p, T) # + such that exp (v) = g and
dexp (v) : v $ My is degenerate. In this case, we say thag is a focal point of p along
the geodesic%t) = exp ,(tT).

A very important special case is whereN is a geodesic submanifold: Le®obe a geodesic
joining p to g such that %(0) = T # M,. Let N = expp(T$). Then q is a focal point
of N along %if and only if there is a Jacobi PeldJ along %such that J'(0) = J(1) = 0.
Moreover, if q is not a focal point of p along % then any Jacobi Peld is uniquely speciped
by its values J"(0) and J(1).

To see this, supposej is a focal point of p along % This means that there is a curvec(s)
on N such that ¢(0) = p, and such that

d . .
P eXPg(s) (T + asT)[s=0 =0 (7.1)
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where T is the parallel translate of T along c(s) and a# R. That is, % eXPe(s) (T)|s=0 +

aT = V(1) + aT = 0 where V is the variation Peld of " (t,s) = exp g (tT). But from

(4.1) we see thaVv'(0) = 0. Also, V(0) = ¢(0) O T. Thus %/, T& + 0 by (4.2). Since
V(1) + aT =0 we see thata=0.

Consider the variation " (t,s) = exp ) (tT). Then the associated jacobi beld] case the
property J(1) = 0 (using (7.1) with a = 0) and J'(0) = 0 (by (4.1)). The converse is
similar.

There is a version for the index inequality for focal points: Let %be a geodesic fronp

to q and assume that there are no focal points oN along % where N is the geodesic
submanifold debned by p,%(0)). Let W be a piecwise smooth vector beld alongp Let V

be the unique vector beld such thatv '(0) = 0 and V(1) = W(1). Then | (V,V) - (W, W)

with equality if and only if W = V.

a8. Rauch comparison theorems.
SupposeM and M are two riemannian manifolds. Assume

(1) dim(M) - dim(NF).

(2) %:[0,1]%$ M and %: [0,1]$ M be two unit speed geodesics

(3) There are no conjugate points along%

(4) J and J are normal Jacobi belds alongband %with J(0) = J(0) =0, |[J'(0)| = |F'(0)|.
(5) AssumeK (%) - K (%) whenever% (resp. %) is a 2-plane containing%(t) (resp. g (t)).

Then |3 (t)| * I (t)| for all t.

As a result, we get the Jacobi peld comparison theorem: LetM,g) be a Riemannian
manifold such that Ky, - C. Let J be a normal Jacobi peld alongowith J(0) = 0. Then

+
.t 3°(0)] forallt* 0ifC=0

M) *  (Rsing)d’(0)] for0- t- *RifC= g, >0
(Rsinh £)[3°©)] fort* oifC="' 2 <0

In particualar, if Ky - 0 we see that the exponential map is a local dieomeorphism. If
we equip M, with the pull back of the metric on M, then M, $ M is a local isometry
and M, is complete. From this itOs not hard to see thaM, $ M is a covering map and
that M is complete. Thus, ifM is simply connected, itOs dieomorphic to R".

Now suppose thatM is complete, simply connected, and that it has constant scalar cur-
vature K. Then we claim M is either R" or S} or H, according asK =0, K = 25 > 0

orK =" ﬁlz < 0. If K - 0, then the exponential map is a di eomeorphism, and the pull
back metric is given by (4.4). Thus we only need to consider the cask > 0.
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1 Statement of the theorem.

Let (X," o) be a compact Kéhler manifold with boundary. Thus every point p € X has
a neighborhood which is biholomorphic to a ball B = {z € C" : |z] < r} or a half-ball
B" ={z€C":|z|] <r and Re(z,) > 0}.

Theorem 1 There exists a uniqueC*? function " : X — R satisfying:
(a) The current" ¢+ /—1!'I" is non-negative onX.

(b) The function " solves the Dirichlet problem for the Monge-Ampere equation oX:

" o+€! M =05 Mk =0 (1.1)

To solve (1.1), we shall prove that the equation

(u o+ \/2__1| !Tu t)n+1

has a smooth solution for 0 < ¢ < 1 with the property: supy |"t| and supy |! "¢| are
uniformly bounded as t — 0. This implies that for any sequence t; — 0, there is a
subsequence which converges in C*! to a solution of (1.1).

=t&"§5; "tlx =0 (1.2)

Remark: Theorem 1 is probably true for more general types of manfolds with boundary,
for example, those for which a neighborhood of a boundary point p is biholomorphic to a
neighborhood of a boundary point ¢ € U where U C C" is a bounded domain with smooth
boundary. But we shall not need this level of generality in our applications, so for now,
we only treat the more restricted class.

2 Product manifolds

The proof of Theorem 1 is essentially contained in Chen’s paper, “The space of Kahler
metrics”, JDG (2000), which treats the case where X is a product. In this section, we give
the precise relationship between Chen’s theorem and Theorem 1.

Let S be a Riemann surface with boundary. Assume bdy(S), the boundary of S, is
a finite union of smooth curves. Let (M, g) be an n dimensional Kéhler manifold and
# = \/—_19ipdzi A d2F the associated Kihley form. Suppose that " : bdy(X) — R is a
smooth function with the property: #(t) = —2(gip(2") + 1! p" (2% 1))dz' A d2f is a Kéhler
metric on M for each fixed ¢t € bdy(S), where z¥= (21, ..., zn) is a local coordinate on M.
Here 1, 7 range always from 1 to n.

Let X = M x S and $y : X — M the projection onto M. Fort € Slet I : M — X be the
map z*+ (2% t). Chen proves that there is a C+?! function " such that " = $f#++/—11 I"
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satisfies the equation
"N — 0 I3(" ) = #(t) for each t € bdy(S) (2.3)

In order to show how the existence of " follows from Theorem 1, we first fix some additional
notation: We shall let w = zn+1 be a local coordinate on S and z = (2% w) = (21, ..., 2n+1 ).
Then z is a local coordinate on X for 1 < % < n + 1. Define gyg(z) = gus (2% for

1<%&<nand gug(z) =0if %=n+1or &=n+ 1.

Lemma 1 The function” : bdy(X) — R extends to a smooth functioriy : X — R with
the following property: gzg +!#! ¢" o IS @ Kahler metric on X.

Proof. First we extend " to a function "; on X as follows: Surround each boundary
component of S by a cylindrical collar. Each of the collars is biholomorphic to an annulus
A={weC:r <|w| <ry} (where A depends on the boundary component). On the
complement of the sets M x A, define "1 to be zero. On M x A, we define

w
n — 1 n éi
e = (lol)” (o1 &)

Here ' : [r1,72] — [0, 1] is a smooth function with the property: ' (r1) =0," (rz) = 1.

Now "1 has the property: gip(z") + il " 1(2", w) is a Kéhler metric on M for each w € S.
Note that gug(z) + !#!¢"1 may not be a Kéhler metric on X. To remedy this, fix a
Kahler metric h on S, let F' be a positive smooth function on S and choose ( (w) such
that ! n( = F and ( =0 on bdy(S). Then !'!( >0on S, and g(z) +!" ¢+ ClI( isa
Kéhler metric on X for C su# ciently large. Setting "o ="1 4+ C( we prove Lemma 1.

Using the lemma, we can reformulate problem (2.3) as follows: Changing notation, we
let gz be a the Kéahler metric gyg(z) + !'!" 9. Then we wish to find a Kéhler metric
Jsg = gug + 4! ¢ with the following property:

det(gzg+'4!g") =0 ; " =0 on bdy(X)

Thus we see that Chen’s theorem follows from Theorem 1.

3 (Y estimate.

We begin the proof of Theorem 1: Write " o = /—1gugdz* A d=¥. Let h be a function on
X satisfying ! b = —n — 1 and h = 0 on bdy(X). Suppose " is a solution of